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Preface to the Third Edition

The first edition of Gauge Field Theories was published in 1986, the second in 2000.
In summer and fall of 2007, Christoph von Friedeburg from Wiley-VCH decided
to persuade me to prepare this third edition anticipating the commissioning of the
Large Hadron Collider (LHC) at CERN, near Geneva in Switzerland.

Whatever the LHC finds, essentially all the material on the standard model in
the first six chapters of Gauge Field Theories will remain valid. The only exception
is that, if the Higgs boson is found, the newly modified Section 4.7 in Chapter 4
could then be turned into an entire book.

Unlike in 1986, there are now many other excellent texts on the same subject.
Therefore it seemed allowed to make the completely revised 25% at the end cover
different ground. The last Chapters 7 and 8 of Gauge Field Theories are now con-
cerned with the topic of model building. At most one, and more likely none, of the
specific models discussed there will be of permanent value. In the final chapter
of GFT I discuss the relevance to model building of four dimensional conformal
invariance which other books sometimes omit.

It is pleasing that Gauge Field Theories continues to sell although, as mentioned
in the preface to the second edition, the biggest reward for the effort involved in
writing GFT is when someone tells me he or she received inspiration from reading
it.

Finally, I wish to thank Christoph von Friedeburg and Ulrike Werner at Wiley for
their encouragement to prepare a third edition.

Chapel Hill, February 2008 Paul H. Frampton






Preface to the Second Edition

The writing of the first edition of Gauge Field Theories was spread over ten years.
The first chapter was written in 1976 in connection with some lectures at UCLA,
but the book was completed only a decade later in Chapel Hill.

It has been gratifying to learn that the book has been used as a basis for graduate
courses in universities and other institutions of higher learning in several different
countries. But it was even more rewarding when just one physicist would tell me
that he or she had learned gauge theory from it. Luckily, there has been more than
one such experience since the first edition appeared.

In late 1998 an editor from Wiley convinced me to undertake this second edition.
In preparing it, I have updated every chapter. The material on gauge invariance,
quantization, and renormalization in Chapters 1 to 3 has been rearranged in a more
logical order. Most of Chapter 4 on electroweak interactions has been rewritten
entirely to accommodate the latest precision data and the discovery of the top quark.
Chapters 5 and 6 cover the renormalization group and quantum chromodynamics.
In Chapter 7, which is entirely new, model building is discussed.

My hope is that at least one student aspiring to do research in theoretical physics
will tell me that he or she learned field theory from the second edition of the book.

Chapel Hill, November 1999 P.H. Frampton
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1
Gauge Invariance

1.1
Introduction

Gauge field theories have revolutionized our understanding of elementary particle
interactions during the second half of the twentieth century. There is now in place
a satisfactory theory of strong and electroweak interactions of quarks and leptons
at energies accessible to particle accelerators at least prior to LHC.

All research in particle phenomenology must build on this framework. The pur-
pose of this book is to help any aspiring physicist acquire the knowledge necessary
to explore extensions of the standard model and make predictions motivated by
shortcomings of the theory, such as the large number of arbitrary parameters, and
testable by future experiments.

Here we introduce some of the basic ideas of gauge field theories, as a starting
point for later discussions. After outlining the relationship between symmetries of
the Lagrangian and conservation laws, we first introduce global gauge symmetries
and then local gauge symmetries. In particular, the general method of extending
global to local gauge invariance is explained.

For global gauge invariance, spontaneous symmetry breaking gives rise to mass-
less scalar Nambu—Goldstone bosons. With local gauge invariance, these unwanted
particles are avoided, and some or all of the gauge particles acquire mass. The sim-
plest way of inducing spontaneous breakdown is to introduce scalar Higgs fields
by hand into the Lagrangian.

1.2
Symmetries and Conservation Laws

A quantum field theory is conveniently expressed in a Lagrangian formulation. The
Lagrangian, unlike the Hamiltonian, is a Lorentz scalar. Further, important conser-
vation laws follow easily from the symmetries of the Lagrangian density, through
the use of Noether’s theorem, which is our first topic. (An account of Noether’s
theorem can be found in textbooks on quantum field theory, e.g., Refs. [1] and [2].)



2| 1 Gauge Invariance

Later we shall become aware of certain subtleties concerning the straightforward
treatment given here. We begin with a Lagrangian density

L (Pr(x), dur (x)) (1.1)

where ¢y (x) represents genetically all the local fields in the theory that may be of
arbitrary spin. The Lagrangian L(¢) and the action S are given, respectively, by

L(t) = / d3x L (¢ (x), Y (x)) (1.2)

and
5]
s/ dtL(t) (1.3)
n

The equations of motion follow from the Hamiltonian principle of stationary
action,

15}
88 = 5/ dt dx L (¢r(x), 9. (x)) (1.4)

n

=0 (1.5)

where the field variations vanish at times 7] and 7, which may themselves be chosen
arbitrarily.
It follows that (with repeated indices summed)

0 0. ERA
0= [ dtd? [—5 —= 5@ } 1.6
/tl (x| o3t s bt (1.6)
f 0L 0L 0L 1=t
= dt d* [——3L7]5 [ b } 1.7
/ll R P Tewr RO T Rl t7)
and hence
9. 0.

R IO ()
which are the Euler-Lagrange equations of motion. These equations are Lorentz
invariant if and only if the Lagrangian density £ is a Lorentz scalar.

The statement of Noether’s theorem is that to every continuous symmetry of
the Lagrangian there corresponds a conservation law. Before discussing internal
symmetries we recall the treatment of symmetry under translations and rota-
tions.



1.2 Symmetries and Conservation Laws

Since £ has no explicit dependence on the space-time coordinate [only an im-
plicit dependence through ¢ (x)], it follows that there is invariance under the trans-
lation

/
Xy —> X

w=Xp T ay (1.9)

where a,, is a four-vector. The corresponding variations in .Z and ¢ (x) are
8L =a,0, L (1.10)
Shi () = ayuByupic () (1.11)

Using the equations of motion, one finds that

0.Z 1.7

auaug = W&pk + 3(3 o )8(au¢k) (1.12)
= 8“|:£8¢ki| (1.13)
9(0,bx)
=avau|: 02 a ¢k] (1'14)
(0, k)
If we define the tensor
0%
Ty = _g/iv-g 8(8;/,(1)]() 0Pk (1.15)
it follows that
8, T =0 (1.16)

This enables us to identify the four-momentum density as
P, =T, (1.17)

The integrated quantity is given by

P, = /d%@u (1.18)

= /d3x(—goﬂg + 7k, Px) (1.19)

where 1, = 0.2 /0¢x is the momentum conjugate to ¢. Notice that the time
component is

Py = mrdopr — L (1.20)

= (1.21)

3



4| 1 Gauge Invariance

where 77 is the Hamiltonian density. Conservation of linear momentum follows
since

d

— =0 1.22

o Tm (1.22)
This follows from P; = Jy; and %Joz' becomes a divergence that vanishes after

integration [ d>x.
Next we consider an infinitesimal Lorentz transformation

4

xu—>xu

=Xy + € Xy (1.23)

where €,, = —e¢,,. Under this transformation the fields that may have nonzero
spin will transform as

1 H“v /
dr(x) = [ — Eeﬂuzk, d1(x") (1.24)
Here =};" is the spin transformation matrix, which is zero for a scalar field. The

factor % simplifies the final form of the spin angular momentum density.
The variation in & is, for this case,

8L = €y L (1.25)

= (€, L) (1.26)

since €,,,9,X%y, = €,,8,, = 0 by antisymmetry.
We know, however, from an earlier result that

.Z
Y 9 Ly 1.28
= u[m(ﬂuxv Pk — 5 ki 6Av¢l>i| ( . )

It follows by subtracting the two expressions for §.Z that if we define

M = (xV g — Mg ).L + [(x*0y — xV0. )k + Zi du] (1.29)

9(0,.6%)

02 = (1.30)

— /LTA\J_ UT}\.IL
T G W

then

WM =0 (1.31)



1.2 Symmetries and Conservation Laws

The Lorentz generator densities may be identified as
M = O (1.32)

Their space integrals are

MM = /d3x//ﬂ’“” (1.33)
= /d%(x“@“ —x' P+ m T ) (1.34)
and satisfy
a Ly
—M* =0 (1.35)
ar

The components M/ (i, j = 1,2, 3) are the generators of rotations and yield
conservation of angular momentum. It can be seen from the expression above that
the contribution from orbital angular momentum adds to a spin angular momen-
tum part involving X"

The components MY generate boosts, and the associated conservation law [3]
tells us that for a field confined within a finite region of space, the “average” or
center of mass coordinate moves with the uniform velocity appropriate to the result
of the boost transformation (see, in particular, Hill [4]). This then completes the
construction of the 10 Poincaré group generators from the Lagrangian density by
use of Noether’s theorem.

Now we may consider internal symmetries, that is, symmetries that are not re-
lated to space-time transformations. The first topic is global gauge invariance; in
Section 1.3 we consider the generalization to local gauge invariance.

The simplest example is perhaps provided by electric charge conservation. Let
the finite gauge transformation be

P (x) > P (x) = e "y (x) (1.36)

where g is the electric charge associated with the field ¢ (x). Then every term in
the Lagrangian density will contain a certain number m of terms

By () Pre, (x) - - - i, (X) (1.37)

which is such that

m

> gk =0 (1.38)

i=1
and hence is invariant under the gauge transformation. Thus the invariance im-
plies that the Lagrangian is electrically neutral and all interactions conserve elec-
tric charge. The symmetry group is that of unitary transformations in one dimen-
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sion, U(1). Quantum electrodynamics possesses this invariance: The uncharged
photon has g = 0, while the electron field and its conjugate transform, respec-
tively, according to

¥ — 0y (1.39)

U — ety (1.40)

where ¢ is the electronic charge.
The infinitesimal form of a global gauge transformation is

Pk (x) = Pr(x) — i€ Ay (x) (1.41)

where we have allowed a nontrivial matrix group generated by Al,. Applying
Noether’s theorem, one then observes that

0z
i 0L i
= —ie 8M|:8(3,L¢k) qu}l] (1.43)

The currents conserved are therefore
; 0.

=i 73(3M¢k) A ®1 (1.44)

and the charges conserved are

0 = /d3xj6 (1.45)
= —ifd%nkx;;,@ (1.46)
satisfying
9 i
-0 =0 (1.47)

The global gauge group has infinitesimal generators Q;; in the simplest case, as in
quantum electrodynamics, where the gauge group is U(1), there is only one such
generator Q of which the electric charges g are the eigenvalues.



1.3 Local Gauge Invariance

1.3
Local Gauge Invariance

In common usage, the term gauge field theory refers to a field theory that possesses

a local gauge invariance. The simplest example is provided by quantum electrody-
namics, where the Lagrangian is

- 1
gzl/j(ia_eﬁ_m)w_ZFquuv (1.48)

F,u,v = a[LAV — A, (149)

Here the slash notation denotes contraction with a Dirac gamma matrix: A =
YuAy. The Lagrangian may also be written

- 1
£ = w(iﬁ—m)lﬂ— ZF,qu,uv (1.50)
where D,V is the covariant derivative (this terminology will be explained shortly)

Dy = 8,0 +ieA, ¥ (1.51)

The global gauge invariance of quantum electrodynamics follows from the fact
that & is invariant under the replacement

v — ¢ =’ (1.52)

V> =y (1.53)

where 6 is a constant; this implies electric charge conservation. Note that the pho-
ton field, being electrically neutral, remains unchanged here.

The crucial point is that the Lagrangian & is invariant under a much larger
group of local gauge transformations, given by

Y-y ="y (1.54)
Y=y =0y (1.55)

) 1
A= Al = Ay = 8,0(5) (1.56)

Here the gauge function 6(x) is an arbitrary function of x. Under the transfor-
mation, F),, is invariant, and it is easy to check that

V(i — ef) = Y — ey (1.57)

7



8| 1 Gauge Invariance

so that Y0y is invariant also. Note that the presence of the photon field is essential
since the derivative is invariant only because of the compensating transformation
of A,. By contrast, in global transformations where 6 is constant, the derivative
terms are not problematic.

Note that the introduction of a photon mass term —m?A,, A, into the Lagrangian
would lead to a violation of local gauge invariance; in this sense we may say that
physically the local gauge invariance corresponds to the fact that the photon is
precisely massless.

It is important to realize, however, that the requirement of local gauge invari-
ance does not imply the existence of the spin-1 photon, since we may equally well
introduce a derivative

Ay =A (1.58)
where the scalar A transforms according to

1
A—A=A—-6 (1.59)
e

Thus to arrive at the correct .Z for quantum electrodynamics, an additional as-
sumption, such as renormalizability, is necessary.

The local gauge group in quantum electrodynamics is a trivial Abelian U(1)
group. In a classic paper, Yang and Mills [5] demonstrated how to construct a field
theory locally invariant under a non-Abelian gauge group, and that is our next topic.

Let the transformation of the fields ¢ (x) be given by

Sepu (x) = —if' (X) Ay br (x) (1.60)
so that

Dk (x) = P (x) = Qg (1.61)
with

Qu = 8 — 10" (), (1.62)
where the constant matrices )‘21 satisfy a Lie algebra (i, j,k =1,2,...,n)

(A1 0] = icijink (1.63)

and where the 6/ (x) are arbitrary functions of x.
Since Q depends on x, a derivative transforms as

3u¢k - le(3u¢l) + (a[Lle)¢l (1.64)

We now wish to construct a covariant derivative D, ¢ that transforms according to

Dy ¢ — Qu(Dydy) (1.65)



1.3 Local Gauge Invariance
To this end we introduce n gauge fields AL and write
Dy = (0 — ig Ak (1.66)
where
Ay = ALN (1.67)
The required transformation property follows provided that
(0,)¢ — igA;LQqﬁ = —ig(QALP (1.68)

Thus the gauge field must transform according to
Ay — A, =Q4,07" - L@, (1.69)
8

Before discussing the kinetic term for AiL it is useful to find explicitly the infinites-
imal transformation. Using

Q= S — irg,0" (1.70)
Q' = du +ir,o (1.71)
one finds that
mn‘u

L . . i
Mg Al = Qe AL (Q71) — g(auszkm)(sz—l)ml (1.72)

so that (for small 67)

MaSA,, = i07[A, ], AL — p 110,.6" (1.73)
L. i Jopi ym
= —;Aklaﬂe - Cijm9 AM ki (1.74)
This implies that
i L, i Jj Ak
5Aﬂ = —gaue + C,‘jka Al‘- (175)

For the kinetic term in Ai , itis inappropriate to take simply the four-dimensional
curl since

8(du Al — 3y AL) = cijud' (9, A% — 8,A%)

+ ciji[(8,07) AF — (avef)Aj;] (1.76)

9
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whereas the transformation property required is
4 -
SF;“) = Cijknglw (177)

Thus F, ;V must contain an additional piece and the appropriate choice turns out to
be

Fl, = 0,A, — 3,Al + gcijr Al A} (1.78)
To confirm this choice, one needs to evaluate
geijkd (A AY) = —ciji[ (8,07) A} — (8,67)AY ]

+ g(cijkcjimd AT AL + cije Al cumt' A (1.79)

The term in parentheses on the right-hand side may be simplified by noting that
an n X n matrix representation of the gauge algebra is provided, in terms of the
structure constants, by

(W) ji = —icije (1.80)

Using this, we may rewrite the last term as

SAT ATOT (CipnCpjm + CimpCpjn) = SAI ALOI 2 A1) (1.81)
= ig AT ALO ciji, (1.82)
= gAl AT0 cijicrmn (1.83)

Collecting these results, we deduce that
8F, =8(3, Al — 8,Al + gc;jr Al AY) (1.84)
= cijk07 (9 AS — 9y A, + gorim AL AT (1.85)
= c;jx07 F}, (1.86)

as required. From this it follows that

8(Fj,Fl,) = 2cijkF}, 0/ F}, (1.87)
=0 (1.88)

so we may use —; F/, F/,, as the kinetic term.



1.3 Local Gauge Invariance

To summarize these results for construction of a Yang-Mills Lagrangian: Start
with a globally gauge-invariant Lagrangian

2L (Pk. 0ur) (1.89)

then introduce AL (i =1,...,n, where the gauge group has n generators). Define
Dygr = (3, — ig AL 1 ) (1.90)

Fl, =0, AL — 0,Al + geij Al A (1.91)

The transformation properties are (4, = AL)J)
¢ = Qo (1.92)

o _
A, =QA,Q" - E(aﬂsz)sz ! (1.93)
The required Lagrangian is

L (k. D) — iFLVFLV (1.94)
When the gauge group is a direct product of two or more subgroups, a different
coupling constant g may be associated with each subgroup. For example, in the
simplest renormalizable model for weak interactions, the Weinberg—Salam model,
the gauge group is SU(2) x U(1) and there are two independent coupling constants,
as discussed later.

Before proceeding further, we give a more systematic derivation of the locally
gauge invariant %, following the analysis of Utiyama [6] (see also Glashow and
Gell-Mann [7]). In what follows we shall, first, deduce the forms of D, ¢y and F, jw
(merely written down above), and second, establish a formalism that could be ex-
tended beyond quantum electrodynamics and Yang—Mills theory to general relativ-
ity.

The questions to consider are, given a Lagrangian

L (Pr, 3,.91) (1.95)

invariant globally under a group G with n independent constant parameters 6,
then, to extend the invariance to a group G’ dependent on local parameters 6/ (x):

What new (gauge) fields A” (x) must be introduced?
How does A”(x) transform under G’?

What is the form of the interaction?

What is the new Lagrangian?

e

mn
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We are given the global invariance under
S = —iT,0' (1.96)

withi = 1,2,...,n and T' satisfying

[T, 77] = icijT* (1.97)
where

Cijk = —Cjik (1.98)
and

CijiClkm + CjkiClim + CkitCljm =0 (1.99)

Using Noether’s theorem, one finds the n conserved currents

- R
I = @Tk',am (1.100)
dJ, =0 (1.101)

These conservation laws provide a necessary and sufficient condition for the invari-
ance of Z.
Now consider

Sk = —iTL0" (x)¢y (x) (1.102)

This local transformation does not leave < J invariant:

L .
8§ = —i———T},¢10,,0; 1.103
a(au(pk) kld) nei ( )
#0 (1.104)
Hence it is necessary to add new fields A’? (p = 1, ..., M) in the Lagrangian,
which we write as
L (G, ) = L' (P, dur, A7) (1.105)

Let the transformation of A’? be
o 1 . )
SAT = U’ 674" + gcgg’a,mf (1.106)

Then the requirement is



1.3 Local Gauge Invariance

< 0.Z i 0L :

8L =|—i—T ¢y —i——T/0 —uj A" o/

R "3 1 A U
0L i 19 . A

—i—T ———C"P 9,6’ 1.107
|y o+ 5l o 01
=0 (1.108)

Since 0/ and 9,6/ are independent, the coefficients must vanish separately. For the
coefficient of 9,,6', this gives 4n equations involving A’? and hence to determine
the A’ dependence uniquely, one needs 4n components. Further, the matrix C 5j
must be nonsingular and possess an inverse

ClrC; V1 =5y, (1.109)
Ciﬁcglj’p — gngj/ (1.110)

Now we define

. iy
Aj = —gC, A" (1.111)
Then
;92 T} o + 02 0 (1.112)
i — / —_— = )
@) T 0AL
so only the combination
Dyt = 0utpi — iT{ i1 Al (1.113)
occurs in the Lagrangian
L' (dr. 0pr, A7) = L" (¢, Dyuhi) (1.114)

It follows from this equality of £’ and .£” that

0L 0L N A
—i THAL = —— (1.115)

3¢k Du¢ 8(Dp.¢l) ¢ 3¢k

4 !
02 _ (1.116)
3(D/L¢k) @ a(D/L¢k)

0L 0L
ig———| T4piC;' " = = (1.117)

I(Dudi) | JA'P

These relations may be substituted into the vanishing coefficient of 8/ occurring
in §.Z’ (above). The result is

13
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"
0— _i|:3$

P 83”
—_— Tl (ﬁ +

Du¢ a(Du¢k) ¢

tin.a]

4
+i
0oy

(G AL{i [T, T, o + SE47Y) =0
¢

where
ba,j __ ~—lapyri bg
S;w - C/.L qucv

is defined such that
-1
A4 = g8(—C;;lP A'P)

Coi 1
= Shai Abol — Ea,Le“

(1.118)

(1.119)

(1.120)

(1.121)

Now the term in the first set of brackets in Eq. (1.118) vanishes if we make the

identification

ZL" ¢k, D) = L ($r, Dyur)

(1.122)

The vanishing of the final term in parentheses in Eq. (1.118) then enables us to

identify
SZ%’j = —Cajb8uv
It follows that
SAT = coped? AC — 1,00
w = Cabe uw = ~0u
8
From the transformations § Aﬁ and 8¢y, one can show that

8(Dudpr) = 8(dudn — TG AL 1)

= —iT},6' (D)

This shows that D, ¢ transforms covariantly.
Let the Lagrangian density for the free Af field be

Lo(AS,, 0,A%)

Using

1
8AY = capct® AS, — — 0,0
8

(1.123)

(1.124)

(1.125)

(1.126)

(1.127)

(1.128)
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one finds (from §.Z = 0)

0% . 0% .
WcabcA; + WcabcavA; =0 (1129)
34 34
I S T (1.130)
9A% " 3(3,Ab)
B B B

=0 1.131
9(8,A%) * 89, A%) METEwT, (L.13)

From the last of these three it follows that 9, A}, occurs only in the antisymmetric
combination

AL, = 9, AT — 8,A% (1.132)
Using the preceding equation then gives

0% A
W = mcabcAi (1133)

v

so the only combination occurring is

Ffl, =0, A% — 0, A% + gcapc AL A (1.134)

v

Thus, we may put

(A, 0,A5) = Lo (AL, FfL,) (1.135)
Then
% | _ 0% (1.136)
DAL |4 OFY, | s ’
3L 0L 0%
2 =2 91 capeAS (1.137)
aA;L A aAu F 8(8Fm}) A

But one already knows that

L0 e AC (1.138)
= 5 Cabc .
o OFD, !

%
0AY,

and it follows that -Z}j does not depend explicitly on Af,.
Lo(Ap, AL = L4 (FL) (1.139)

Bearing in mind both the analogy with quantum electrodynamics and renormaliz-
ability we write

15
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1
g(;’(F;;U) =-2 Fi Fg, (1.140)

When all structure constants vanish, this then reduces to the usual Abelian case.
The final Lagrangian is therefore

1
2L (. Dui) = 3 Fu Fuy (1.141)

Defining matrices M’ in the adjoint representation by
Mgy, = ~iciap (1.142)

the transformation properties are

Spp = —iT 0" ¢y (1.143)

a sagl gl Ab 1 a
SAY = —iM},0"Ab — gaﬂe (1.144)
8(Dyugr) = —iTub' (D) (1.145)

SFi, =—M.,0'F) (1.146)

v

Clearly, the Yang—Mills theory is most elegant when the matter fields are in the
adjoint representation like the gauge fields because then the transformation prop-
erties of ¢k, Dy ¢y and Fy, all coincide. But in theories of physical interest for
strong and weak interactions, the matter fields will often, instead, be put into the
fundamental representation of the gauge group.

Let us give briefly three examples, the first Abelian and the next two non-Abelian.

Example 1 (Quantum Electrodynamics). For free fermions
LUGd —m)y (1.147)

the covariant derivative is

Dy =0, ¢ +ieAuy (1.148)
This leads to
1 - 1
LW D) = 7 FunFn = V(09 — ehd —m)yy — 2 v Fiuw (1.149)

Example 2 (Scalar ¢* Theory with ¢¢ in Adjoint Representation). The globally in-
variant Lagrangian is

1 1 1
L= S0 — o — S99 — 1r(9°9°)’ (1.150)
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One introduces
D¢ = 8,6" — gcape AP ug® (1.151)

Fil, = 0, A% — 0,A% + gcac AL A (1.152)

Y
and the appropriate Yang-Mills Lagrangian is then

1 1 1 )
— ZF/jUFgu — 5M“¢“¢“ - Z(q)“q)“) (1.153)

1 a a

Z = E(Du‘ﬁ )(DM¢ )

Example 3 (Quantum Chromodynamics). Here the quarks ¢y are in the fun-

damental (three-dimensional) representation of SU(3). The Lagrangian for free
quarks is

LY if — m)y (1.154)

We now introduce
Lo i
Dy = 0¥k — ig)nklAulﬁl (1.155)

F, = 0,A% — 9,A% + gfapc A AS (1.156)

and the appropriate Yang-Mills Lagrangian is

LYGP —m)y — %F;ij“W (1.157)

If a flavor group (which is not gauged) is introduced, the quarks carry an additional
label ¢, and the mass term becomes a diagonal matrix m — —M;8,p.

The advantage of this Utiyama procedure is that it may be generalized to include
general relativity (see Utiyama [6], Kibble [8], and more recent works [9-12]).

Finally, note that any mass term of the form +m?AiLAL will violate the local
gauge invariance of the Lagrangian density .Z. From what we have stated so far,
the theory must contain n massless vector particles, where n is the number of gen-
erators of the gauge group; at least, this is true as long as the local gauge symmetry
is unbroken.

1.4
Nambu-Goldstone Conjecture

We have seen that the imposition of a non-Abelian local gauge invariance appears
to require the existence of a number of massless gauge vector bosons equal to
the number of generators of the gauge group; this follows from the fact that a

mass term +% A}, A}, in Z breaks the local invariance. Since in nature only one
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massless spin-1 particle—the photon—is known, it follows that if we are to exploit
a local gauge group less trivial than U(1), the symmetry must be broken.

Let us therefore recall two distinct ways in which a symmetry may be broken. If
there is exact symmetry, this means that under the transformations of the group
the Lagrangian is invariant:

5L =0 (1.158)

Further, the vacuum is left invariant under the action of the group generators
(charges) Q;:

0:10) =0 (1.159)
From this, it follows that all the Q; commute with the Hamiltonian
[0 H]=0 (1.160)

and that the particle multiplets must be mass degenerate.

The first mechanism to be considered is explicit symmetry breaking, where one
adds to the symmetric Lagrangian (%) a piece (£}) that is noninvariant under
the full symmetry group G, although £ may be invariant under some subgroup
G’ of G. Then

L =L =cH (1.161)

and under the group transformation,

8% =0 (1.162)

84 #0 (1.163)
while

Q0il0) >0 asc—0 (1.164)

The explicit breaking is used traditionally for the breaking of flavor groups SU(3)
and SU(4) in hadron physics.

The second mechanism is spontaneous symmetry breaking (perhaps more ap-
propriately called hidden symmetry). In this case the Lagrangian is symmetric,

8L =0 (1.165)
but the vacuum is not:
0il0) #0 (1.166)

This is because as a consequence of the dynamics the vacuum state is degenerate,
and the choice of one as the physical vacuum breaks the symmetry. This leads to
nondegenerate particle multiplets.
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It is possible that both explicit and spontaneous symmetry breaking be present.
One then has

L =L+ ch (1.167)
SL=0 (1.168)
8Ly #0 (1.169)
but
010y £0 asc— 0 (1.170)

An example that illustrates all of these possibilities is the infinite ferromag-
net, where the symmetry in question is rotational invariance. In the paramagnetic
phase at temperature T > T, there is exact symmetry; in the ferromagnetic phase,
T < T, there is spontaneous symmetry breaking. When an external magnetic field
is applied, this gives explicit symmetry breaking for both 7 > T, and T < T.

Here we are concerned with Nambu and Goldstone’s well-known conjecture [13—
15] that when there is spontaneous breaking of a continuous symmetry in a quan-
tum field theory, there must exist massless spin-0 particles. If this conjecture were
always correct, the situation would be hopeless. Fortunately, although the Nambu—
Goldstone conjecture applies to global symmetries as considered here, the conjec-
ture fails for local gauge theories because of the Higgs mechanism described in
Section 1.5.

It is worth remarking that in the presence of spontaneous breakdown of sym-
metry the usual argument of Noether’s theorem that leads to a conserved charge
breaks down. Suppose that the global symmetry is

b — ¢k — i T} 16" (1.171)
Then
dujl, =0 (1.172)
. 0.Z .
=i o——T} 1.173
JM l|:a(a,;¢k) k[¢li| ( 7 )

but the corresponding charge,
0 = /d3xjé (1.174)

will not exist because the current does not fall off sufficiently fast with distance to
make the integral convergent.
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Y

Figure 1.1 Potential function V(¢).

The simplest model field theory [14] to exhibit spontaneous symmetry breaking
is the one with Lagrangian

1 A
£ = z(ampa,lqﬁ — mye?) — 2—24»4 (1.175)

For m3 > 0, one can apply the usual quantization procedures, but for m3 < 0, the
potential function

1 A
V(g) = Smig + ﬁﬂ‘ (1.176)

has the shape depicted in Fig. 1.1. The ground state occurs where V/(¢,) = 0,
corresponding to

—6m(2)
po=+x == (1.177)
Ao
Taking the positive root, it is necessary to define a shifted field ¢’ by
d=¢"+x (1.178)
Inserting this into the Lagrangian . leads to
1 1 Ao 3my
=_8 /8 / 2 2,72 __)\' /3__ r4 _0 11 9
Z 2( p.(/) p.¢ + m0¢ ) 6 oxX® 24¢ + o ( 7 )

The (mass)? of the ¢’ field is seen to be —2m} < 0, and this Lagrangian may now be
treated by canonical methods. The symmetry ¢ — —¢ of the original Lagrangian
has disappeared. We may choose either of the vacuum states ¢ = £ as the phys-
ical vacuum without affecting the theory, but once a choice of vacuum is made,
the reflection symmetry is lost. Note that the Fock spaces built on the two possi-
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Figure 1.2 Potential function V (¢, ¢*).

ble vacua are mutually orthogonal so that the artificial restoration of the original
symmetry by superimposing the different vacua is not meaningful.

More interesting is the generalization to a continuous U(1l) symmetry in the
Lagrangian [14]

A
L= 0,00, — miep*p — FOW@Z (1.180)
where
o1 +ign
ATz 1.181
T (1181

The Lagrangian is invariant under the global symmetry
¢ — %% (1.182)

The potential function

A
V(g ¢7) = mig"d+ L (6°9) (1.183)

has the characteristic shape indicated in Fig. 1.2. The origin is an unstable point
and there are an infinite number of degenerate vacua where V' = 0, corresponding
to

2
3:m_0=| |2

2 —_
l¢1” = o (1.184)

Let us choose the phase of x to be real and shift fields according to
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¢1 = ¢} +V2x (1.185)

b2 = ¢ (1.186)

Then, in terms of ¢/, the Lagrangian becomes

1 1

A A 3myg
- szTxaﬁi (1% + 5%) — 2—3(«1512 +¢52)° + M—é’ (1.187)
so that the field ¢; has (mass)? = —2m% > 0 and the field ¢, has zero mass. This
is an example of a Nambu—Goldstone boson associated with spontaneous breaking
of a continuous symmetry.

Intuitively, one can understand the situation as follows. In the vacuum all the
state vectors are lined up with the same phase and magnitude |¢| = x. Oscillations
are then of two types: One is in magnitude, giving rise to the massive quanta of type
¢1; one is in phase. When all the ¢ (x) rotate by a common phase, however, there is
no change in energy; this is precisely the origin of the Goldstone mode represented
in this example by ¢}.

Before going to the general case, let us consider the more complicated example
of O(n) symmetry for the Lagrangian

1 1 A
L3 0ubidui — S 1Pk — L (Dei)’ (1.188)
withk = 1,2, ..., n and ¢ real. The corresponding potential function
1, A )
Vig) = SH i + Z(¢k¢k) (1.189)

has a ring of minima where

2
P S (1.190)
A
Let us choose the physical vacuum such that
0
0
(Ol l0) = | : (1.191)
0
v

Now the little group of this vector is clearly O(n — 1). Let us write the %n(n -1
generators of 0(n) as

(Lijki = —i(8ix8ji — 8it8 ) (1.192)
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satisfying
[Lij, Lit] = GixLji + 8jiLix — 8k Lir — 8it L ji) (1.193)
Of these there are (n — 1) given by
kiLin (1.194)

which do not leave (¢) invariant. We then reparametrize the n-component field ¢y
as

0
n—1 ki .
_ : il : 1.195
) exp<z§§v> ; ( )
v+

in terms of the (n — 1) fields &;, and the field 5. The action of k; on the vector
v; = v8iy is given by

(kiv)j = v(Lin) j10in (1.196)
Y (1.197)

Thus to lowest order, one has

&1
&
¢ = (1.198)
Enfl
v+7n

Inserting this into the Lagrangian, one finds that

1 1
L = S @Oundun + 0.6 0u5) — §/ﬂ<v +n)?

1
— Zk(v + n)* + higher-order terms (1.199)
Thus the 7 has (mass)? given by
w4302 =—2u2>0 (1.200)

and the (n — 1) fields &; are massless Goldstone bosons. Note that the number of
Nambu-Goldstone bosons is equal to the difference in the number of generators
of the original symmetry O(n) and the final symmetry O(n — 1):

%n(n -1 - %(n - Dn-2)=m—-1) (1.201)

This is an example of a general theorem that we now prove.
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Consider the general Lagrangian

Lk, ) = %3u¢kau¢k — Vi)

and let the global invariance be under the transformations
S = —iT6'
3£ =0

Given that the potential is separately invariant, then

Differentiation gives

92v

OV i+ Vg —o

bk

At a minimum of V, suppose that ¢y = v; then

v
0Pk IPm | g,

Tkilv[ =0

Expanding around the minimum

2

1
Vigr) = V(v) + 2 900

(P — v) (b — Vm)

+ higher-order terms

Thus the mass matrix is

5 5 v
Mmk = Mkm = 3¢ka¢
m

Therefore,

(M?),, Ty =0 alli

(1.202)

(1.203)

(1.204)

(1.205)

(1.206)

(1.207)

(1.208)

(1.209)

(1.210)

(1.211)

(1.212)

(1.213)
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Now suppose that there exists a subgroup G’ of G with n’ generators, leaving the
vacuum invariant

Tiv=0 i=12...n (1.214)
For the remaining (n — n’) generators of G,
Tiu #0 (1.215)

Choosing the v; to be linearly independent, it follows that M 2 has (n —n’) Nambu-—
Goldstone bosons. Thus, in general, the number of Nambu—Goldstone bosons is
equal to the number of broken generators.

If one restricts one’s attention to tree diagrams, there may be exceptions to the
counting rule above. These occur if the potential has a higher symmetry than the
Lagrangian and can be illustrated by an elementary example. Let the Lagrangian be

1 1 A
L = 58M¢kaﬂ¢k - Em(2)¢k¢k - §O(¢k¢k)2

+ Ya (i — m)Va + geaped Ve (1.216)

where k = 1,2,...,8and a, b, c = 1, 2, 3. The invariance is clearly O(3) x O(5).
The potential function

1 A
wmziﬁmm+§@mw (1.217)
has a minimum at

Zm%
(9) = T (1.218)

Putting ¢ = Skg{¢), we define

o= ¢~ (¢) (1.219)
rh=¢k, k=1,2,...,7 (1.220)
Then
v =2kt 462 120 () — ur} (1.221)
8 2A0 ’

Hence there are seven massless fields 7% despite the fact that the number of
broken generators in breaking O(3) x O(5) to O(3) x O(4) is only four. When loop
corrections are made, the three fields 71, 7 and w3 will develop a mass, and the
general theorem stated earlier will become valid. The fields n{, 72, and 73, which
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are “accidentally” massless in the tree approximation, are called pseudo-Nambu—
Goldstone bosons.

So far we have simply given numerous examples of the Nambu—Goldstone phe-
nomenon. Now we give two general proofs that have been constructed; these are
instructive because when we turn to gauge theories, one will be able to identify
precisely which assumptions involved in these proofs are violated. The first proof
is due to Gilbert [16] (this work was a rebuttal to an earlier “dis-proof” by Klein and
Lee [17]).

Let the generator of an internal symmetry be

0= /d3xj0 (1.222)

and let this transform one scalar ¢ (x) into another ¢, (x), both being formed from
the field operators of the theory. Thus

i [ dx[jo(x), p1(0)] = 2 () (1.223)
Suppose that the symmetry is spontaneously broken because

ol2(x)), = constant # 0 (1.224)
Thus

i/d3xo olljo@). ¢1(0)]), #0 (1.225)

Now Lorentz invariance dictates that the most general representation of the related
Fourier transform is

i / dxelf ([j(x), $1(0)]), = €kolkpp1 (k) + ko2 (K?) (1.226)

Here k, represents the four-momentum of intermediate states inserted into the
commutator. Using current conservation then leads to

[e(ko)p1 (k%) + p2(k*)[k* =0 for all k, (1.227)

It follows that p; and p, vanish for all k> # 0 and the most general solution is
p1 = C18(k?) (1.228)

p2 = C28(k?) (1.229)
Now integrate over ko on both sides and use

8(ky — 1) = ﬁ[é(ko — |k) + 8(ko + [kI)] (1.230)
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Letting k — 0, one obtains

1
2n{¢n) = 5[(C1 +C2) — (—=C1 + C2)] (1.231)
=C (1.232)
so that
Ci#0 (1.233)

and hence there must exist massless spin-0 intermediate state. Note that manifest
Lorentz invariance is a crucial assumption in this proof.

A second proof, due to Jona-Lasinio [18], uses a quite different approach. Take a
general Lagrangian

2o (k. O i) (1.234)

and add to it a coupling to external sources:

L = Jkdx (1.235)

Now construct the generating functional of all Green’s functions of the theory:

W] = <T(eXP{i/d4x[$o+$1]D> (1.236)
0 0

The connected Green’s functions are generated by

ZIJ) = —iln W] (1.237)
The Legendre transform of Z[J;] is

Clde] = Z[Ji] — /d4xfk¢k (1.238)

and generates one-particle-irreducible (1PI) graphs. In particular, the inverse
proper two-particle Green’s function is given by

Alx—y) = e (1.239)
T S ()56 () ‘
This is easily demonstrated as follows:
82 = (P (x)) = ¢ (x) 1.240
ST — \D0) =il (1.240)
82z
= 8ud(x —y) (1.241)

8Jk(x)d¢u(y)
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2
= /d“g: 2 3m@) (1.242)
8k (x)8 S (8) S¢p1(y)
= fd4$A (x _5)5271* (1.243)
- o 8¢ (€)561(y) '
where we used
In(€) = or (1.244)
TN bm(®) '
The result for A} (x — y) follows, as required.
Let there be (global) symmetry under the transformations
b = dr — iy0' ¢ (1.245)
Then
8 Jk(x)
SJp(x) = [ d* 8 1.246
v = [ d'e kS ane (1.246)
i0' /d“g L ) (1.247)
= —1 _— m .
S (§)8i(€) ™
Now for a stationary point, § Jy = 0 and hence
A Ty =0 alli (1.248)

Thus for all i for which T},¢, # O there is a zero eigenvalue of Ak_ll and
hence a massless particle. This gives, as before, a number of Nambu-Goldstone
bosons equal to the number of broken generators. (For more axiomatic proofs, see
Refs. [19] and [20].)

As we shall discuss shortly, the Nambu—Goldstone conjecture is invalid in the
case of gauge theories. Since there are no massless spin-0 states known, the exact
application of the conjecture is physically irrelevant. But the pion has abnormally
low mass and can be regarded as an approximate Nambu-Goldstone boson, as first
emphasized by Nambu [13]. Although it is not a gauge theory, it is worth briefly
mentioning the linear sigma model that illustrates this view of the pion and the
related idea of partially conserved axial current (PCAC) [14, 21]. (Further details of
the PCAC hypothesis and its consequences are provided by Refs. [22] and [23].)

The linear sigma model (Gell-Mann and Levy [21]) has Lagrangian

1 1 1
L = 20Ot — Emémm - Zxo(¢k¢k)2 + co (1.249)

where k = 1,2,3,4 and 0 = ¢4. For ¢ — 0, £ is O(4) invariant. For ¢ # 0 there
is explicit symmetry breaking and a corresponding partially conserved current.
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8% = cdo (1.250)
= —ict0' T}, ¢y (1.251)

0.7
=9 75@(] 1.252
"[a(amk) (1:252)

so that

0 [OuP) T bm] = Ty (1.253)

Putting [ = 1, 2, 3 and writing (@', 92, ¢3) = 7, one finds that
), = cm (1.254)
where

:5

Jp =m(0p0) — o (9ym) (1.255)

is the axial-vector current. To deduce this result, it is easiest to use the explicit form
for the o(N) generators T}, somewhat earlier as

(T, = —i(Gixdji — 8udje) (1.256)
The potential function is

1 1
V= 5m5(¢k¢k) + Z((Pkd’k)z —co (1.257)

This has a stationary value for

=0 (1.258)

o=u (1.259)
where

(m3 + rou)u = ¢ (1.260)

Shifting fields from o to s, where

o=u+s (1.261)
we find that
1 1 2.2 1 2.2 1 2 2
L = 5(8MSBMS + 0, md, ) — Emgs - Em”n' - Zkous(n' +s )

1 3 1
+ <5m%u2 + Zkou4> - Zx(yz2 +52) (1.262)
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where

m2 = md + 3rou’ (1.263)

m2 = m} + rou’ (1.264)

In the limit ¢ — 0, either

u=0 (1.265)
m2 =m2 =mj >0 (1.266)
or
u#0 (1.267)
m2 =m} 4+ rou’> =0 (1.268)
m2 =2u* >0 forig >0 (1.269)

When ¢ # 0 in the second (spontaneous breaking) case,

2 _ ¢
my = - (1.270)
c=m2 (o) (1.271)

so that the pion is an approximate Nambu-Goldstone boson, and the axial current
is partially conserved according to

Aufy, = (o)mym (1.272)

1.5
Higgs Mechanism

If the Nambu-Goldstone conjecture were applicable to local gauge theories, the
situation would be hopeless since the choice would be between unwanted massless
vectors (exact symmetry) and unwanted massless scalars (spontaneous breaking).
Fortunately, gauge theories circumvent the difficulty. The suspicion that this
might happen was already present from nonrelativistic examples. Although several
nonrelativistic cases where the Nambu—Goldstone modes occur are well known—
phonons in crystals and in liquid helium [24], and magnons in a ferromagnet [25]—
it turns out that in the Bardeen—Cooper—Schrieffer (BCS) theory [26] of supercon-
ductivity, the massless excitations are absent. Because of the long-range Coulomb
forces between Cooper pairs, however, there is an energy gap and no massless
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phonons, only massive plasmalike excitations. This phenomenon led Anderson
[27] to speculate that a similar escape from Nambu—-Goldstone bosons might exist
for gauge theories.

The first simple model to illustrate how gauge theories evade the Nambu-—
Goldstone conjecture was written by Higgs [29-31]. The Goldstone model has La-
grangian (m% < 0)

A
LG, 0u$) = 948" dud —mip*d — 2 (#"9) (1.273)

Using the results given earlier, we can make a locally gauge-invariant generaliza-
tion as

1
g(d)k, D;L¢k) - ZF;LVF;LU (1.274)
D¢ =0,¢p+ieA,d (1.275)
Fpl.l) = 8[I.AV - 3\;A;4 (1276)

This is the Higgs model. It is invariant under
¢ =g (1.277)
, 1
Al = Ay~ —0u0(x) (1.278)

As derived earlier, the minimum of the potential occurs at

3my 1
2 0 2
- _ - 1.2
9f =2 =5 (1:279)
We can reparametrize ¢ according to
iE\v+n
=exp| — 1.280
1
= — (v + n + i& + higher orders 1.281
ﬁ( 1+ i§ 4 hig ) (1.281)

Substituting this into the Lagrangian gives

1 1
Z = _ZF;I.\)F/I.U + 5%’73“'7

1 20 1 oo
+ EHMSGMS +myn® + F€Y AyAy, +evAyd, g

+ higher orders (1.282)
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The particle spectrum can now be made obvious by the gauge transformation with
gauge function 6(x) = —£/v:

1
A;L =A,+ Zaﬂé (1.283)
;_v+n7m
= 1.284
¢ 7 (1.284)
giving

1 1
L = _ZFMVFMV + E(Blmaﬂn + Zm%nz)

Loy o 1 3 1oy
+§e v AMAM_E)“()U” —ﬁkon

+ %ezA;anv +n) — %vzmg (1.285)
There are no massless particles! The vector field has (mass)? = e?v? and the 7 field
has (mass)? = —2m0% > 0. The &, field, known as a would-be Nambu—Goldstone
boson, has been gauged away to become the longitudinal mode of the massive vec-
tor A},. Thus the number of degrees of freedom is conserved.

Concerning the proofs of the Nambu~-Goldstone conjecture given in Section 1.4,
the gauge freedom means that one cannot formulate a local gauge theory so that
there are manifest Lorentz invariance and positivity of norms (both are assumed in
the proofs above).

Now we turn to a non-Abelian example where the gauge group is SU(2). The
Lagrangian is

1
Z = Q(auff’k + g€ "™ AL bn) (Bu bk + gekim Al bm)

1

— V(grr) — ZF,’jUF,’jV (1.286)

where k, I, m = 1, 2, 3. Let the vacuum expectation value (VEV) of the field be
Sk = Sk3v (1.287)

so that 7} and T, are broken generators of SU(2) and 73 is still good. In the absence
of gauge invariance we would therefore expect two Nambu—Goldstone bosons; in
the present case these become two would-be Nambu—Goldstone modes designated
&1 and &. The field may be reparametrized as

. 0
¢ = exp[%(SITl + Esz)] 0 (1.288)
v+7n
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To go to the U-gauge (the unitary gauge, where the particle spectrum, and unitarity,
are manifest), one makes a gauge transformation with

000 = —=[Ti61(x) + Toa(v)] (1.289)
so that
0
p'=| O (1.290)
v+7n

In the Lagrangian, the term quadratic in A;j in the U-gauge is therefore given by

2
g / ’
+5 fBAltB Al (v +n)? (1.291)

which may be rewritten as

%M2 (AlA)+AZALT) (1.292)
with M = gv. Thus there are two massive vectors and one massless vector (A; f), to-
gether with one massive scalar (). Again the would-be Nambu-Goldstone bosons
& and & have been gauged away, and the number of degrees of freedom has been
conserved.

For a general non-Abelian gauge group G there are initially n massless gauge
vectors, before symmetry breaking, where n is the number of generators for G.
Suppose that the residual group G’ has n’ generators; this general case was ana-
lyzed by Kibble [31].

The symmetric Lagrangian is

1 1 o o
&L = —ZFZ’VF;ZV + 5(3 — o —igT Al )i (0 +igT A} ) V(g)  (1.293)
Suppose that V(¢) is minimized by ¢x = vx. Without the gauge bosons we would
expect (n — n’) Nambu-Goldstone particles. In the gauge invariant case we repara-
metrize by
iy ET

o = exp(z%)(v +n) (1.294)
where the sum is over the (n —n’) broken generators 77 and 7 is an n’-dimensional
vector taken orthogonal to the (n — n’) independent of v;, satisfying

Tiv #0 alli (1.295)
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After a gauge transformation with gauge function 0(x) = —i Y, £/ (x)T" /v, the
quadratic term in A;j is of the form

—%gz(Tiv, TIv)AllA)] (1.296)
After diagonalization, this leads to (n — n’) massive vector states. The remaining n’
vectors remain massless.

To summarize the Kibble counting [31], the number of would-be Nambu-—
Goldstone bosons is equal to the number of broken generators; these modes are
absorbed to make an equal number of massive vectors. The other gauge bosons
remain massless.

1.6
Summary

The use of Higgs scalars to induce spontaneous symmetry breaking of gauge the-
ories has the merit that one can use perturbation theory for small couplings, and
since the theories are renormalizable, one can compute systematically to arbitrary
accuracy, at least in principle.

But the introduction of Higgs scalars is somewhat arbitrary and unaesthetic,
especially as there is no experimental support for their existence. They may be
avoided by dynamical symmetry breaking where a scalar bound state develops a
nonvanishing vacuum expectation value; in this case usual perturbation theory is
inapplicable and new techniques are needed.

Thus there are two optimistic possibilities:

1. Higgs scalars will be discovered experimentally; they may have so far escaped
detection because they are very massive.

2. It may be shown that the Higgs scalars provide a reparametrization of the dy-
namical breaking mechanism. In either case, the use of the fundamental scalar
fields will be vindicated.

On the other hand, in case neither of these developments occurs, it is crucial to
perfect satisfactory nonperturbative methods.

References

1 N.N. Bogoliubov and D.V. Shirkov, Intro- 4 E.L. Hill, Rev. Mod. Phys. 23, 253 (1951).
duction to the Theory of Quantized Fields, 5 C.N. Yang and R.L. Mills, Phys. Rev. 96,

Wiley-Interscience, New York, 1959, p. 19. 191 (1954).

2 ].D. Bjorken and S.D. Drell, Relativistic 6 R. Utiyama, Phys. Rev. 101, 1597 (1956).
Quantum Fields, McGraw—Hill, New York, 7 S.L. Glashow and M. Gell-Mann, Ann.
1965, p. 17. Phys. 15, 437 (1961).

3 M.H.L. Pryce, Proc. R. Soc. A195, 62 8 T.W.B. Kibble, J. Math. Phys. 2, 212 (1961).

(1948). 9 C.N.Yang, Phys. Rev. Lett. 33, 445 (1974).



10
n

12
13
14
15

16
17

18

19

20

W.T. Ni, Phys. Rev. Lett. 35, 319 (1975).
A.H. Thompson, Phys. Rev. Lett. 35, 320
(1975).

F. Mansouri and L.N. Chang, Phys. Rev.
D13, 3192 (1976).

Y. Nambu, Phys. Rev. Lett. 4, 380 (1960).

J. Goldstone, Nuovo Cimento 19, 15 (1961).
J. Goldstone, A. Salam, and S. Weinberg,
Phys. Rev. 127, 965 (1962).

W. Gilbert, Phys. Rev. Lett. 12, 713 (1964).
A. Klein and B.W. Lee, Phys. Rev. Lett. 12,
266 (1964).

G. Jona-Lasinio, Nuovo Cimento 34, 1790
(1964).

R.F. Streater, Proc. R. Soc. A287, 510
(1965).

D. Kastler, D.W. Robinson, and A. Swieca,
Commun. Math. Phys. 2, 108 (1966).

21

22

23

24

25
26

27
28
29
30
31

References

M. Gell-Mann and M. Levy, Nuovo Cimento
16, 705 (1960).

B. Renner, Current Algebras, Pergamon
Press, Elmsford, New York, 1968.

S.L. Adler and R. Dahsen, Current Alge-
bras, W.A. Benjamin, New York, 1969.
N.N. Bogoliubov, J. Phys. (U.S.S.R.) 11, 23
(1947).

W. Heisenberg, Z. Phys. 49, 619 (1928).

J. Bardeen, L. Cooper, and J. Schrieffer,
Phys. Rev. 106, 162 (1957).

P.W. Anderson, Phys. Rev. 130, 439 (1963).
P.W. Higgs, Phys. Lett. 12, 132 (1964).
P.W. Higgs, Phys. Rev. Lett. 13, 508 (1964).
P.W. Higgs, Phys. Rev. 145, 1156 (1966).
T.W.B. Kibble, Phys. Rev. 155, 1554 (1967).

35






2
Quantization

2.1
Introduction

Here we study the question of quantizing Yang-Mills field theories. It turns out
that the path integral technique is the most convenient method for doing this.

Historically, it was Feynman in 1962 who pointed out that the most naive guess
for the Feynman rules conflicted with perturbative unitarity even at the one-loop
level; he also suggested the use of fictitious ghost particles to remedy this in the
one loop. The general prescription was justified by the elegant work of Faddeev
and Popov in 1967.

We first give a detailed treatment of path integrals for nonrelativistic quantum
mechanics, showing that they are equivalent to the use of the Schrédinger equa-
tion, and deriving the Rutherford cross-section formula as an example. The tech-
nique is then extended to the vacuum-vacuum amplitude of a field theory, where
the number of degrees of freedom becomes infinite.

For Yang—Mills theory, we first give a canonical treatment in the Coulomb gauge.
The Faddeev—Popov approach is then described, applicable to any gauge choice.
This culminates in the required Feynman rules for a set of covariant gauges, in-
cluding the Landau gauge and the Feynman gauge.

We then study one-loop corrections to the effective potential.

2.2
Path Integrals

Path integrals provide a method of quantizing a classical system; the approach was
pioneered by Dirac [1] and particularly by Feynman [2, 3]. (References [1] and [2]
are reprinted in Ref. [4].) It provides an alternative to conventional quantization
methods and is more suitable for certain problems; in particular, of course, the
reason for describing it here is that it is well suited for quantization of gauge field
theories.

37
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In the conventional approach to quantization, one begins with the classical ac-
tion S, which is an integral over a Lagrangian density .#. By the Hamiltonian vari-
ational principle, one then derives the Lagrange equations of motion. One sets up
the Hamiltonian H and then proceeds with canonical quantization. In the path in-
tegral method, the time evolution of a quantum mechanical state is written directly
in terms of the classical action S.

We first describe the technique in nonrelativistic quantum mechanics, where it
is alternative, and equivalent, to the Schrédinger wave equation. The path integral
method is useful particularly for finding scattering amplitudes but is, in general,
ill suited for bound-state problems such as the hydrogen atom. As an illustrative
example (for which path integrals work easily) we shall derive the Rutherford cross-
section formula [5].}) Only once we have become comfortable with path integrals
in this way will we proceed to relativistic quantum mechanics.

The one-dimensional Schrédinger equation for a particle of mass m moving in a
potential V (x) is

1 92 v _.9 2.1
[_ﬁWJF (x)]w(x,t)—lglb(xvf) (2.1)

Let the wavefunction be given at initial time r = #; by

Vx, 5) = fx) (2.2)
Then we would like to find the appropriate evolution operator such that

Yixp tp) = /de(xf,tf;x,t,')f(x) (2.3)
Now it is obvious that

K&yp, tisx, ;) =0(xf —x) (2.4)

but what about general #?
We divide the time interval (1 — 1) into (n + 1) small elements such that

to =1 (2.5)
th=t+e€ (2.6)
ty =t + ne (2.7)
tr=t+n+ e (2.8)

1) Our treatment follows that of M. Veltman, lectures given at International School of Elementary
Particle Physics, Basko-Polje, September 1974.



The Lagrangian is

L=T-V

Lni? — v
= —-mx~ —
2 X

We can thus put the action into the discrete form

If
S:/ dtL
4

n+1
= Ze[i(xk — )’ - V(xkﬂ
= 2¢2 -
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(2.11)

(2.12)

(2.13)

Hence given the xi (), we may compute S; a typical path is indicated on an x—¢

plot in Fig. 2.1.

"

Iy o

X Xf

Figure 2.1 Typical path on x—¢ plot.
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Consider now the sum over all possible paths:
o .
/ dxy---dx, '’ (2.14)
—00

This object holds the key to the required quantum mechanical evolution operator.
In the limit € — 0 it will vanish in general, so it is necessary to take out a normal-
ization factor; we thus define

. 1 n+1 iS )
Ky tpixi i) = | imn—oo[mwey ] [dxt---due™ 1y >0 (215)
0 tr<ti  (2.16)

The appropriate value for the normalization factor, to be justified below, is

2rie\/?
N(e) = ( ) (2.17)
m
With this factor included, a convenient shorthand is
K(xp trxi 1) = / Dxe'S 1ty >1 (2.18)

To find the equation satisfied by K, consider the time r = 7 + ¢, when the
position is x,42. Then

K (xn42,t5 + €5 %1, 1)

1 | m 2
m dxn-‘rl CXpy L€ P(XIH—Z - xn+1) - V(xn+2)

K ongrstps xi, 1) (2.19)

1 /Ood LIRS
€X -— —l€ X
N o, “TP g n+2
K pp2+m,tp5 x5 1) (2.20)

where x,12 = x,4+1 — . Expanding K in a Taylor series (putting x,4» = x and
temporarily suppressing the arguments ¢ 7; x;, t;) yields

K 1 ,3%K
K(x+m =K@ +no—@)+on o @)+ (2.21)

Using the Gaussian integrals

/ = apetioron® — 1€ (2.22)

PSS a
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* (ia/e)n’*
dnnetIn =0 (2.23)
—00
00 . -
/ dn nze(za/E)nz = ;_6 tre (2.24)
oo aV a

(here a = m/2) and expanding
VO =1 —ieV(k) + 0(e?) (2.25)

one finds that

K(x,ty + e xi, 1)

= L[l —ieV(x)]

N(e)
JE i + 2 28 | + 0() 2.26
: X))+ o— € :
. X, bps Xis b Zmaxzxfxzz ( )
0 2
:K(x,tf;x,-,ti)+6§K(x,tf;x,-,t,-)x+0(6) (2.27)
f

It follows that K satisfies the equation

2

d
| —K(x,tr;xi,4) = | ———=
lBtf (13 %1 £7) [ 2m 9x2

+ V(X)}K(x,zf; Xiy 1) (2.28)

This has justified our choice of normalization N (¢) in Eq. (2.17). It also proves that
if ¥ (x;, ;) satisfies the Schrédinger equation (2.1), so does

Y(xp, ty) = /de(xf,tf;x,t,-)tﬂ(x,ti) (2.29)

as required. Thus K is the Green’s function for the Schrédinger operator satisfying
the equation

.0 1 92
(lyf -V 4+ %@>K(Xfylf;xt',ti) :(S(tf —l,‘)(s(xf —xl-) (230)

In a scattering problem, the initial wavefunction is a plane wave. In a bound-state
problem, the initial wavefunction is unknown, so one has an eigenvalue problem
(solving vy = v;), which is very difficult, in general.

In a problem where the potential term is small, it is most convenient to calculate
K in perturbation theory. One starts, in zeroth order, with the action

tf 1 3
So = dt —mx (2.31)
t; 2
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whereupon

Ko(xp, tr; xi,t;)

/ Dxe' (2.32)

m \ D2 i ] )
= nlggq(ﬁﬂé) /dxl - -dxy - exp 7 I;(xk — Xk—1) (2.33)

. m im 2
lim - exp X (2.34)
n—oo\ 2ime(n + 1) 2e(n+1)

m im ,
- 2.
2imt eXp<21 * ) (2:35)

wheret = (n 4 1)e =15 — 1;.
In reaching Eq. (2.34) we have used the integral

+00
I, :/ dxy---dx, exp{ik[(xl —x1)2+---+(Xf —xn)z]} (2.36)

—0Q

_ ingh iA 2 237
RATESHT exp|:(n+l)(xf—xl):| (2.37)

This is easily verified for n = 1 and is proved in general by induction: Assume it to
be correct for n; then

ingn [+ ix , 5
Iy = m . dxp+1€xp n—{—l(x"H —x;)" +iAxf — Xp41)

(2.38)
ingn —+00
= —_— d n
RCERE /W e
2
-exp{ik[%yz —2y(xy —x;) + (xy —xi)2i|} (2.39)

i"mh ir 5 o0 n+2 ,
= exp (xfr —x;) / dxexp|ir z (2.40)
(n+ Dan n+2" " PSS n+1
jn+lgntl A )
= (1 2 exp ln+2(xf — X;) (2.41)




as required. Here we used the substitutions

Y = Xn4l — Xi

1
z=y—n (xf —xi)
n+2

respectively.
Going into momentum space and using the formulas

i /OO dpeip)chiotp2 — efix2/4oz
Vi) o
O
T —ie

we may rewrite (witht =1y — t;, x = x5 — x;)

1 o0 ) )
Ko(xpty, xiti) = Ea(z)/ dp iP¥=ip*/2m)t
—0

1 [} eipx—i(pz/Zm)l-‘rirr
- / dpdte—
1

oo T — i€

00 i(px—Et)
= —— dpdE ————
(2m)%i /700 PEETET p2/2m —ie

where E = p?/2m — 1.
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(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

Expression (2.48) represents the time development or propagation of the free

wavefunction; it is thus the nonrelativistic propagator.

For the first-order correction, one includes the term linear in V,

Ki(xptr; xiti)

i .
= —i/ dt/Dxe’S“V(x,t)
ti
n+1 n+1
= /.dxl
N(G)

n+1
: exp[i > ;n_E(Xk - xk1)2:| V(xr, 1)

k=1

n+1 n—Il+1
:—ZZ / |:N( )j| /dx1+1--~dxn

(2.49)

(2.50)
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r n+l l
1

-exp| i Z ;n—e(xk —xkl)z]v(xl 'fl)[m} /dxl ceedxp—
L k=l+1
r

exp| i Y o (u _xk1)2:| (2.51)
L k=1 €
o0 o0

= —i/ dtf deO(x_f,tf;x,t)V(x,l) - Ko(x, t; xi, 1) (2.52)

—00 —00

The time integration can safely be extended to the full range (—oo, +00) because
of the property that Ko ~ 6(¢).
The second and higher orders are similar; for example,

Ky = (_i)zfdtl dtydxydxaKo(xy, tr; x1,t1)V(xy, 1)

- Ko(x1, 115 x2, 02) V(x2, ) Ko (x2, 123 Xi, 1) (2.53)

In general, the (n!)~! of the exponential expansion is canceled by the existence
of the n! different time orderings. The full series reads

K(xp,tp;xi, ti) = Ko(xyg, t; xi, i)

oo
—i Y dtdxK,(xs.tr:x, OV (x, DKo(x, £ x;, 1) (2.54)
n=0

We may equivalently write a Bethe—Salpeter equation in the form
K(xf, 155 xi,8) = Ko(xg, ty; xi, 1)

—i/dtde(xf,tf;x,t)V(x,t)Ko(x,t;x,-,ti) (2.55)

The Feynman rules for this nonrelativistic single-particle case are indicated in
Fig. 2.2 for configuration space. Figure 2.3 shows the diagrammatic representation
of the Bethe—Salpeter equation, (2.55).

In momentum space, we define the Fourier transform of the potential as

Vix,t) = /dp dEP*— Bty (p, E) (2.56)
whereupon the Feynman rules are as indicated in Fig. 2.4. Of course, the Feynman

diagrams are trivial for this nonrelativistic single-particle case, but they will become
very useful and nontrivial in quantum field theory.
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X1, 0 Xy by
K() (xg, 3‘2; X tl)

—-iVix,t)

Xt

Figure 2.2 Feynman rules for nonrelativistic particle in configuration space.

—e = —— + T

Figure 2.3 Bethe—Salpeter equation.

p.E 1 1

eni ~E+pY2m—ie

———  -ievTen

pE

Figure 2.4 Feynman rules for nonrelativistic particle in momentum space.

Now we may consider the calculation of an S-matrix element. Here, the initial
and final states are plane waves that extend over all space. The S-matrix element is
given by the overlap integral

/ dxj e r, tp)Yin(xr, tr)

= /dxf dxi vy (xp, tp)K (g, trs xi, ) Win (X4, 17) (2.57)

The in and out states may be normalized such that there is precisely one particle
in all of space:

/ VinVind’x = / YauWourdx =1 (2.58)
or, in a box of volume V ¢m?, the plane-wave function is

Y(x, 1) = %e“""*’f’ (2.59)
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for three-momentum k and energy E = k?/2m. The incident velocity is k/m and
since the density is V! particles/cm?, the incident flux is given by

k
—particl 2. 2.60
v particles/cm” - s (2.60)

Let the final momentum be p and the S-matrix be A(p, k, t), where T is the time
for which the potential is switched on so that the transition probability per second
is

|A(p, k, T)I?

- (2.61)

The total cross section is obtained by integrating over the final-state momenta

V. Vm|A(p.k, T)
=[|d — 2.62
ot / P Tk T (2:62)

Here the factor V/(2rr)3 is the density of plane waves in the box per unit three-
momentum interval. Note that since the in and out states are plane waves, they
extend over all space so that the potential must be switched on and off—very slowly
to minimize energy absorption.

Thus to find, as an illustrative example, the Rutherford cross section, we use the
Coulomb potential

Vx 1) = S 4T (2.63)
r

where the fine-structure constant is & = ¢?/4n = (137.036) . To find the proba-
bility per unit time we will need to divide by

00 T2
/ dre=8/1° = | 2T (2.64)
. 8

We will compute only the Born approximation (i.e., the first-order level, which
uses the kernel K1). The amplitude is

App.k, T) = /d3xf dPxdt d®xipl(xp, 1)Koy, tr; %, 1)

(=D VX, D)Ko, 15 X, 1) Yin (X, 1) (2.65)

Provided that 7y > T and 1; « —T, we can drop the 6(r) and use

1 2
Ko= 55 / d’q exp[z‘q- (xf =% i3ty — r)} (2:66)

We find that
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1
V (27)°

A(p, &, T) = —ifd3xfd3xi dExdtd’qdiq V(x,1)

»? qz
-exp[—ip~Xf+i%tf +ig-(xf—x) —iﬂ(tf —1)

q/2 k2
+iq’-(x—x,-)—i—(t—li)+ik~x,~—i—t,-i| (2.67)
2m 2m

i 3 p> Kk?
:_V/d xdtexp(—ip-x—i—i%t+ik-x—i%t)

Xy (2.68)
.

We need the integrals

/OO dtelat=4*/T? _ ,=a’T?/16 /00 dre=47/T? (2.69)
—00 —00
nT?
= Te—“2T2/16 (2.70)

with a = (p? — k?)/2m and (using a temporary cutoff at r = M 1)

PR o) +1 .
/d3x e Mr = 271/ rdre_Mr/ dz ' (2.71)
r 0 -1
4

In Eq. (2.71) we chose the z-axis along q = (k — p). With these integrals it follows
that

Ani « aT? _ 2
AP K T) = ———— ——— | @ T7/16 2.73
(p ) vV 212\ 4 (2.73)
and hence

babili 8
ProvaTY _ 412 [ —— (2.74)

time T2
_len? o aT? g[8 2.75)

VI @2+My? 4 ¢ Tx
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As T increases we find eventually that

1 © iar—272 /T2
8(a) = lim —f drelaT2v/T (2.76)

T—o0 21T —0o

1 272 aT?
— 1l - ,—a°T*/8 2.
Timoo<2ne 2 (2.77)

so then
babili 167> 2 K p?
pro.a ity _ lom o s 5 P (2.78)
time V2 (g% + M?)? 2m  2m
Finally, we compute the total cross section, using Eq. (2.62):
V. o mV ,327° 1
= | & 272
et / Pomy & ¢ TV @ T M2
2 2
P k
S 2= — = 2.79
<2m 2m> (2.79)
Now, for E = p2/2m,
/d3p = m/dQ/«/ZmE dE (2.80)
Also,
2 229
q° = 4k” sin 3 (2.81)
where 0 is the scattering angle. Putting all this together, we arrive at
do o’m?
(2.82)

dQ " 4 sin(6)2)

which is the celebrated Rutherford formula [5].

To proceed to relativistic field theory, the number of degrees of freedom must be
increased from one to an infinite number. We first treat a field theory with defining
Lagrangian L(¢), containing no derivatives and with no local gauge invariance,
and show that we regain the same Feynman rules as from the usual canonical
procedure. Gauge theories are the subject of Section 2.3.

For a single degree of freedom, we had (let us put m = 1; it can be restored if
desired)

1 \@+D/2 oo _
K(xyp, trixi, t) = lim< ) / dgy ---dgue’® (2.83)

n—oo\ 2imwe o0
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n+1 1
S = 26[2—2(% —qi1)’ — V<qk)] (2.84)
k=1 €
n+1 1
= Ze[zc}% - V(qk)] (2.85)
k=1
We may now use
1 1. dpi . o1
e exp(iecﬁ) = / o exp[ze(pqu - Ep,%)i| (2.86)
to rewrite
DpD ° 1
K:f p qexpi/ pi—(=p*+v)|dr (2.87)
2 oo 2
n+1

n

. dpj

- nl%/ﬂdqi I—[l 2
i= =

ntl |
.exp{i Z[p;(q; —qj-1) — H(Pjs E(‘Ij +q,-71))(t,- - tjl)”
(2.88)
where
H(p,q) = %pz +V(g) (2.89)

is the Hamiltonian. Thus the following are equivalent formulas for the one-degree-
of-freedom case:

DgDp

K(xf,tf:xi,ti)=/%e’f@q*”>d[ (2.90)
’ T

=/qu"ﬂ<‘f"?>d’ (2.91)

= / Dge'’ (2.92)

The generalization of Eq. (2.88) to any finite number N of degrees of freedom is
immediate: namely,
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K(qis---ang.trsqiy---quisti)

N tr N
_ /}‘[] %exp{i/ﬁf [Zpa% - H(p,q):| dt} (2.93)

a=l1

n+1

N n
= Jim | TT] dqa(m]"[—(n

n N
~exp<i Z{ Zpa(tj)[qa(tj) - qa(’j—l)]

a=1

—€H<p(tj), W)]) (2.94)

This is the appropriate transformation matrix (or time evolution matrix) for many
degrees of freedom.

Consider now a scalar field ¢ (x). We subdivide space into cubes of side ¢ and
volume €3, labeled by the index a (which runs over an infinite number of values).
Then define

1
bu = = / Prp 1) (2.95)
P
The Lagrangian becomes

L = /d3xL (2.96)

=Y La(fa(t), da(t), puze (1)) (2.97)

The momentum conjugate to ¢q is

= _o e _an (2.98)
P a0~ ey '
and the Hamilton becomes:
H =Y pya — L' (2.99)
=) €H, (2.100)

Hy = Mooy — Lo (2.101)
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The transformation matrix for the field theory may now be written
n+1

lim / 1‘[]‘[d¢a<rl>]'[ "

a =1
aa Pa (1)) — du(t;—1)
.exp{iZeZe3|:na(tj)‘“f“/_l
j=1 «

- Ha(ﬂa(zj)» ¢Ot([j)1 ¢aie(tj))]]

3 ty 9
:/D¢> D(n;—”> exp|:/t; dtd3x<n£ —H)] (2.102)

where in the final form we have changed the variable ¢ to T = it to go into Euclid-
ean space. These functional integrals are better defined in Euclidean space than in
Minkowski space. It is then postulated that the Minkowski Green’s functions are
obtained by analytic continuation in 7 of the Euclidean ones.

The generating functional may be written, with an external source J, as

7'[63
WiJ] =/D¢D(—)
21
.exp{i/d“x[n(x)(i;(x) —Hx)+ J(x)¢(x)]} (2.103)

Then the complete Green’s functions (including the disconnected contributions)
are given by

8"WI[J]

57870 J—O:i OIT (¢ (x1) -+ ¢ (x))0) (2.104)

=i"G(x| - Xn) (2.105)
The connected Green’s functions are given by

8"Z[J]

— (—7 n_l—
G(x; Xp) = (=i) 5T (x1) -8 (xy) =0

(2.106)

where
W[J]=exp(iZ[J]) (2.107)

Let us prove that Z[J] generates the connected graphs only. Graphically, the gen-
eral n-point Green’s function i" G (xy, . . ., x,,) is composed of many connected sub-
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graphs. Of these, let p; be i-point connected graphs, such that ) ip; = n. A graph-

ical expansion is thus given by

inG(xls X2, ...y Xn)

— Z Z ipch-(xl)"'Gc'(xp])

partitions {p;---px} permutations

ipj=n {1+ xn }

N L Gc(xzi:ll ipi - xy) W[O]

(2.108)

where the G, are connected Green’s functions and the factor W[0] is the sum of

the amplitudes of all vacuum-vacuum graphs. But from our definitions,

n

i"G(xy-xpy) = ——————W[J]
ST (xy) 8T (x) 70
_ s" iZ[J]
§J(x1)---8J(xy) J=0
This may be rewritten as
. 8(iZ) 8(iZ)
lnG(XI"'xn): Z 57 ...SJ(X )
{p1-p} {xr-xa} =0 pi71J=0
Y ipi=n
8Pk(iZ) iZ[J]|
ST k)87 (m) € J=0
o1ipi+l =
The identification
n
"Ge(xy - oxpy) = ——————iZ[J]
TSI (xn) -8 (xa) 7=0

follows by induction on n, from Egs. (2.108) and (2.111). Therefore,

n

8
_ (1=
Ge(xr---xn) = (=) 61(x1)-"51(xn)2[”

J=0

Let us now suppose that the Hamiltonian is in the form

1
H(x) = §n2<x) + f(¢, V)

Then we may perform the 7 functional integral by recalling that

* dp [ ( .1 2)} L (/2ieq?
— €X i€ —_ = = —= q
/—oo 27 P Pa =3P JV2rie

(2.109)

(2.110)

(2.111)

(2.112)

(2.113)

(2.114)

(2.115)
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and hence

Jo(2 o o= )] - nf (1)

Thus
7'[63 4 .
W(J] :/D¢D<g) exp[i/a’ x(x¢>—H+J¢>):| (2.117)
~ / D¢ exp[i f d*x(L + J¢)] (2.118)
Writing
L=Lo+L; (2.119)
1
Lo = 3[0.9)* = 1] (2.120)
Ly =Li(9) (2.121)

in Euclidean space, we have the convergent integral

2
WelJ] = /D¢exp|:—/d3xdr|:l<%)
2\ ot
1 2 2,2
+5 (Ve + " — Li() — J¢H (2.122)

To obtain the right boundary conditions, we need to add a term ~ ie which en-
sures that positive (but not negative) frequencies are propagating forward in time.
The appropriate replacement is

Lo — %[(8,@)2 — 12¢? +ied?] (2.123)

which also provides a convergence factor exp(—e¢?) in Minkowski space.
In zeroth order, for the free-field case, we therefore have

WolJ]

= / D¢ exp{i / d4x|:%(au¢)2 - %u2¢2 + %iedﬁ + Jd)“ (2.124)

e—0

= lim /]_[d% exp<i Ze“ze“%%mﬂ(pﬁ + Ze4Ja¢a) (2.125)
o o B o
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where we have written a matrix form which is such that

oa— X
} ase —> 0
B—y
and
lim Kop = (=07 — u? +i€)5*(x — y)
€e—

We can perform the integral exactly in this discretized form, to obtain

WolJ] = lim ——

l—[ 2mi
e—0 ,/detKa
1
. exp|:—§i 264 264‘]"‘6_8([(_1)&#3‘]/3]
o B
with
(Kil)aﬂ(K)ﬁ)/ = day

Taking the continuum limit, which implies that

1
6_48015 —8(x—y)

Z et > / d*x
o
we define as the propagator

1
G—S(K_')aﬁ — Ap(x — )

Then

wols1 =exp| =31 [ a*ratyi st 00)]
where A satisfies

(—9* = +ie)Ar(x —y) =8(x — y)
The solution of this is

d4k e—ik-(x—y)

Ar=0= | G — 2 tie

This is the Feynman propagator.

(2.126)

(2.127)

(2.128)

(2.129)

(2.130)

(2.131)

(2.132)

(2.133)

(2.134)

(2.135)
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For the interacting case, we have

WiJ] =/D¢exp[i/d4x(Lo+L,+J¢)] (2.136)
el [t ()
= exp z/ X 1( lSJ(x)
: f %exp[i / d4x(Lo+J¢)] (2.137)
(i P
el
p=o P’
'CXP[—%/d4X d*yJ () AF(x — y)J(y)] (2.138)

The usual Wick’s theorem now follows by repeated use of

M‘%J(y) =8 —y) (2.139)
For a given number (n) of space-time points and given number (p) of vertices
(i-e., pth order of perturbation theory), we can represent the result of computing
Eq. (2.138) diagramatically. There are both connected and disconnected diagrams;
examples for n = 4 and p = 2 are shown in Fig. 2.5, where the interaction is taken
as L; = —A¢*. For this case, each interaction vertex involves a 4! factor because of
the 4! ways the (8/6J)* can be applied. Apart from this, every possible graph occurs
once in the expression. Thus, each vertex gives

—4lin / d*x (2.140)
and each propagator gives

iAp(x—y) (2.141)

Note that the % factor in the Wy[J] exponent goes out because of the two J factors.
The external lines carry propagators; to find an S-matrix element, we put the ex-
ternal lines on a mass shell, canceling the external propagators by Klein—-Gordon

operators.
The general rules are now clear. We write down n points x; - - - x,, and p points
X,¥,Z,w, v, u,...and arrive at an expression

4
(—ik)”(4!)p/d4x AT Z |:(i)(4p+”)/2 then HTP propagatorsi|

all
diagrams

(2.142)
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Xy x3
X y
X2 X4
X ® X3
Xy @ ‘x4
X1 &= ® X3

x/—\y
X7 &

* Xy Figure 2.5 Second-order Feynman dia-
u grams for A¢* field theory.

The rules can be reexpressed in momentum space, but we leave that to the reader.
Let us now reproduce the same Feynman rules from the canonical formalism.?
The starting Lagrangian was

1
L= 5[(3,@)2 — u¢?] — ao? (2.143)
The canonically conjugate momentum is
_ 9L é (2.144)
=% .

and hence the Hamiltonian is

T

H=n¢—L (2.145)
2 1 2 1 2 1 2,2 4
=70 = 37+ S (V)T + St + ¢ (2.146)

2) The reader familiar with canonical quantization may skip the remainder of this section.
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I TN e T By 4
_[2n F 0+ L }Haﬁ (2.147)
= Ho + H;(¢) (2.148)

The Heisenberg equations of motion are

9 _itw 2.149
5?—4 , 91 (2.149)
L 2.150
=il 7] (2.150)
H' =fd3xH (2.151)

The canonical quantization of the fields proceeds by requiring that

[px, 1), 7(x,1)] = i8> (x — ) (2.152)
[, 1), 9x 0] =0 (2.153)
[r(x, 1), 7(x,1)] =0 (2.154)

Next we introduce a unitary time-evolution operator relating the in state to the
interacting state:

$(x) = U~ (i (X)U (1) (2.155)

m(x) = U (Omin(0)U (1) (2.156)
Starting from

pin = UpU™" (2.157)

and differentiating with respect to time, using U~'U = 1 and the equations of
motion, one easily finds that

a ¢in
at

=[0U", ¢in] +i[H(@$in). bin] (2.158)
But, by definition,

a ¢in
at

= i[Ho(¢in). ¢in] (2.159)
Therefore,

iUU™" = H;(r) (2.160)
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U@, )
1
Jat

=H; U, 1)

The well-known solution is [here U (t1, 1) = U (1)U~ (t2)]

t
Ui, ty=1- if dty Hi (1)U (11, 1)
l/

0 t f fn—1
= E (—i)”/ dn/ dtz---/ dt, Hy(t1) - - Hy (tn)
t t t

n=0

o (_l')n t h—1
= — /dt1~~-/ diy T(Hy (1) -~ Hy (i)
n=0 ’ ¢ ¢

- Texp[—i/d4xH1(¢(x))i|

=T exp[—{—i / d4xL1(¢>(x))]
To calculate the required Green’s functions, we write
Gxi---xp)
= (0T (P (x1) - - - $(xn))I0)

= <0|T(U71(Il)¢in(xl)U(tl7 1)pin(x2) -+ Pin (xn) U (1)) [0)

Using Eq. (2.166) leads us to

G(xy---xp)

1
= <0‘T (Pin(x1) -+~ Pin () - exp[i / d4xL1(q’in)] '0>
tn
= Z % /d4x d*u (p integrations)
p=o ¥

OIT (Pin(x1) - - - Gin (¥n) L1 (¢in (X)) - - - L1(¢in (1)))10)

Now, we use Wick’s algebraic theorem [6] for time-ordered products:

T (Gin(x1) -+ - Pin(xn)) = Pin(x1) - - - Pin(xy) :

+ (01T (¢in (x1)Pin (2))10) = P (x3) - - - P (xn) :

(2.161)

(2.162)

(2.163)

(2.164)

(2.165)

(2.166)

(2.167)

(2.168)

(2.169)

(2.170)
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+ permutations

T

+ (01T (¢in (¥1)Pin (x2))10) (OI T ($in (x3) in (x4) ) [0)
-+ (01T (pin (Xn—1)Pin (x1))|0)

+ permutations (2.171)

Finally, exploiting the fact that

(OIT (din (x1)hin (x2))10) = i Ap (x1 — x2) (2.172)

d4k e—ik-(xl—xz)

T oot — 2 e

(2.173)

we again obtain Feynman rules: For the contribution of order p in L; to the n-
point function, we draw (n + p) dots, make all possible diagrams, and arrive at an
expression (for L; = —A¢%)

4
(—ik)p(4!)”/d4x coed*u Z [(i)(“’”’”)/2 then n+2 P propagators]
11
diagrams

(2.174)

agreeing precisely with Eq. (2.142), which was obtained from a path integral.

Thus not only have we illustrated the attractive use of the path integrals in non-
relativistic scattering problems, but we have also proved that one obtains precisely
coincident results for quantizing a field theory using path integrals as one does
using the conventional canonical quantization procedure.

23
Faddeev—Popov Ansatz

To obtain the correct Feynman rules and study renormalization of non-Abelian
gauge field theories, it is simpler to quantize using path integrals [7-13]. The
canonical quantization procedure becomes particularly awkward in this case.

Let us consider an SU(2) Yang-Mills theory [14] in the Coulomb gauge [15]. In
the first-order formalism where A§ and Fj, are independent, the Lagrangian is

1 1
L= 2Fu - Fu = sFu - (GuAs — 0,A, + AL A)) (2.175)
with a - b = a%? and (@"b)* = €®“a’b° - L is invariant under the local gauge
transformations
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A(x) = Au(x) + U(x)AA,L(x) — éBMU(x) (2.176)

F;w(x) - Fll«v(x) + U(X)AF;L\) (2.177)
where

Ux)=1- %‘t -0(x) (2.178)

The Euler-Lagrange equations of motion are

oL
oF 1,

=0 (2.179)

oL oL
=3, (2.180)
0A, 9(0,A,)

which give, respectively,
Foo = 0,A, — 3,A, + gA A, (2.181)

duFuv + gAL " Fyv =0 (2.182)

The question now is: What are really the independent fields? These equations im-
pose constraints and lead to possible inconsistencies (e.g., absence of conjugate
momenta). It would be inconsistent to impose canonical commutators on all field
components, including the dependent ones, because this would contradict the con-
straints, in general, at the quantum level.

Consider first the fact that

oL

= _F, 2.183
3(30A,) " (2.183)

Thus, for A;, Fy; is the canonically conjugate momentum.
On the other hand, L is independent of d9Ay, so that Ag is not independent. We
can immediately express F;; from Eq. (2.181) as

F,'j = 0;A; — 3;A; + gAiAAj (2.184)
but there is also the relation, from Eq. (2.182),
(Vi + gA")Fro =0 (2.185)

This implies that not all Fxo, and hence not all A, are independent. We may
exploit local gauge invariance and impose the Coulomb gauge condition

VA =0 (2.186)
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We separate Fy; into transverse and longitudinal parts,
Fo; = F, + F), (2.187)

such that V;Fl, = 0 and
V;Fo; = V;F}, (2.188)

ijkViFg =0 (2.189)

Now we wish to write Ag and Ff; in terms of independent variables and hence
construct the Hamiltonian as a function only of F]; and A;.
Because of Eq. (2.189) we may write (defining f)

Fi = —Vif (2.190)
Also, we define the generalized electric field
E — F! (2.191)

Now, from Eq. (2.185) we may write

(Vi + A" )Fro = DiFo (2.192)
~0 (2.193)

Therefore,
DeVif = gAE; (2.194)

Now let us formally assume that the operator
0 (A (x)) = DV (2.195)

= [6"7 8 — g AL ()| Vi (2.196)
possesses an inverse, denoted by the Green’s function, satisfying
0% (A;(x))G"(x,y, A) = 8(x — y)§°° (2.197)

(Important note: This assumption is not strictly correct, since the operator 0% is
singular [16, 17]; however, our conclusions will be valid in perturbation theory.)
Then the solution is written

flan=g f d*yG(x, y, A" AL (y, DEL (v, 1) (2.198)
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or, symbolically,
f=gGA Ey (2.199)

where G denotes the integral operator.
Similarly, we may find an equation for A:

doA; = Foi + (Vi + gA;")Ao (2.200)

Taking the divergence, and using the Coulomb gauge condition, Eq. (2.186), results
in

0% (A; (x))Af(x) = V2 f* (2.201)
so that
Ag = GV (2.202)

Since A; and E; are conjugate variables, the Hamiltonian density is
H=E -A —L (2.203)

Using Eq. (2.200), we have

A; = E — Vif + (Vi + gAMHGVS (2.204)
and hence
f d*xE; - A; = / d*x[E} —f- V2] (2.205)
/ d*x[E} + (Vif)?] (2.206)
But
1 1 R
L= Fuy = SFu (0uAy = 0,44 + 2A, " A) (2.207)
= 1(F )? 1(B<)2 2.208
) 0k 5 Wi (2. )
1 2 1 2
= 5 Ex — Vih? — —(B) (2.209)

so that, after partial integration, one obtains

/d3xL = /d-*x[%(}z% —-B})+ %(kaf] (2.210)
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so the Hamiltonian may be written
1 3.2 2 2
H= 5 /d x[Ef 4+ B} + (Vif)?] (2.211)
Here Bf = %e,- ijj‘.‘k is the generalized magnetic field, and we have used

[ d®x(Ey - Vif) = 0.
The generating functional in the Coulomb gauge is thus

We[J] = /DEiTDAiT
. 4 . 1, 1, 1 2
-expyi [ d'x Ek-Ak—EEk—EBk—E(ka) — ArJk
(2.212)

To extend the path integral to all components of E; and A;, we make the decompo-
sition

1 1
E,‘ = ((Sij — Viﬁv]‘)Ej + ViﬁEL (2213)
so that
EL — V,E; (2.214)

The Jacobian to pass from E; to Ef and E] is independent of the fields and is hence
only an irrelevant multiplicative constant in the generating functional. Treating A;
similarly, one arrives at

WelJ] = / DE; DA; [ [8(VxE0S(ViAp)

. 1 1 1
~exp[i/d4x|:Ek Ay — EE% - 5132 - E(ka)2 — Ay .]k]}
(2.215)
The Feynman rules found in this way are noncovariant, and awkward for calcula-
tions, but with a little more effort we may arrive at a covariant form, involving path
integrals over the Lorentz vector and tensor A, and F,, together with extra delta

functions and a very important determinant (Jacobian).
Starting from Eq. (2.199) enables us to insert an integral

/ DFfs(f — gGAEp) (2.216)
We may also write this, using Eq. (2.194), as

/ Df(det M) (V; Dif — gAy Ex) (2.217)
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where M, (the subscript denoting Coulomb gauge) is the matrix, dropping an ir-
relevant overall factor (1/g),

M (x,y) = V2[5°8% (x = y) + 8" Go(x, ) AT (1) Vi]8(xo — yo)  (2.218)
with Go(x, y) the Abelian Coulomb Green'’s function satisfying

V2Go(x,y) =8 — y) (2.219)
We now change variables to

Fo = E; — Vif (2.220)

and write

DE; D[ [ 8(ViE)8(V: Dif — gAL Ey)

X

= DFo; D [ 8(ViFoi + V*f)8(V*f — aA;"Fo;) (2.221)

= DFo; D[ [ 8(ViFoi + gA;"Foi)8(V*f — gAiFo;) (2.222)
X

The path integral over f may now be performed, using the second delta function,
with Jacobian det(V?) providing only a field-independent (infinite) multiplicative
constant.

Proceeding further, we rewrite

[ [8(ViFoi + A" Foi)
X
dA ‘
= ]‘[[ 2—710 exp[iAo - (ViFo; + gAi"Fo;)] (2.223)
X

x / DAy exp[i / d*xFoi(gAo" A —ViAo)] (2.224)

Also,

1 1
/DFij exp{i/d4x|:ZFij 'Fij — EFU . (V,‘Aj — VjA,‘ -l-gA,-/\AJ)“

1
o exp[—zi / d*x(V;A; — VA + gA,'/\Aj)z] (2.225)

Collecting results then gives the required covariant form for the generating func-
tional, namely
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AN / DA, DF ,,(det M) [ [ 8(ViA)

.exp[i / d*x(L +J, -AH)] (2.226)

Here we set the time component of the external source to zero Jy = 0, by definition.
Recall that

M (x, y) = V2[8°8° (x — y) + g€ Go(x, YA (Vi]8(xo — yo)  (2.227)

so that
det M. = det V> det(1 + L) (2.228)
190 = 595%(x — y) (2.229)
L = ge™Go(x, y) A{ (1) Vi3 (x0 — y0) (2.230)

We may then evaluate

det(1 + L) = exp[Trlog(l + L)] (2.231)

00
(1!
= expz "
n=I

. /d4x1 .- -d4xn Tr(L(x1 ,x2)L(x2, x3) -+ - L(xy, xl)) (2.232)

This term modifies the Feynman rules at each order and has appearance of a
closed-loop expression. We shall see below, in a more general treatment, how this
modification is incorporated correctly.

At this point it is interesting to note that the correct Feynman rules can be ex-
tracted from Eqs. (2.226), (2.228), and (2.232) and it is a little surprising that no one
did such an analysis between the invention of Yang-Mills theory in 1954 and the
works of Faddeev and Popov [18-20] in 1967 and, specific to the Coulomb gauge,
the work of Khriplovich [15] in 1970.

Before proceeding to the general treatment (for any gauge) of Faddeev and Popov,
there is one subtlety to tidy up in the analysis above, as noted following Eq. (2.197).
The point is that the operator

0" (A; (x)) = D{PV; (2.233)

is singular (i.e., has zero determinant), and hence no Green’s function satisfying
Eq. (2.197) exists [16, 17].

65



66

2 Quantization

The way to proceed in this situation is to enumerate the nonzero eigenvalues and
the zero modes according to (M and N may be infinite)

0P ()YP™W(x) = AWy @ (x) n=1,2,....,N, AW £0 (2.234)

00 (x)n*™ (x) = 0 m=12,....M (2.235)

The completeness relation now reads

N M
DU U 0) 3 B R () = Sandx — ¥) (2.236)

n=1 m=1

We may conveniently divide the vector space F spanned by the eigenvectors of
0% (x) into two orthogonal subspaces: the spurious subspace S spanned by the
zero modes 7™ (x) and the physical subspace P spanned by the v;\" (x). Projecting
on the subspace P then allows us to define a unique inverse ¢ acting on P of
0% (x) satisfying

M
0" (Ai(x)) 9" (x, y, A) = 8°8(x —y) — Y _ h{" ()" (y) (2.237)

m=1

Let us define

0% (x) = —ge™ AS(x) VL (2.238)
so that
0 (x) = 59°v2 + 0% (x) (2.239)

Equation (2.237) may now be recast in the integral form
Gunx. 3. A) = buGotr) = [ 2Gote.2) Y@ )
m

_ / P2Go(x. 0% @)% 2. y. A) (2.240)
where Go(x,y) is the Abelian Coulomb Green’s function, which satisfies
Eq. (2.219).

To confirm Eq. (2.240) is immediate. Suppressing all internal symmetry labels,
and integrations, one has

G = Go(V*+ 0)9 — Go0Y (2.241)

=Go0G — G)0¥Y (2.242)
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= Go(l - Zhh*) - Gy0¥ (2.243)
=Go—Go Y hh*—GOY (2.244)

as required.

Now, the Green’s function (2.240) differs from that of the less careful earlier
analysis only by the presence of the extra term containing zero modes. But the
density V*f of Eq. (2.197) lies® in the physical subspace P and hence is orthogonal
to all vectors in S, that is,

(V- h™) =0 forallm (2.245)
and hence
GV =GV (2.246)

This has the consequence that when we use the correct Green’s function,
Eq. (2.240), in perturbation theory, then since ¢ acts always on vectors in the phys-
ical subspace P, the zero-mode term gives no new contribution and the results are
unchanged from those derived earlier.

It should be noted, however, that although the zero modes do not contribute
terms analytic at g = 0, they may provide important nonperturbative effects of
order 1/g or exp(a/g). These may be dominant in, for example, quantum chro-
modynamics [21-23], where the expected spectrum of bound-state hadrons is not
visible at any order of the perturbation expansion in g.

The canonical quantization above has been restricted to the Coulomb gauge, and
we have arrived at the generating functional,

W.lJ] = /DAM DF,,, det M, [ [ 8(ViAi)
X

. exp[i / d*x(L+7, - AM)] (2.247)
We cannot do the F,, path integral to arrive at the second-order form

WelJ]
= / DAM[detMcna(ViAi)]
-exp{i / d4x[—%(8uAv — AL+ gA A+, -AM“ (2.248)

3) This statement [and Eq. (2.245)] is really a physical assumption and we do not claim mathematical
rigor here.
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Except for the term in the first set of bracket, on the right side, this is the standard
form in Section 2.2. So why is the standard form not applicable when there is
local gauge invariance? Following Faddeev and Popov [18-20] (see also Fradkin and
Tyutin [24, 25]), we may express the reason in at least two equivalent forms:

1. The propagator is the inverse of the matrix in the quadratic piece of the La-
grangian. This is unique for a nongauge theory, but in a gauge theory, the matrix
is singular. From Eq. (2.248) the quadratic term is

1

S AuK @, 1) AL () (2.249)
with

K" (x,y) = —(V2g"" — 8,8,)8*(x — y) (2.250)

This has zero eigenvalues (K - AL = 0), and hence the propagator is not defined.
Because of local gauge invariance, the longitudinal part A* in the path integral
is completely undamped.

2. An even more useful viewpoint is to observe that within the manifold of all
fields A, (x) encountered in the domain of the path integral, the action § is
constant on orbits of the gauge group because of local gauge invariance. What
is required is evaluation of the functional only for distinct orbits, and it seems
reasonable [18] to divide out the infinite orbit volume.

In this spirit we define a hypersurface within the manifold of all fields by the
gauge-fixing condition

Fu(A) =0 a=12_..N (2.251)
where N is the number of generators of the gauge group. Let us denote a gauge

function by g; then (with A;, = A§ T¢)

A8 = U(9)A U (g) — é(aMU@)U*‘(g) (2:252)
The equation
Fu(A$) =0 (2.253)

is assumed to have one unique solution g so that any orbit intersects this hyper-
surface precisely once. This is always true locally within the group space, although
gauge-fixing degeneracy [16] leads globally to multiple intersections [26, 27], which
are handled later.

Let the unitary gauge transformation operator be U(g) as in Eq. (2.252); that is,

U(g) = exp[iT - g(x)] (2.254)
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Then
U(@U(g) =Ulgg) (2.255)
and
d(g') = d(gg) (2:256)
follow from the group properties.
Writing
U(g) ~1+ig-T+ 0(g?) (2.257)

we may express

dg =] [dgax (2.258)

for infinitesimal transformations g >~ 1.
The argument of Faddeev and Popov [18] proceeds as follows. We begin with the
naive expression for the vacuum-to-vacuum amplitude

WI[0] = / DA, exp(i / d4xL) (2.259)

Now define Ar[A,] such that
Ar[A,] / Hdg(x) ]_[ §(F*(AS(x))) (2.260)

The quantity Ar[A,] is easily shown to be gauge invariant using

AG'ALl = /Hdg/(x) HS(F“ (Ai’g(x))) (2.261)
= / [d(sg @) []8(F* (485 x))) (2.262)
= / [Tds" @ []8(F* (48 ) (2.263)

= AZA,] (2.264)
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We may insert the resolution of the identity (2.260) into the naive expression
(2.259) to arrive at

w[o] = /Hdg(x)/DAHAF[AM]HS(F”(Aﬁ))

: exp[i / d4xL(x)] (2.265)

Using the gauge invariance of Ar and L, the functional integral may be considered
as an integral over A%, and we may drop the infinite factor

/ [Tde (2.266)

and define

Wil = /DAHAF[AH]Ha(Fa(A,L(x)))

x,a

-exp{i / d*x[L(x) + AMJM]} (2.267)
Our next task is the computation of Ar. Let us define the matrix Mr by
FO(AS (1)) = F*(Au(x)) + é / d*y ijMp @, Y)abgr() + O(g%) (2.268)
Then the Faddeev—Popov determinant is

AGAL = f [ [dga(x)8(F*(ASx))) (2.269)

x,a

= / n[dga(x)S(éMpg)} (2.270)

x,a

so that, within the constant of proportionality (1/g),
Ap[A,] = det(MF) (2.271)
= exp(TrIn M) (2.272)
Let us compute this in certain examples:

Example 1. Coulomb gauge
FO(A,) = Vi AY (2.273)

Note that
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U =1+ig-T

(2.274)

AS-T= U(g)|:AH T+ éU‘l (g)aMU(g)}U“(g) [cf. Bq. (1.71)] (2.275)

1 -
=1+ igaTa)[AZTb + E(l - ig‘T‘)deaﬂgdj'(l —ig°T®) (2.276)

= AUT, +iga[T*, T"|AL + é(deaﬂgd)

1 .
= AT + graaﬂg“ - e“b‘AngbT“ + O(gz)
This is for any gauge; specializing to the Coulomb gauge yields
1
Vil = Vit + (VI — ge ATV g

and hence the required determinant is of the matrix

Mz.‘b(x, y) — (V25ab _ geabcAlgvi)84(x _ y)

(2.277)

(2.278)

(2.279)

(2.280)

This agrees precisely with the result of canonical quantization given earlier, in

Eq. (2.227).

Example 2. Lorenz gauge (also called the Landau gauge)
FU(Ay) = 8,A%

From Eq. (2.278) we find that

1 :
9. (A8)" = 8,A% + g(aza“” — g€ AC9,)gp + O(5?)

and consequently,
M (x,y) = (026° — ge P A69,)8% (x — )
for Landau gauge.
Example 3. Axial gauge
FY(A,) =n, A°

i

1
nu(A5)" = nuAj, + E(”uaufsab - gfabC”uA;i) +0(s)

(2.281)

(2.282)

(2.283)

(2.284)

(2.285)

Al



72

2 Quantization

Restricting A, to those respecting n,A, = 0, we see that for the axial gauge
the Faddeev-Popov determinant is independent of the gauge field A, and hence
can be omitted as an irrelevant overall factor. This means that for the axial gauge
n, A, = 0, no ghost loops (see below) occur. This remark includes the special
cases of the lightlike gauge (n> = n,n, = 0) and the Arnowitt-Fickler [28] gauge
(n, = 8,3). The awkwardness of axial gauge is that the Feynman rules involve n,,
explicitly and is thus not explicitly Lorentz invariant.

24
Feynman Rules

The Feynman rules for non-Abelian theories are gauge dependent. We shall fo-
cus on the covariant gauge 9,A,, = 0, since in a general gauge, manifest Lorentz
invariance is lost. For the Lorentz gauge we have arrived at

WLl = f DA, | [8(3,A.(x)) det(ML)exp[i / d*x(L +J, .AM)]

(2.286)

To find the perturbation theory rules, we need to promote the delta function and
determinant factors into the exponential to arrive at

Wel0)= [ DA, expli(s + Scr + Srrc)] (2.287)

where the subscripts refer to gauge-fixing and Faddeev—Popov ghost terms.
For the delta function we use the formula

[16(0uA.0) = lim exp[—zL / d4x(8ﬂAM)2i| (2.288)

o
x

The determinant factor gives rise to ghost loops and is handled as follows. We
have

det(Mp) = exp(Trln M) (2.289)
My = (8> + gd"A,") (2.290)

Now introduce

SkpG = / d*x(3,c™ - Buc+ gduct - AL c) (2.291)
= /d4x d*y Y )M (x, y)en(y) (2.292)
a,b

where c is a complex adjoint representation of scalar fields.
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With normal commutation relations for ¢, one would have
/ De Dctef$76 ~ [det(My)] ! (2.293)

To obtain the determinant in the numerator as required, rather than the denom-
inator, it is necessary that the c fields satisfy anticommutation relations, because
then

/ Dc DctetSFP6 ~ det(M) (2.294)
The reason for this can be understood simply if we write [cf. Eq. (2.283)]
My =V*(1+1L) (2.295)

whereupon (for commutation relations)

[det(M1)] ™" ~ exp[—Trin(1 + L)] (2.296)

= exp[z % Tr L”] (2.297)

n

For anticommutation relations, each trace switches sign, as in a closed loop, and
one has instead

_1\n+l
exp[z( 1’3 TrL”]:det(ML) (2.298)

To summarize, we now have

WL Il = / DA, Dc Dct exp[i(s + ScF + Srpc) + i / d*x], .AM] (2.299)

where
S= / d*xL(x) (2.300)
Scr = . / d*x(0,A,)* (2.301)
200
SkpG = + / d*x (3} duca + geapeduct Abee) (2.302)

so the effective Lagrangian is

1 1
Leir =~ Fiu Fily — Z(a,lA,L)2 + (et duca + geapcdpct Abce)  (2.303)
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with the limit @ — 0 understood.
To find the propagator we set g = 0, whereupon

WilJ]

= lim /DAH exp{i[/d“m;@(x)
a—0

: |:—32g,w + aﬂav<1 - é)]A‘j(x) +/d4xjg(x)A;j(x)” (2.304)

1
= lim exp[—5 / d*xd*y i (x) DI (x — y)Jj’] (2.305)
with
d4p e~ iPGx—y) pup
D (x — y) =8 (2;)’4 i [—g,w +(—-a) ;2 } (2.306)

So far, we have proved that this propagator is valid only for « = 0 (the Landau
gauge). It is, however, straightforward to prove that it is true for any value of ¢, as
follows.

We adopt the slightly more general gauge

IuAp(x) = f(x) (2.307)

where f(x) is an arbitrary function. Then since the path integral is independent of
f(x), we may include an arbitrary functional, G[F], to rewrite Eq. (2.286) as

W[J] = / DfDA, ]‘[a(aﬂAﬂ(x) — f(x)) det(My)

-exp[i / d*x(L + ], ~AM)]G(f) (2.308)
By making the choice
G = exp(—’— / d4xf2> (2.309)
2a

we find that
1
W[J] = / DA, det(ML)exp{i/d4x|:L — 5 AL +IMAM]} (2.310)
o
and this leads to the propagator, Eq. (2.306), for general o. With @ = 1 it is the

Feynman gauge that is valuable for diagrams with internal vector propagators since
the number of terms is reduced.
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a,p b,v .
e _’Sab[gpv —(1- 0‘)Pppv/l’z]/Pz
p
a,\ cV
PN —e™[(p—q)\er + (g — a8
q +(r _p)uglv]
b,u

- ieabfeaif(glvgpt — 88 uv)
— ie® e (87»;1ng — &8 uv)
— €Y e (gyygu — ngey)

A — — o — — i3 /p*
14
ag /b
p\' ’q "
€7D
r
A

Figure 2.6 Feynman rules (all momenta outgoing) for pure
Yang—Mills theory in Landau gauge (¢ = 0) and Feynman
gauge (¢ = 1). As shown in the text, these covariant rules are
valid for any value of the parameter o.

The ghost propagator is similarly evaluated, and the rules for vertices follow by
turning on the coupling strength g # 0. The final results for the SU(2) Feynman
rules in the covariant gauges are collected together in Fig. 2.6.

The scalar particles represented by the fields ¢ and ¢ are purely fictitious and
do not occur as asymptotic states (they would violate the necessary spin-statistics
theorem) nor as poles of the physical S-matrix. Similar closed-loop ghosts can be
shown to be necessary in general relativity; one difference is that there the ghosts
carry spin 1.
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Concerning the rules tabulated in Fig. 2.6, note that the ghost-vector vertex is
dashed on the ghost line, which is differentiated; a consistent rule is then that a
given ghost propagator must never be dashed at both ends. Also note that because
of its fermionic nature, a closed scalar loop gives a sign change (—1).

The Feynman rules (Fig. 2.6) will be used in our later discussions of perturbative
renormalizability and of asymptotic freedom. Some preliminary remarks on renor-
malizability are in order here. Because the vertices are all of dimension 4, and
more especially because the vector propagator, for any value of «, has high-energy
behavior no worse than a scalar propagator, the symmetric Yang-Mills theory is
renormalizable by the usual power-counting arguments [29-31]. (Reference [29] is
reprinted in Ref. [4].) For suppose that a diagram contains

n3 Three-vector vertices

ng Four-vector vertices

ng Ghost-vector vertices

E  External vectors

I, Internal vector propagators
I, Internal ghost propagators

then the superficial degree of divergence is
D =n3+ng +2I, + 21, —4(n3 +n4 +ng) + 4 (2.311)

Now use the identities

21, =2ng (2.312)

21, + E =3n3 +4n4 + ng (2.313)
to find

D=4—-FE (2.314)

so that the number of renormalizable parts is finite, being limited to £ < 4. Of
course, this does not prove renormalizability, which requires a careful regulariza-
tion procedure that respects gauge invariance and the generalized Ward identities;
this was first carried through by 't Hooft [32].

This is for the symmetric case. When there is spontaneous breaking with a Higgs
mechanism, the vector propagator would normally acquire a p, p,/ M? term, which
would lead to the replacement 2/, by 41, in Eq. (2.311) and hence failure of the
power-counting argument. It was shown by 't Hooft [33] that there exists a judi-
cious choice of gauge where the mischievous term (p, p,/M?) is absent in the
Feynman rules; 't Hooft [33] was then also able to demonstrate renormalizability
for the spontaneously broken case. More details of these statements about pertur-
bative renormalizability are provided in Chapter 3.
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A T¢]

Y

Figure 2.7 I'—¢ plot.

Note that these remarks apply to renormalization of the ultraviolet infinities.
Handling of the infrared divergences, arising from the presence of massless parti-
cles, is a completely separate question.

25
Effects of Loop Corrections

So far we have considered the potential function V (¢) only in the tree approxima-
tion. It turns out that in several important cases the one-loop contribution®) to the
potential can be evaluated and can significantly alter the conclusions concerning
the presence or absence of spontaneous symmetry breaking.

It will be important in the specific examples to be discussed—scalar electrody-
namics, an O(N) model, and the Glashow-Salam—Weinberg model—that the true
ground state is a global minimum of the effective potential; a local nonglobal min-
imum is a candidate only for a metastable ground state. Unstable vacua are them-
selves interesting and important and are discussed at the end of this section.

Suppose that the functional I'[¢] has two unequal minima, as indicated in
Fig. 2.7. Since

or
ap
the J—¢ plot appears as indicated in Fig. 2.8. Assume that this I'[¢] is the result of
evaluating the effective potential (at zero external momenta) at the tree approxima-

tion, or possibly including the contributions from loop diagrams up to some finite
number of loops.

—J (2.315)

4) It is interesting to bear in mind here that the loop expansion corresponds to the semiclassical
expansion in 4 (see Refs. [34] and [35]).
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Figure 2.8 J—¢ plot.

The exact ['[¢], computed from the full theory, must satisfy a convexity property
as follows. The inverse [one-particle-irreducible (1PI) propagator is given by

8r
597 = T=m?>0 (2.316)

and must be positive definite if there are no tachyons. Thus, the exact I'[¢] must be
convex downward and cannot have the form indicated in Fig. 2.7. The segment in
the vicinity of the unstable local maximum (CDE in Fig. 2.7 violates this condition
and thus must deviate from the exact I'[¢]. The corresponding segment in a J—¢
plot, of course, violates the corresponding condition,

8J

>0 (2.317)

8¢
There are segments between the minima (AC, EF) which respect the convexity
property but which do not always correspond to accessible, completely stable situ-
ations.

It is fruitful to regard the two minima A and F as corresponding to two possible
phases of the theory. Although, in the approximation to I'[¢] considered, J van-
ishes at both phases, only one of them—the global minimum—is accessible when
we take the limit / — 0 appropriately, either from positive or negative values of J.

While varying the external source J, we require that the energy density always be
minimal. Taking as a reference I'[¢g] = 0 as indicated in Fig. 2.7 the free energy is
given by

/¢ d ¢8r5 2.318
- J¢=—/—¢> :
2 ¢05¢ ( )

= I'[¢] (2.319)
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Y

Figure 2.9 P—V isotherm.

We are considering continuous variations of the external source J, and therefore
8T /8¢ must be continuous in ¢. For some value of J, however, the system will
make (at constant J) a first-order transition between the two phases.

To represent this situation in terms of the calculated I'[¢], the only possibility is
to draw the tangent line BG indicated in Fig. 2.7. For this line

[2¢]
Tl¢G] - Tlps] = —/¢ Jde (2.320)

= Jp(dp — ¢6) (2.321)

and hence corresponds to a rule of equal areas on the J—¢ plot—the areas above
and below the line are equal.

As J is varied continuously, therefore, one reaches the point ¢ on the original
curve; then there is a transition at constant J to the point ¢ 5. Further increasing J,
one reaches ¢4 for vanishing J. Thus only the global minimum A corresponds to
a stable ground state of the theory; the nonglobal minimum F is never reached,
since it does not correspond to lowest energy.

For more than two minima, it is straightforward to extend these arguments, in-
cluding the equal-area rule; again, only a global minimum corresponds to a com-
pletely stable ground state.

The situation in quantum field theory has an analogy in statistical mechanics
if we identify J and ¢ with appropriate thermodynamic coordinates. In a liquid—
gas transition, the identification would be with pressure and volume, respectively,
and the approximate form of I'[¢] then corresponds to an approximation to the
Helmbholtz free energy H. For example, the van der Waals equation of state gives
rise to a typical isotherm as indicated in Fig. 2.9; this violates the convexity property

P <) (2.322)
v - '
which must hold for the exact solution. By the Maxwell construction, which mini-
mizes H while P is varied, one obtains a solution that respects the required con-
vexity. Note that the global minimum in the earlier discussion would correspond
here to a point A on the isotherm (Fig. 2.9).
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In the examples we are about to consider, the fundamental assumption is that
provided that the coupling constants are sufficiently small, the calculation of I'[¢]
from tree diagrams and one-loop corrections gives an accurate estimate except for
the region of the phase transition. In particular, the assertion is that the location of
the global minimum (A) is accurately given; it should be emphasized, however, that
this assertion, although plausible, has not been vigorously justified. For the transi-
tion region, of course, the approximation cannot reproduce the exact nonanalytic
behavior and gives instead some analytic continuation of the exact I'[¢].

Example 1. In this example of one-loop corrections, we consider the Lagrangian
density L given by

1 A
L == FuFuw+ Dup* D¢ — mie* ¢ — 8(q>*</))2 (2.323)
where
Dy = (3, +ieA)d (2.324)

Putting ¢ = (¢1 + i¢)/+/2, this becomes
1 2, 1 2
L = E(auﬁbl - BAM(Z)Z) + 5(3;44)2 + eA;Ld)])

- %"%(dhz +¢3) - (¢1 +¢3) — i FuvFuy (2.325)
When m} > 0, this is scalar electrodynamics and the normal perturbative solution
holds for small couplings. When m3 < 0, there is spontaneous breakdown and the
Higgs mechanism occurs. When m3 = 0, which vacuum does the theory pick?

To answer this question, we compute the one-loop contribution to the effective
potential [36]. Since V is a function only of (¢7 + ¢3), we need consider only
¢ as external legs. The relevant graphs are indicated in Fig. 2.10. First consider
Fig. 2.10a, where ¢ is circulating in the loop and the relevant coupling is —1¢7} /4!.
These contributions to V are given by the sum (recall that external momenta are
set equal to zero in evaluating V):

[ dk =1 (1/2x03)"
v /(2 )422;1 (k2 +ie) (2.326)

Some explanation of this will be helpful:

1. The Feynman rules are —iA at each vertex and i /(k> + i€) for each propagator,
so the i factors combine to give (—i Iyn — 1,
2. The overall i is from the definition V ~ i§, where S is the S-matrix.
The 1/2" is from Bose symmetrization of the two external ¢, legs at each vertex.
. The 1/2n allows for the fact that cyclic and anticyclic permutations of the ver-
tices do not alter the diagram.

> W
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Figure 2.10 One loop graphs for scalar electrodynamics: (a) ¢1 loop; (b) ¢» loop; (c) Ay, loop.

Rotating to Euclidean space, using idkg — —dk4 and k> — —k?, gives

1 4 rp?
V= ak ln<1 + ﬂ) (2.327)

2] @n) 2k2

Cutting off the (divergent) integral at k> = A? and changing the variable to y =
Aq)lz /2k?, one obtains

)LZ 4 [e'e) d
_ M9 / D in(t + ) (2.328)
128]'[2 )\4,’]2/2[\2 y3
where we used
/d“k = 27r2/k3 dk = nszzd(k)z (2.329)
Now use the definite integral
i In(1 11 1
/ 4y = LJ?O)jL— ——ln<1+—> (2.330)
o Y 2y, 2y0 2 Yo
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to find

14 ) [2A4 1 (1 + k‘/"z) + A (1 + 2A2>] (2.331)
= — N —_— — — = In —_— .
12872 | A2¢} 202) gt 2 A7

Expanding the logarithms and dropping terms that vanish for large cutoff gives

V =

242 242 2
A (1 i 1) (2.332)

642 25692\ " 2A2 2

For Fig. 2.10b with ¢ circulating in the loop, the coupling changes as follows:
A 2)
Lt Py 2339

and as a consequence, the factor A/2 in V is replaced by

A A
L2 (2.334)
2 6
since the 4! factor is only partially compensated by a combinatoric (2!)? factor. For
Fig. 2.10c with the gauge vector in the loop, the coupling is

e 242 2335
E(pl N ( )

and hence, compared to the ¢} expression, one replaces A by 2¢? and adds an extra
overall factor 3 for the contraction of the propagator numerator.

Adding in the necessary counterterms, we thus arrive at the following expression,
including zero-loop and one-loop contributions (¢? = ¢? + ¢3):

A 1 4 A?
V= I¢4 + A + EB¢“ + (— + 2e2>—2¢>2

3 64w

)\2¢4 }\¢2 1 )x2¢4 )\’¢2 1

In— — = | + In— — -

25672 2A2 2 23072 6A2 2

3€4¢4 €2¢2 1
1 - = 2.336
+ an? ( A2 2) (2:336)
We now impose that the renormalized mass be zero:
vV

2l =0 (2.337)

so that A is chosen to cancel the quadratic terms precisely. The coupling is renor-
malized at ¢ = M, some arbitrary mass, such that
'V
¢t

=2 (2.338)
o=M
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Using the identity
d4
T Inax®) = 24Inax’ 4100 (2.339)

one finds that

3 1OA2+12 » (241 M2 5>+ 100
= —F e n
6472\ 9 25672

Ll PN U +100 3¢* (nam &M £100) (2.340
— n n .
230472 6A2 " 64n? A2 (2.340)

Substituting into V, one arrives at the final form:

¢ (S, e o*(1 02 2.341
— — n-— — — .
115272 " 64n2 M2 6 (2:341)

In order that two or more loops be insignificant, we take A, e < 1. Also, we assume
that 1 ~ e* so that A> « ¢* and the A? term may be dropped. Choosing for
convenience the renormalization mass to be M = (¢), we have

3¢t ¢r 25
ca2? (ln e g) (2.342)

Note that V (0) = 0. The derivative gives

V)=, 4

R 2R L N Y
V'((#) = (g - 1—6;)(@ (2.343)
so that if (¢) # 0, then for V/((¢)) =0,
o332 2.344
=32 (2.344)

With this constraint one finds that

3 ¢

82 (¢)* (2.345)

V((¢) =—
so that the minimum occurs for (¢) # 0, and there is spontaneous symmetry
breaking.

To compute the scalar mass, note that

B 384¢4 ¢2 1
Vig) = i <l e 5) (2.346)

A
3¢ 64nZ | (g)2

(2.347)

83



84| 2 Quantization

3¢t

=
o=l¢) 7

a%v

e () =M? (2.348)

The vector mass arising from the Higgs mechanism is given by

M? = e*(g)? (2.349)
so that
Mf 3 €2
= —— (2.350)
M‘Z/ 2 4w

Thus the one-loop contributions reveal that the theory with massless scalars in the
symmetric Lagrangian resembles more closely the M? < 0 case (Higgs) than the
M3 > 0 case (scalar electrodynamics).

Note, in particular, that one of the two dimensionless parameters e and A has
been replaced by a dimensional one, (¢). This phenomenon, where spontaneous
breakdown of theory with scale-invariant Lagrangian gives rise to masses, is called
dimensional transmutation.

Example 2. In this example we discuss an O(N) scalar (nongauge) model [37, 38],
where N is taken to be very large. This model is one where the tree approxima-
tion indicates spontaneous breakdown, and it is only when the one-loop graphs are
included that it is discovered that the ground state is, in fact, symmetric; roughly
speaking, the situation here is thus the reverse of that for massless scalar electro-
dynamics. The Lagrangianis (¢ = 1,2, ..., N)

1 a a l a a A’ a g a
L= 20,9 0:0" - EM§¢ o — 8—1‘\)[(¢ ¢°)’ (2.351)

In the tree approximation the potential is
V= 1M2¢a¢a + ﬂ(¢u¢u)2 (2.352)
270 8N '

We take 49 > 0; otherwise, the spectrum is unbounded below. For Mg > 0 the
ground state has ¢* = 0. For M < 0 this potential has a minimum for

(@) = —2MGN >0 (2.353)
A0

Putting ¢* = 84, (¢) and defining

o=y —(¢) (2:354)

7°=¢* a=123,...,(N=-1 (2.355)
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one finds that

}‘0 a_a 2 MéN
2 — 2.356
8N(n 79+ 02 +20(¢)?) " ( )
and
1 1
L= Eaunaaun“ + EBMJB,LG -V (2.357)

Thus in this approximation the spontaneous breaking of O(N) to a residual
O (N —1) results in (N — 1) Goldstone bosons 7¢. As will become apparent shortly,
this approximation is not a good one.

To compute the one-loop corrections, we use a combinatoric trick [37] by adding
aterm to L as follows:

1
=—%¢%¢——(@¢ ;ww#
N 1 Ao ¢ .a 2
+i< _Eﬁtp ¢ —M()) (2.358)

The new field x is not a dynamical degree of freedom since its equation of motion
is simply

oL
== (2.359)
ox
1 )\.0
x =5 e + M} (2.360)
The Lagrangian now becomes
L= 18 a9 + N NMg NMg 2.361
= 3% + 57 ¢¢ o - 2 (2.361)

The only interaction is —%xq&“q&“ and the Feynman rules now give 1/N factors
only for the x propagator. To leading order in 1/N, therefore, one needs to sum the
graphs indicated in Fig. 2.11. This sum gives (in Euclidean space)

d*k 1 "
V (one loop) = —N / Gy > 5 (Sc)z)n (2.362)
4
N[k 1n<1 + i) (2.363)
2 ] @) K2

:N/Qﬂmﬂ+n (2.364)
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Figure 2.11 One-loop graphs for O(N) model.

where in the last form we dropped an irrelevant (infinite) constant. The full poten-
tial, including the tree diagrams, is

N, 1 Mg N/ d4k 2
V=-— —x¢p” n(k 2.365
2 + %09 + n )4 + x) (2.365)

Now we renormalize My and A¢ by defining

M M?> 1 [ d* 1

— | —== 2.366
0 A 2] otk ( )

1 1 1 d*k 1 1
—e | — = (2.367)

o A 2) Q@oAE2EE4+ M2

To express V in terms of these renormalized quantities, we need the integral

d*k X X
In(k? L __£
(27.[)4 |: n( + X) k2 2k2(k2 + M2)]

1 o0 X
—— [ axxn S S— 2.368
16712/0 ”[H(HX) +2x(x+M2)] (2.368)
O it SONS N +X21(+M2)002369
=— n - = - 2 In .
1672 2 PO T XT )T , 2399
1 x> X x
_ A A Ll 2.370
167r2< PR S V) (2:370)

where we set x = k2. Using this result, one finds that

N Nm? Nyx X
V=-"x2 gt + 21 1 2.371
X + XPeT+ = X+128n2< " > (2371)
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At a minimum of V,

v
5, =0 (2.372)
X
and
A%
77 =" (2.373)
L 9%V
=20" 5 (2.374)
so that
% =0 (2.375)

If ¢ # 0 at the minimum, x = 0 and it follows that V = 0.
Now we must evaluate V when ¢ = 0 to check whether the symmetric situation
has lower energy. With $*=0,9V/ 9, = 0 implies that x = o, where

AX0 X0
_M2 o KO X0 2.376
X0 272 M, (2.376)

We are interested in the case m? < 0 and it follows that since yq is real
X0 >0 (2.377)

For the potential, we now find that

V(p® =0,x =xo)=—%x§+NTnﬂxo+gT)§§z(2ln% —1> (2.378)
2 2
- 1];’8"722 (ﬁ In % - 1) (2.379)
Now

x§—m*>0 (2.380)
m? <0 (2.381)

and hence
V(¢?=0) <0 (2.382)

Thus the ground state occurs for ¢¢ = 0 and the O(N) symmetry is not spon-
taneously broken [38]. In this theory, the one-loop corrections play a crucial role,
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since in the tree approximation it appeared that there is spontaneous breaking of
O(N) down to O(N — 1).

Example 3. In this example of loop corrections we consider the Glashow—Salam~—
Weinberg model [39-41]. This model, which we will return to in more detail later,
provides the simplest theory that unifies weak and electromagnetic interactions
and is renormalizable. The gauge group is SU(2) x U(1), corresponding to weak
isospin and weak hypercharge. There are therefore fore gauge vectors Aﬁ (a =
1,2,3) and B,,. The left- and right-handed helicity electrons are denoted

1
eL = (1 —ys)e (2.383)
1
er =31+ ys)e (2.384)
The left-handed component is put together with the neutrino vy, in an SU(2) dou-
blet,
[ (”L) (2.385)
€L
with weak hypercharge y = —1. The component R = eg is an SU(2) singlet with
y = —2. This ensures that the electric charge is always given by
3 1
0=1+3 (2.386)

To break the symmetry spontaneously, a complex doublet of Higgs scalars in intro-
duced:

+
¢ = (Z°> (2.387)

with y = +1, and transforming like the left-handed doublet under weak isospin.
The Lagrangian may be written

L=+ L+ L+ 4 (2.388)
with
1, 1
Ly = _ZF,qup_u - ZGquuv (2.389)
Fl, =0, Al — 9,Al + ge'F AT A} (2.390)

Guv = a/,LBU - avB;L (2391)
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i, T
58 Bu—ig—A,|L (2.392)

9%1:Iéiyﬂ(aﬂ—i—jg’BM)R—i—[_,iyﬂ(@M—i-2 3

Y TR S
Zv:(au(b‘—i-lEBM([)r-i-lET[A;L(b‘)

: (auq) - igEBﬂqb - i%tiAiﬂﬁ) —u2’o —a(p'e) (2.393)
% =G(R$'L + L§R) (2.394)

For the reader unfamiliar with this theory, we first discuss briefly the tree approx-
imation of the Weinberg—Salam model, then proceed to the one-loop corrections,
which are our main concern at present.

We may reparametrize the Higgs doublet by

6=U"'® ”2" (2.395)
U(E) = exp (—’2571)’) (2.396)

where v/+/2 is the vacuum value of ¢ and the four components of ¢ are replaced by
& and 7. Now we go to the unitary gauge by making the SU(2) gauge transformation
specified by U (¢). That is,

¢ =U¢p (2.397)
L'=UL (2.398)
A, =UAU" - L@, U)U! (2.399)
g
where
A=A, T (2.400)

The fields B, and R remain unchanged. After making this transformation, one
finds an electron mass term from

% =—Go(Rp'L + LyR) (2.401)
Gev(‘ +érer) + (2.402)
= ———(ege ere .
\/E REL LER
= _Gevo, (2.403)

S
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so that

G, = (2.404)

and the neutrino remains massless since it has no right-handed counterpart.
The mass of the Higgs scalar 5 is found by using

2
2=~ (2.405)
A
and isolating the quadratic term in .Z%, which turns out to be
% = 22 2.406
so that
my = —2u (2.407)

Since v depends only on the ratio —u?/A, it appears in the tree approximation that
the Higgs mass m,z7 can be made arbitrarily large (large A). By studying the one-loop
contributions, however, we shall arrive at restrictions on this mass.

The masses of the charged intermediate vector bosons W/f defined by

Al +iA?
Wi = % (2.408)
can be found from the quadratic terms in %}, which are
2.2 2.2
g 1\2 2\27_ 87V R —k—
LA+ (A0 ] = =W Wi+ wrw, ] (2.409)
so that
1
my = >gv (2.410)
The charged current couplings to the leptons are given by
;T .
gLy —=Ai L (=12
i
- iz(aLyueLW,j FeLyL W) (2.411)

- Ziﬁ[r%(l — y5)eW;f +hc] (2.412)
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so that in terms of Fermi’s constant G we have

and hence (using my = %gv)
v =2 1/4G-1/2
Using the value from u decay, G = 1.01 x 10*5m;2, one finds that

v = 248 GeV

This implies that the dimensionless coupling G, has the value

G :ﬁMe

e

v

~2x 107

(2.413)

(2.414)

(2.415)

(2.416)

(2.417)

Next we turn to the two neutral gauge fields A3 and B,,. The photon A, and neutral

intermediate vector boson Z,, are defined according to
B, =cosbwA, +sinfyZ,

A?L = —sinfw A, +cosOwZ,

where 0y is the weak mixing angle, which, as we shall see, satisfies

!/

. 8
sinfy = ———
/gz +g/2

cosfy = g

/ g2 + g/2
Picking out the photon couplings from %] gives

/
—g cosOweryuAuer — %cos Ow (BLyuvL + ELyuer) Ay

g . - -
+ 5 sinfw (VL yuve —erLyuer)Au

= —g'cosOw A, (ryuer + eLyuer)

’

=88 Ay

(2.418)

(2.419)

(2.420)

(2.421)

(2.422)

(2.423)
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so that
e = gsinfy (2.424)

= g’ cos Oy (2.425)

The mass of the neutral intermediate vector boson Z,, is provided by the piece of
Zs (the photon is, of course, massless)

2

2,2
v 2 gv
g(g’BM—gAZ) =

=—7,Z 2.426
8cos2 Oy MM ( )

Substituting for g and v one finds that for the vector masses

38 GeV (2.427)
my = .
W sin Oy
mwy

= 2.428

mz cos Oy ( )
76 GeV

=L (2.429)
sin 260w

For example, with the value
0 = 28°(sin” Oy = 0.22) (2.430)

favored by neutrino scattering experiments, my = 80 GeV and mz = 91 GeV.
Discovery of charged and neutral vector bosons with these masses at CERN in
1983 provided striking confirmation of the theory.

Finally, the couplings to leptons of the neutral weak current can be read off
from .&. It is found to be

Zy

N

: [g/Z(ZERVueR +eryper + vryuve) — g2 @rLyuer — bryuve)]  (2431)

To summarize the tree approximation, the electromagnetic and weak couplings
e and G are not mutually determined but are related through the parameter Oy,
which may be determined empirically. Also there is the arbitrary parameter m% for
the Higgs scalar.

The one-loop corrections to the effective potential stem from the three types of
couplings in

’ 2
—M¢TP) + (%Bu + %r,-Am) ¢'¢ — G.(R$'L + L¢R) (2.432)
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+ eoe

b-h - b
0-Q P
R
oRR¢

()

Figure 2.12 One-loop graphs for Glashow-Salam—Weinberg
model: (a) scalar loop; (b) gauge vector loop; (c) fermion loop.

+ eee

-

Examples of the corresponding one-loop graphs to be summed are indicated in
Fig. 2.12 for (a) a scalar loop, (b) a gauge-vector loop, and (c) a fermion loop. When A
is so small that A ~ ¢, the relative magnitudes of these three possibilities are 1% ~
8, ¢*, and G#, respectively. Since G ~ 16 x 10724, the lepton loop is negligible
(even if we replace the electron by a moderately heavy lepton of about 2 GeV). Also,
the gauge-vector loop dominates over the scalar loop, so we need compute only the
former.

This computation was first performed by Weinberg [42, 43] and is quite simi-
lar to our earlier calculation for scalar electrodynamics. There we obtained for the
potential

Ao ¢2 25
_r ¢ _2 2.433
V1= 20+ gzt (n oy - 2) 2439
which may be rewritten as
¢2
\% 2.434
(@) = Py 2¢> M% ( )
where we defined the mass M% by
25  8x2A
M2 =M+ =2 - (2.435)

6 9e*
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It turns out (see Weinberg, [44] for details) that in the present case of four gauge
bosons, one replaces e* = m? /v* by

4
PN 207;"” (2.436)
v

where v is the vacuum value of the Higgs scalar and Y, m? is the trace of the
fourth power of the vector mass matrix.

Thus, defining

- 36%:2:}"} (2.437)
one may write
[ 4y #
V(@) = —5u5e’ + Bo'n M—§ (2.438)
where g is the renormalized scalar mass.
At a stationary point
v = pr(d) + 4B<¢>3<1n @ + 1) (2.439)
Ao lg—(p) M3 2
=0 (2.440)
so that either
()=0 (2.441)
or
% = (¢)2<ln (;—)22 + %) (2.442)

f
Differentiating again, one finds (for (¢) # 0) that

d*v

2 2
a0 = —4B<¢)2<ln % + l) + 123(¢)2<ln f;—)z + Z) (2.443)

;o2 ;oo

d=()
Now, for (¢) # 0,

2
V(ig) = —B<¢>4(In % + 1) (2.444)
7

to be compared with

V(©0)=0 (2.445)
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Thus, in order that the symmetry-breaking vacuum be absolutely stable, one re-
quires that

V((¢) < V(0) (2.446)
so that
2
In % > -1 (2.447)
My

Hence the Higgs scalar mass m%] satisfies

d*v
my = el (2.448)
¢=(9)
> 4B(¢)? (2.449)
3 4 4
= m(zmw +m%) (2.450)

Inserting the expressions for my, mz, and V from the tree approximation, one
finds that (a = €2 /41)

vt = (2677 (2.451)
2.2
4 T o
mhb, = % 2.452
Y 262 sint oy (2:452)
4
4 My
- 2.453
Mz = ot Ow ( )

and therefore

2 302 2 +sect oy
my = 3
162G sin*oy

(2.454)

This expression has a minimum for 8y ~ 49.4°; with this value for 8y, one finds
that

my > 3.75 GeV (2.455)
For the empirical value 6y = 28°, one finds that
my > 6.80 GeV (2.456)

This mass is sufficiently large that Higgs scalars, if they exist, could have escaped
detection. (For an early phenomenology of Higgs scalars, see Ref. [45].) To summa-
rize this example, in the tree approximation the Higgs scalar mass may be made
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arbitrarily small by reducing the self-interaction A. But when A is so small that
A ~ e*, the gauge vector loop competes with the A¢* term and the Higgs mecha-
nism fails unless the Higgs mass exceeds a substantial lower limit.

The discussion so far has made the assumption that the vacuum of the universe
is absolutely stable. In 1976 it was shown [46, 47] how to compute the lifetime of a
metastable vacuum in quantum field theory and obtain a unique finite answer. The
analysis is a four-dimensional extension of the theory of how a three-dimensional
bubble forms in a superheated liquid [48-51]. In the latter case a bubble of steam
in superheated water has a negative volume energy because steam is the lower
energy phase above boiling point but a positive surface energy because of surface
tension, and hence there is a critical minimum radius to be reached before boiling
is precipitated. For a four-dimensional hypersphere the relevant bubble action is

1
A= —§n2R4e + 272 R3S) (2.457)

where € and S are the volume and surface energy densities, respectively. The sta-

tionary value of this action is given by
27 w28}

T2 e

Am (2.458)
corresponding to a critical radius R,, = 3S;/¢. The energy density € is just the
difference between the effective potential evaluated for the two vacua. The action
per unit hypersurface S; is given by the action for tunneling through the potential
barrier V(¢). In imaginary time this is the classical action for motion in a potential
—V(¢); by considering an infinitesimal change in R it is easy to see that S| is also
the hypersurface energy per unit hyperarea.
The number of such bubbles to form in the past can be estimated as

N = (VuA*) exp(—Au) (2.459)

where V,, is the space-time volume of the backward light cone (V,, ~ 1012 cm*)
and A is the scale characterizing the bubble; we may take A ~ R, .

In this way, one may require that N < 1 be a condition for a nonglobal minimum
of V(¢) to be a candidate for the vacuum. This then has numerous consequences.
For example, in the early universe this idea plays a role in inflation [52] (see also
Refs. [53] and [54]). For the electroweak theory, it allows in principle a lower value
for the Higgs mass than given in Refs. [42] and [43].

2.6
Summary

We have arrived at the Feynman rules for pure Yang-Mills theory in the covariant
gauges, using the path integral method and making the ansatz that the volume
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of the gauge group orbits in the manifold of gauge fields could be divided out as
a field-independent multiplicative factor. For the case of the Coulomb gauge, this
recipe could be compared successfully to the canonical approach.

The result may be summarized by an effective Lagrangian containing two new

terms: One is the gauge-fixing term and the other is the ghost term. The ghosts are
fictitious scalars satisfying anticommutation relations and appearing only in closed
loops wherever a closed vector loop also occurs.
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3
Renormalization

3.1
Introduction

Here we discuss the renormalization of non-Abelian gauge theories with both exact
symmetry and spontaneous symmetry breaking. First, the method of dimensional
regularization is described and applied to several explicit examples. The existence
of a regularization technique that maintains gauge invariance is crucial in what fol-
lows. The presence of triangle anomalies can destroy gauge invariance and hence
renormalizability. This is explained together with the general method to cancel the
anomalies in an SU(2) x U(1) theory.

The introduction of the Becchi-Rouet—Stora (BRS) form of the local gauge trans-
formation greatly facilitates the study of Green’s functions, and this use of anticom-
muting c-numbers and of the Faddeev—Popov ghost field as the gauge function is
explained. Using this, the iterative proof of renormalizability is given to all orders,
first for pure Yang-Mills, then with fermion and scalar matter fields. The treat-
ment is not totally rigorous (in particular, the details of handling subdivergences
are omitted), but all the principal steps are given. Finally, for massive vectors aris-
ing from spontaneous breaking, the demonstration of renormalizability is given
using the 't Hooft gauges.

3.2
Dimensional Regularization

When we make perturbative calculations in a gauge field theory, there are loop dia-
grams that involve ultraviolet divergent momentum integrals. The renormalization
program separates out these divergent parts and reinterprets them as multiplica-
tive renormalizations of the fields, couplings, and masses in the original (bare) La-
grangian. The bare Lagrangian is written as a sum of the renormalized Lagrangian
plus counterterms

Lp(pp) = ZLr(PR) + counterterms (3.1)

929
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The renormalized Lagrangian is of the same functional form as the bare La-
grangian, with the bare couplings and masses replaced by renormalized ones:

ZLr(Pr, &R, MR) = LB (P8, 8B, MB) (3.2)

Thus the number of types of divergence that occur must not exceed the (finite)
number of terms in the Lagrangian.

The calculational procedure will now be to use only the renormalized La-
grangian ‘%, with canonical vertices and propagators, and to omit the divergent
parts, which are already accounted for in the renormalization stage.

A very important point specific to a gauge theory is that .Zx should itself be
invariant under a set of local gauge transformations isomorphic to those that leave
Zp invariant. This is because we insist on gauge invariance order by order in
the loop expansion, and the renormalization involves an infinite reordering of this
expansion.

While separating out the divergent parts, it is necessary to modify the integrals so
that they are finite and can be manipulated in equations. This modification or regu-
larization of the integrals will eventually be removed, in conjunction with the renor-
malization process, before comparison with experiment. The regularization must
violate some physical laws; otherwise, the regularized theory would be satisfactory
and finite without renormalization. In practice, one likes to maintain Lorentz in-
variance (except on the lattice) and, for the reason given in the previous paragraph,
gauge invariance. For quantum electrodynamics, the Pauli-Villars method [1] (see
also Refs. [2-5]) is adequate. Where there is a non-Abelian gauge group, however,
the Pauli-Villars technique proves, in general, inadequate to maintain gauge in-
variance. Instead, a better method is that of dimensional regularization where the
space-time dimensionality is continued analytically from the real physical value,
four, to a complex generic value, n. With real n sufficiently small, the ultraviolet
behavior is convergent; eventually, the limit n — 4 is taken, with the poles in
(n — 4)~! defining the counterterms. The Ward identities implied by gauge invari-
ance are maintained for general n. (We assume that closed fermion loops involving
ys are absent; this special problem will be mentioned again later.) The dimensional
regularization procedure was introduced by several people independently [6-14]
(see also related earlier work [15, 16]).

Before applying dimensional regularization, one uses the Feynman parameter
formulas [17] to rewrite the propagators in a more convenient representation. The
simplest such formula is

1 ! dx
— = / . — (3.3)
ab o [ax +b(1 —x)]?

This is verified at once by rewriting the right-hand side as
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o0 dy /OO dz
Y 4
/1 Wrbo-DP Jy @tb? G4
e B 3.5
" b(a+bz) 0 (3-)
1
=— (3.6)

wherey =1/xandz =y — 1.
Taking the derivative of Eq. (3.3) with respect to a gives

1 ! xdx
=2 e 3.7
a*b /0 [ax + b(1 — x)]3 (3-7)
More generally, we may take the derivative
4o g1
da*=1 dbh-1 (3-8)
acting on Eq. (3.3) to find
(@ —DIB-D!
W = (O{ + ﬂ - 1)‘
./ldx A - nt (3.9)
0 l[ax +b(1 — x)]*+F '
or, equivalently,
1 r 1 a—1 1— B—1
_Ta+p) x* (1 —x) (3.10)

@B " T@rB) Jo “lax +b(1 — x)Je+P

Following similar steps, we may arrive at the following generalizations of Egs. (3.3)
and (3.10):

1 1 1—x 1
— :2/ dx/ dy (3.11)
abc 0 0 [a(l —x — y) 4+ bx +cy]?
and
1 T@+B+y)
a®bPcr " T(@)T (BT (y)
1 1—x oy =l p-1,y—1
(d=x—=y*"x""y
- d d 3.12
/0 x/o Ya(l —x =) + bx + cyetBH7 G2
respectively.

As the most general case of the Feynman parameter formulas we may similarly
derive
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1 Mo+ +- - +oy)
ay'ay?---ay"  T(anl(@)--- Tl
1 1—x 1—x1—xp-—Xx;—1
/ dX1/ dx2~--/ dx,_1
0 0 0
(L= x1—x2 = = xpe ) a2
lar(1 —xp — -+ — xpo1) +a2x1 + -+ - + apx,—1]*0

(3.13)

We are ready now to consider our first integral in a generic dimension. The fol-
lowing formula is important to establish

d'k _in"PT(@—n/2)
(k2 +2k- QO — M2)*  T[(a)(—02% — M2)a—n/2

(3.14)

The n dimensions comprise one time and (n — 1) space dimensions, so let us write
the n-vector k,, = (ko, w), whereupon

00 00 27 T T
f d'k = / dko / w"2dw / de / db; sin 6, / dbs sin? 65
—00 0 0 0 0

T
. / dfy_p sin" 26, (3.15)
0

Let us evaluate the integral in the rest frame Q,, = (u, 0). Then use

a2 + 1
/sin’" 0do = w (3.16)
(% +1)

to arrive at

d"k

I, = 1
Q) 212k 0 — MO)® (3.17)

_ 7'[(” l)/2/ / n Zdw 318
- orgh (kg — w2 + 2uko — M?)® (318)

Here we used F(%) = /7 and hence
INE rees3 41 (n—1)/2

2 my L@ M T +3) 27 (3.19)

rOrd) reE+1) g

Now change the variable to k, = (k + Q),, giving

o (=12 w2 dw
I 3.20
= TG / / [k — w2+ (Q% + M) 540
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It is useful to recall a representation for the Euler B function (see, e.g., Ref. [18]):

Ty
B(x,y) = Taty) (3.21)
[e.¢]
=2/ P14+ 7)Y dx (3.22)
0
with the substitutions
1
x=301+p) (3.23)
1
= % (3.25)
one has
) B r 18 o — 48
g &1 TEhre- 5 526
o (E2 4+ M2)® ~ 2 T (a)(M2)e—1/20+p)
Employing Eq. (3.26) in Eq. (3.20), one arrives at
2(-1) 7D (o — L (n — 1))
1,(Q) = )
o 1
'/(; dkO[Qz + M2 — 2«1/ (3-27)

The ko integration can easily be done, using Eq. (3.26) again, to obtain, finally,

1,(0) = e ro-=2 3.28

T Tz —myeem [\ T2 29
which is the required result. This formula can equivalently be written

o) = —Ch D r( - ﬁ) 3.29

" T T+ e [0 2 -2

In this alternative form, the term in brackets [for the derivative formulas (3.30)
through (3.40)] would be rewritten in terms of (Q? + M?) rather than (— Q% — M?);
we mention this alternative because both forms appear in the literature.

By differentiating the result (3.28), we obtain successively a number of valuable
identities:
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d"kky, in"/? or(a
/(k2+2k‘Q—M2)°‘ - F(a)(—Q2—M2)‘¥‘"/2[ Qu (a 2)]

(3.30)

] d"kkﬂku . ”Tn/z [ F( ~ E)
(k2 +2k-Q —M2He  T'(a)(—Q% — M2)—n/2 Qul'| 3

1 n
+ Eg,w(—Qz — MZ)F<(x -1- E)} (3.31)

/ d"k k;kyki B in"/? [Q 0.0 r( _g)
(2 12k-Q - M) T(@)(—Q2 — M2y T =i (75

1
- E(gquk + 8w Ou + gK/J,Qv)(_Q2 - Mz)

r 1=z 3.32
I

d"kkukokcky in"/? n
f (k2 +2k-Q —M>* ~ T(a)(Q? — M2)a—"/2 [Q“Q”QK Qﬁ(“ - 5)

1 .
+ E(QuQng + permutations) (— 0% - M2)

(o1

1
+ 7 @msa+ permutations) (— Q% — M2)2

-r<a—2— g)} (3.33)

One can, of course, take contractions of the last three formulas to find (recall that
glwg/w = 85 = n)

. K2 . in"/? 2 n
/d k(k2+2k' Q—M»)* — T(@)(=Q%— M)/ [Q F<a_§>

+ %(—QZ - M2)F<a 1 %)] (3.34)
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ok Q- M T T (-0 — MBn

[roar(e-s)

1
+ 5 +2)0,(-0% — M?)

-F(a— 1 — %)} (3.35)

/d”k K2k, k., _ in"/?
(k2 + 2k - 0 - M2y« F(o{)(—Q2 — M?%)a—n/2

/ o Kk, in"/?

N =

1
+ 0 +2)(-0 - M?) g,

-r<a—2— %)} (3.36)

k4 imh/?
/d”k =
(k2 +2k - Q — M?)~ [(a)(—Q? — M?)a—n/2

S .

+(n+2)0*(-0* - MZ)F<a —1- 5)

+ %n(n +2)(-0% — M%)

r 21 3.37
qewg] e

A general formula is not difficult to obtain, and we quote the result below. For
general p one has

2"k Kuykp, -k, _ in"/? 70 338
2 O — M2ya—n/2 —_ 02 — M2\a  H1M2fp (3-38)
(k> +2k-Q—M?) F(a)(=Q* — M?)
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where the tensor TP is given by
n
Ty = 1] 0@+ )

1 2 2
+5 D @uuQu Q) (-0 = M)
permutations
{mi}

oo

1 2 2\2
7 Z (G 8iapna Qpis - Qu,) (=07 — M?)
permutations
{ui}

e

1\ ?/?
teet (5) Z (8p1m28usps ** 8up-rptp)

permutations
{mi}

(=0Q* = M?)PPr (a - g - g)} (3.39)

Equation (3.39) has been written for p even; the only change for p odd is that the
last term in brackets should be written
1Lp/21

M

[p/2]
Z (8uipa * 8up—amp Q;Lp)(_Qz - M2) 7

permutations
{ui}

-2

where [x] means the largest integer not greater than x.

Equation (3.38) can be derived by induction on p.

This completes the principal artillery we need to address the computation of
Feynman diagrams in gauge theory, Eq. (3.13), and the regularization formula
(3.38). The Feynman rules for pure Yang—Mills theory were provided in Chapter 2;
with matter fields, the propagators are given by Bjorken and Drell [19, App. B],
whose conventions we use, and the vertices are deduced simply from the La-
grangian.

To illustrate how dimensional regularization is used, we shall work through four
examples in some detail. The first three are lowest (fourth)-order divergences in
quantum electrodynamics and are treated using Pauli-Villars regularization in the
classic text of Bjorken and Drell [19, Chap. 8]. The reader should become convinced
that the dimensional method is superior and that Chapter 8 of Ref. [19] could have
been shorter had the authors known of dimensional regularization, which was in-
vented about eight years after Ref. [19] was published.
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k~gq

Figure 3.1 Vacuum polarization in QED.

Example 1. The most severe divergence of QED is the quadratic one associated
with the vacuum polarization diagram of Fig. 3.1. This diagram modifies the bare
photon propagator according to

“iEw T = (341)
g% +ie q?—ie " g2 4 e |
where
, o d*k ol s i
w (@) = (= )/W r[(_’”’ﬂ)m
i );] 3.42
reyy K—q) —m +ie 342
2 4 -
B d*k Tely, (f +m)ys (K — ¢ +m)) (3.43)

Tt ) R—mEriolk —q) —m? +iel

We will calculate 7,,,(q), including the finite > dependent Uehling term [20], by
two methods. The first uses Pauli-Villars regularization (following Ref. [19]); the
second employs dimensional regularization.

The integral in Eq. (3.43) diverges as [ (dk k) (i.e., quadratically). We first eval-
uate the Dirac trace

ATy = Te[yu (k +m)yo (k — ¢ +m)] (3-44)

Ty = k/l.(k —q) +ky(k — Dy — g/w(kz —k-q— m2) (3.45)

Next we use

1

o0
m = —I/O dz eXp[iZ(kz — m2 + lf)] (346)
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to arrive at

o0

I =4 dzid / Tk 1ok
w(q) = 9/0 21d22 (27)4 w (ks q)
cexplizi(k* —m* +i€) +izo((k — q)* — m* + ie)] (3.47)

Now complete the square in the exponent by changing the variable to

quu
w=he= 200 3.48
a Z1+ 22 ( )
so that d*k = d*I and
*© d*k . )
2 z21+22)1
Liv(g) = 4e /0 ledZZ/ WT;W(LQ)EZ( 1+22)
ol 232 4] s
P z1+ 22 ! 2 :
with
22— 21 22122
Twd,q) =200, + —@quly + 1) — ————
w s q) e (gulv + gl = +Z2)2quqv
22 — 211 2122 2 2
— 8|1+ g - - ] 3.50
g,w[ ata T G2 (3:50)

Now do the / integration using

d*l 1 1 ig
—[1,1,,1,1,]e" @) — 1,0, v 3.51
/ (271)4[ o lubvle 167m2i(z1 + 22)? 2(z1 + 22) (3->1)

to arrive at (@ = €?/47)

10 ( m)——l.—()[/ooidmdZz
= o (z1+22)

2
‘exp{i[w — (m* —ie)(z1 +Z2)“

Z1+ 22

2122
(z1 + 22)2

: 2
—i q°7122 ’
+ — +m 3.52

g’w[zl +z22 (21 +22)? “ 2

: {2(guvq2 - ‘I/AQ\J)

This integral is (of course) still divergent, so we now use the Pauli-Villars method,
which is to introduce fictitious heavy electrons of masses M; (i = 2,3, ...; here
M| = m,). We then consider
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Lin(q@) = cilun(q. M) (3.53)
i

The coefficients C; are chosen such that the integral converges, and the fictitious
regulator masses will eventually be allowed to become arbitrarily large.

The first task is to show that the non-gauge-invariant term in Eq. (3.52) vanishes.
The coefficient of g, is

Z /(Z1+zz)2 {l|:zl+22 (M} —i€)(z1 + 22)

. 2
. |:Ml.2 __t __qgu= 2] (3.54)
z1+z22 (21 +22)

We change variables z; — Az; to rewrite Eq. (3.54) as
Z /OO dzidz [Mz i _ 7’2122 ]
(21 +22)% Mzi+22) (21 +22)?

2
| 972122 2
~exp{l)\|:—21 e (M7 —i€)(z) +12)]} (3.55)

0 [ dzidz
— i

A Mzi 4+ 22)3

Zc, exp{lk[q L (Ml2 —i€)(z1 +Z2)]} (3.56)

71+ 22

Finally, rescale Az; — z; again to find that the integral is A independent, and hence
this term vanishes.
For the remaining (gauge-invariant) term in Eq. (3.52), we insert the expression

% 1
1=/ —5(1—Z1+Z2> (3.57)
Y A

which greatly simplifies the formula to (after putting z; — Az;)

- 2ia n [
Iw(g) = 7(%% - guwq’) dz1dz21226(1 — 21 — 22)
0
< da 2 2,
. A TZC,’ exp[lk(q 2122 — M; +1e)] (3.58)
l

We need only one regulator mass and put c; = —c = +1, ¢, = O (n > 3),
My = M,and M, = O (n > 3). Then

I_;w(q) = I,uv (‘L mZ) - I[J,V(Q7 MZ) (359)
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2101 !
(QMQV g/wq2)/0 dzz(l —z2)

, / T dr g 21z [pmhn? i) _ —iMM=ie)] (3.60)
o A .

Now use (consider d/da, d/dA, etc.)

/°° d_)‘[e—i)u(afie) _ efi/\(A*id] =In A (3-61)
0o A ¢

to arrive at

ia ! M —q%*z(1—2)
1 = — —q° / dzz(1 — ln — 3.62
wv(q) p (9w — 4% 8uv) b zz(l=2) —q2z(1—2) (3-62)
2101

1
(qﬂq)n_q guu)/(; dzz(l —2z)

M? q2 . .2
A=+ 5zl —2) + higher order in ¢ (3.63)
m m
. 2 2
Lo 2 M q
=3, (e —a g/w)(ln et ) (3.64)

Thus gauge invariance ensures absence of the quadratic divergence, but the loga-
rithmic divergence remains. Before interpreting the results, let us see how much
easier it is to obtain Eq. (3.64), by dimensional regularization.

Starting again at Eq. (3.43), we use a Feynman parameter formula to obtain

lisla) =~ s / o e e (3.65)
where

Qu = —xqu (3.66)

M? =m® - xq* (3.67)

Using Eq. (3.45) for the Dirac trace, the dimensional regularization formulas give

7 _ 462 ! dx
w(q) = _(27.[)4/(; (02 + M2)2-n/2

, [gMU(Qz—i-MZ)(% - 1>r<1 - g) +F<2— %)

120,00+ @0+ 90 Q) + g (-0 —q - Q +m2)]} (3.68)
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Now because of the identity

G(r-5) =

we see immediately that the quadratic divergence (pole at n = 2) vanishes! Insert-
ing Egs. (3.66) and (3.67) into Eq. (3.68) now gives

2ix n
T = T(qﬂqv - g;/.qu)r<2 — 5)
x(1 —x)
' /dx [m? — g2x(1 — x)]2~@/2 (3.70)
ot w2 14 4
= 3 ndy = 8md’)| 7=, 5,0 T 0) (3.71)

That this agrees with Eq. (3.64) is evident when we identify the residue of the pole
(4—n)~" with the coefficient of In M in the Pauli-Villars cutoff method. The deriva-
tion is, however, obviously simpler.

For the reader unfamiliar with QED renormalization, we add some remarks
about the result. The photon propagator is modified to

. 2

iguy a 2 o q 4 2

- l-—————+0(q", 3.72
q2+,-6[ +0(q w)} (3.72)

The g2-independent part is absorbed into the renormalization constant

a 2
Zz3=1——
3m4—n

+ 0(c?) (3.73)
The renormalized charge is given by
OR = Z30B (3.74)

(we are here anticipating the identity Z; = Z, derived below). The renormalized
value ag = (137.036)~! is the measured fine-structure constant, while the bare
value ap is not observable. We also have the field renormalization for the photon

Ay =Z3Aur (3.75)

The ¢*-dependent Uehling term is also very interesting. For low ¢? the propagator
in momentum space is modified to

1 aR C]2 2 4
— |1 - ===+ 7
2|: 15 2 O(aR’q ) (3.76)
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P P =
P p-k

3

Figure 3.2 Electron self-mass.

In coordinate space, this modifies the Coulomb potential to

2 2

ep dayp
R 5 3,
dr T 1sm2® @ (3-77)

The extra term affects the energy levels of the hydrogen atom, and in particular
gives a substantial contribution to the Lamb shift [21]. The levels 257, and 2Py />
are degenerate except for field quantization effects, which lift the 257, level by
1057.9 MHz (megahertz; 10 cycles/second) relative to 2P . The second term in
Eq. (3.77) contributes an amount (—27.1 MHz) to this, and since the agreement
[22] between theory and experiment is better than 0.1 MHz for the Lamb shift, the
value for the vacuum polarization graph is well checked. The successful prediction
of the Lamb shift is one of the triumphs of QED (although not the most accurate
check, as will be seen in Example 3).

Example 2. Consider the electron self-mass diagram, Fig. 3.2. We shall again com-
pare Pauli-Villars with dimensional regularization (for the last time; future exam-
ple will be done only dimensionally). The electron propagator is replaced according
to

i i i
T m[—Z(p)]m (3.78)

—ie? 1 p—Kk+m
S(p) = d*k ) ) 3.79
(P) (27[)4/ 222+ (p—k?—m2rie’ (3.79)

where A is a (small) photon mass to accommodate infrared divergences.
Now use Eq. (3.46), the change of variable (3.48), and the integrals (3.51) to arrive

at
a ™ dzidzn ( 21 )
> = — — | 2m —
(P) 27 /0 (z1 + 20)? 71+ 20

2
[ PR122 2 2
sexpli| —— —m zp — A7z 3.80
p[ <z1+zz ? 1)] ( )

To make the integral converge, we introduce, a la Pauli-Villars, a heavy photon of
mass A and define
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Z(p) = Z(p,m, 1) — Z(p,m, A) (3.81)

Using the same scaling trick as in Example 1, we rescale z; — yz; and insert

% 4 :
1 =/ —”a<1 - M) (3.82)
o v y

to find
— o 1
S(p) = _JT/O dz[2m—[5(1 —Z)]
*dy . 2 2 2 :
/O 7[exp{zy[p 2(1=2) —m?z = 2*(1 —2) +ie]}
— (Ao N)] (3.83)

Using Eq. (3.61) gives

A%2(1-2)
n
221 —2) +m2z — p2z(1 — )

(3.84)

1
S(p) = %/0 dz[2m — p(1 — 2)]1

Ensuring that the finite part vanish on mass shell p?> = m? then requires us to
write this as

_ a (! A? m3z
E(P) = Z/(; dz[zm _Ij(l - Z)] |:lIl W +In m} (385)

Here we have assumed that A2 < (p2 —m?) and have subtracted In[(1 —z) /z2] from
the logarithm in Eq. (3.84) to fix the finite part uniquely.
We now need integrals (putting p?/m? = t), namely,

1 —t+1¢
/dz1n4=z1nz—iln(1 —1+12) (3.86)
1—t+41z t

z 1, b4
dzl—z)In ——— = - = In ——
/ Z( Z)nl—t—i—zz (Z ZZ)nl—t—i—tz

1—1t 1+t
— |z In(l —t+¢ 3.87
+ 5 [z ; n( + Z)i| (3.87)
Using these results in Eq. (3.85) gives
- 3am  A? o A?
() = —In— — —(p—m)In —
() i m2 27t(p ™) N2
amm? —p?_ m?— p?
— 2 I 2
T p m

(3.88)
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Next to a free-particle spinor p = m by the Dirac equation and with p? ~ m?,

- 3am . A? o A? m? — p?
Y(p) — yp lnm—g(ﬁ—m)<lnﬁ+4ln s ) (3.89)

We absorb the divergences into the multiplicative renormalization constant

o A? 2
Zg:l—glnﬁ—i-O((x) (3.90)

and an additive mass renormalization
Sm="——In— + O(a? 3.91
m s+ («%) (3.91)

To this order the propagator may now be written

i)t s — o) (3.92)
p—m p—m p—m p—m—3(p)
. iZ) 5
_pi_m_(Sero(a) (3.93)

The physical electron mass is (m + dm), m itself being unobservable. The electron
field is renormalized according to

v =VZyyr (3.94)

As promised, we now present a simpler derivation of ¥(p) using dimensional
methods. From Eq. (3.79), using y,py», = —2p and Feynman parameters, we have

_ =2ie? ! . —bt+k+2m
20 =G |, 4 [ T g ey 3:53)

with
Qu =—xpu (3.96)

M? = (m* —r?)x (3.97)

Dimensional regularization now gives

_ —2ie? in? n\ ('dxQm—p—-@)
()= o ﬁr<2 - 5) /o (Q% + M2/ (3-98)
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Figure 3.3 QED vertex correction.

Expanding the denominator as

(Q*+ M) =1 4 (% - 2)
“In[m*x — p*x(1 — )] + O(n — 4)? (3.99)
then gives

3am 2
4w 4—n

1
o
+5/o dx[2m—p(1—x)]lnm—zx_pzx(] e

2(p) = - -m

m2x2
(3.100)

where we have decreed, as before, that the nonpole (finite) part vanish at the renor-
malization point, p> = m?. This formula agrees precisely with Egs. (3.85) and
(3.89).

Example 3. Consider the QED vertex correction of Fig. 3.3. The corresponding
amplitude is

d*k —i i
Au(p', p) = (—ie)2/ 7 L
Qr)*\k2 =22 +ie" " p—f—m+ie
i
i)

This is understood to be sandwiched between spinors u(p’) - - - u(p), so that p’ on
the left and p on the right may be replaced by m according to the Dirac equation.
Writing the Dirac factor as

(3.101)

=0 —k+my (b —k+my (3.102)
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we have, using Feynman parameters,

—2ie? 1 1-x . f
Aulp, p) = d d’k 3.103
u(p's p) (27-[)4 -/O x/(; (k2 +2k-0— M2)3 ( )
with
Qpu = —xXp), = yPu (3.104)
M2 =22 =5 =) (3.105)
Q*+ M =m*x+ )’ + 11— x —y) —¢’xy (3.106)

Applying dimensional regularization corresponds to the recipe

kokg — Qo Qp (aside from divergent piece) (3.107)
ko > —Qq (3.108)
11 (3.109)
Then it is straightforward but tedious to find that (putting p’ = m onleft, p = m
on right)
Ey=n@ +Q+my,(p+@+my (3.110)
= Ayum* + Byuq® + Cmp, + DMp), (3.111)
with
A=4—-8(x+y) +2(x +y)? (3.112)
B=-21-x)(1-y) (3.113)
C = —4xy + 4x — 4y? (3.114)
D = —4xy + 4y — 4x? (3.115)

Thus A, (p’, p) contains the purely finite part (here we may put n = 4 immedi-
ately),

—2ie* —in? [ dxdyE,
Qem)* 13 J 024+ Mm?

AP p) = (3.116)

There is also the log divergent part of k kg giving

Ap=AP+ AP (3.117)
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with
—2ie? —in? dxdy 1 n
AP, p) = —— (2=
n (p ’ p) (27[)4 1—,(3) (Qz +M2)27”/2 2 2 (VvVaV/tVayv)

(3.118)

Let us look at the divergent term only first, since it is relevant to the Ward identity.
Using
YoYaVYuYaVv = 4Vu (3.119)
we have (a = e?/47)

AP py~ Ly (3.120)
© 4 "4 —n

We define a renormalization constant Z; by

1
u(p)Au(p, pu(p) = (Z—l - 1)ﬁ(p)yﬂu(p) (3.121)
Thus
a2 2
Zi=l-p—g—+ 0(a?) (3.122)

The reader will notice that this coincides precisely with the expression for Z,
given in Eq. (3.90). This is no accident and is the Ward-Takahashi identity [23-25]
for QED. It holds to all orders in perturbation theory, namely,

Zy =27, (3.123)
At order « it is easily derived by noticing that

B 1 -1 1
dpup—k—m+ie Tp—Kk-mtie P p—f—m+tic

(3.124)

Thus comparing Eq. (3.79) for £ (p) with Eq. (3.101) for A(p’, p), we see immedi-
ately that

d
d—E(p) =—Au(p, p) (3.125)
Pu

Since we showed in Example 2 that the divergent part of X (p) is given by

2 +3am 2
4—n 4T 4 —n

B(p) ~ = (p—m) (3.126)

=@p— m)(zi2 — 1) + 8m (3.127)

mz
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we see that
A (ps p) = ——— T (p) (3.128)
p,p)=— p .
I 8[7;,(,
oy (L 3.129
~ Yu 7 (3. )
(L 3.130
=VYu Z (3. )

Hence the identity (3.123) follows.

Thus there are only three independent renormalization constants in QED: Z3 for
the photon field, Z, for the electron field, and ém for the electron mass. The mul-
tiplicative renormalization of the charge depends only on Z3, as indicated with-
out proof in Example 2. We can now verify this at order « by considering all the
diagrams that contribute. They are depicted in Fig. 3.4; these diagrams are self-
explanatory except Fig. 3.4¢ and f, which are depictions of the counterterms (—é&m)
associated with Fig. 3.4c and d, respectively. In the limit p;, = p,, the seven contri-
butions are listed below [there is a common factor (—ie)].

(a) Y

(b) yu(Zz — 1)
! 1
(©+(e) _(Z_z - )V;L

1
@+ @ —(Z—2—1>m

1
(g) V”(Z—g - 1)

The external lines require field renormalization factors [(v/Z2 2JZ517 L
The resultant sum is thus given by

Yu [1+(z —1)—2<i—1>+<i—1>]
ZoZ3 ’ Z, Z

V—"(l + 75— i) (3.131)
ZoNZ3 4}

T SO )
VT T+1(/2) — 1]

0(a?) (3.132)

=VZ3y, + 0(?) (3.133)
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>¢ >——¢O‘\
(@ (v
> o
(©) (d)
P
Q) 0)

8

Figure 3.4 Order o contributions to charge renormalization.

This shows that the renormalization constant Z; = Z, cancels out and justifies
Eq. (3.74).

So far we have studied only the divergent part of A,(p’, p). There is a finite
part proportional to y,, coming from A,(f) in Eq. (3.118) and from the terms A and
B of Eq. (3.111) substituted into A,(P of Eq. (3.116); this term will not be worked
through, since it is not of special interest.

Of very great interest, for checking QED, are the remaining finite terms, which
are provided by C and D in Eq. (3.111) substituted into A,()) of Eq. (3.116). The
dimensional regularization again simplifies the calculation. We have a contribution
to A, (p/, p) of

2ie? —in? dxdy
- m
@n)* TG) J m?(x + y)?

[—(4xy +4x —4y?) p,

+ (—4xy +4y — 4x2)p11]
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&2 dxdy

= 2w | Gyl = )na+ (mxyty =)

+0(q%) (3.134)
o /
=P +ru+ 0(q?) (3.135)

where we used the integrals

1 1—x
1 11111
/dX/ dy——{x.y. x> y2xyl =152, -, . = (3.136)
0 0 (x +y)? 2°2°676 12
Sandwiched between spinors, we have the identity
- (p+ P’)u - i0vqy
/ /
- _ 1
i(p) = —ulp) = u(p)| v — — = Ju(p) (3.137)
where
1
ouy = E[y,,, Wl (3.138)
Thus the contribution (3.135) to A, (p’, p) may be rewritten
o ia
—>—Vut ——o0wmq (3.139)

21 drm

The first term cancels against the other contributions proportional to y,, and of
order « (recall that only the g> — 0 limit is needed). Combined with the Born
term, we therefore have the static limit

. i
u(p )(Vu + —U;WCIv)M(P)

4drm
= (p+ p/)u o L1040 qy
=iu(p )[72111 + (1 + 27[)—2’% ]u(p) (3.140)

The o /27 coefficient provides the lowest-order correction to the magnetic moment
of the electron whose gyromagnetic ratio g is thus given by [19, Chap. 1]

o

ot 0(a?) (3.141)

1

3 g=1+
This correction was first calculated by Schwinger [26] in 1948 and found to agree
with the experimental value of the anomalous moment determined in 1947 by
Kusch and Foley [27, 28]. Since then the theoretical value has been computed to
order a* giving (the numbers quoted below are from Refs. [29, 30])
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h_ 1
a, = E(gg -2) (3.142)
2 3

o o o
= O.5<—) — 0.32848(—) + 1.49(—) (3.143)

b4 T b4
=0.001 159652 1883(7) (3.144)

The experimental value is

ag® = 0.001 159 657 (3.145)

agreeing within errors to about 1in 10'” fora = 1(¢ — 2) and to 1 in 103 for g
itself.

Example 4. As a final example of dimensional regularization technique,!) and as
a bridge to Section 3.3, we calculate the process § — yy, where S is a scalar and
both photons may be off-mass shell. The interaction is taken as

L=ighyd — elyu¥A, (3.146)

and the two diagrams are depicted in Fig. 3.5.
Taking the amplitude for Fig. 3.5a as T, (p1, p2), the sum of the two diagrams
will be

L (p1, p2,m) = Ty (p1, p2) + Tuw (P2, p1) (3.147)

It will turn out that 7}, alone satisfies Bose symmetry, so that adding the crossed
diagram, as in Eq. (3.147), merely multiplies 7},, by a factor of 2 (this is an accident
for the present special case and should not be expected in general).

The Feynman rules give

T, (i)’ g(—ie)? &'k 1
= —(1 —
m § QY K2 —m? +ie
! ! 4t 3.148
&K= pr 2 —mEtic K+ pa—mitic ™ (145)
with the Dirac trace 7,,, given by
Aty = Te[ (R +m)yu(k — 1+ m) | + p2 +m)yy ] (3.149)
This is easily evaluated as
th = m[4kukv + 2(kﬂp21) - plukv)
— (PP — P2up1y) + guv(m* — k2 — p1 - p2)] (3.150)

1) Here the technique is applied, with great convenience, to a finite amplitude.
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A
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k-p1
———— e k
q
k+p2 LM/VWW
€
[ Y
()
k-p, €
Py
P —— } k
q P
k+p €v
(b)

Figure 3.5 Diagrams for § — yy.

Introduce Feynman parameters to obtain

8ige? I=x
Tuw = Qn)* Jo (k2 +2k Q MZy (3.151)
where
O = —Xpiy + yp2u (3.152)
M? = —xp? — yp? + m? (3.153)

Dimensional regularization now gives
ige? im? I=x
T = d
" @n)iTe) / [ ' f (—07 - M2>3 72
: {[4QMQV —20up2 +2p1u Qv — P1uP2v + P2uPiv
2 2 n
+guv(m* —p1-p2—Q )]F<3 - 5)
1 1
+ guv(—0% - M2)<2 - En>r(2 - En)} (3.154)
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Since, in the final term of the braces, one has

1 1 1

we see that the amplitude is finite. Substituting Egs. (3.152) and (3.153) into
Eq. (3.154) and using Eq. (3.155) now gives

2 1
ge‘m
T = G [

1—x 1
/ dy— 2 2
0 pix(L—=x)+ psy(1 —y)+2p1 - paxy —m

[Prupiv(dx* = 2x) + poupav (49> = 2y)

+ prupav(—4xy +2x +2y — 1)

+ paupio(1 —4xy) + g (pix + piy — 2pix® — 2piy?

+4p1 - paxy — pip2)] (3.156)
This is seen to satisfy

T;w(pl’ p2) = Tvu(sz 171) (3157)

as anticipated above.
Let us adopt the shorthand (for the rest of this section only)

J[ =55

“x !
/ dy— 5 5 (3.158)
0 pix(1 =x)+ pyy(l —y) +2p1 - poxy —m

Then we define the amplitudes

= //(1 — 4xy) (3.159)

B = iz f/ 2x(1 — 2x) (3.160)
1%}

B = iz // 2y(1 —2y) (3.161)
P

B3 = 2x)(1 —2y) (3.162)
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Then from Eq. (3.156) we find that

1
I = Alpapro = p1 pagu) + 5 (B1 + B2)p? p3guy — Bip2piupiv

— Bypipiupiv + B3p1 - p2piupay (3.163)

We can now show that B; = B, = B3 (= B, say), as follows. Consider
p3p1 - p2(Bi — B3)

! I=x 1 —2x)[2xpy - 1—2y)p3
O(/ dx/ dy—s ( x)[szl p2+( y)p3l (3.164)
0 0 pix(1 —x) + p3y(1 — y) +2p1 - poxy — m?

0 1 1—x
= —/ dzf dx(1 —2x)/ dy
0 0 0

a
"3y {exp[—z(pix(1 =) + p3y(1 = y) + 2p1 - paxy —m?)]}

(3.165)

Introducing x’ = x — % this expression is

+1/2

o0
p3p1 - pa(By — B3) ~ — / dze M* f dx'(—2x")
0 —-1/2

: {eXp[—Z(m + pz)ZG — xn)]
2 1 12
—exp[—zpl (4_1 —Xx )]} (3.166)

=0 (3.167)

The integral vanishes since it is odd x’. Similarly, we may show that B, — Bs.
Thus, we have finally, from Eq. (3.163),

Iy = A(PZ/LPIV — Pl 'PZg;w)

+ B(piupavp1 - P2 — PPp2up2e — Pap1uPIy + PEp3gws)  (3.168)

This satisfies gauge invariance since

Piuduy = powlyy = 0 (3.169)
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Of course, this property was guaranteed from the beginning, since the integral
was convergent, but the explicit evaluation would be considerably more difficult
using Pauli-Villars regularization.

33
Triangle Anomalies

We now turn to a curiously profound property of gauge theories with chiral fermi-
ons, which necessarily involve ys in their gauge couplings. This is the case for
example, the standard Glashow—Salam-Weinberg electroweak theory.

Recall the Dirac algebra

Vs vl =280 (3.170)

and the definition

Y5 = iYov1y273 (3.171)
1
= ﬂeaﬂyﬁyayﬂyyyé (3.172)
so that
{rs.vule =0 (3.173)

One representation is the 4 x 4 matrices

Yo = ((1) _01) (3.174)
- (_00 "0) (3.175)
Vs = (? é) (3.176)

Dimensional regularization is not straightforwardly applicable to expressions in-
volving ys because the definition (3.172), in particular the tensor €yg,s, is defined
only in four dimensions (see, however, Refs. [31-36)).

As already emphasized, the renormalization procedure must be such that the
renormalized quantities respect local gauge invariance. For Green’s functions, this
requirement is expressed by the Ward identities. In the Abelian case of quantum
electrodynamics, these are the Ward-Takahashi identities [23-25] discussed above;
in a non-Abelian theory, gauge invariance for Green’s functions is most succinctly
expressed by the Becchi—Rouet-Stora—Tyutin (BRST) identities [37], which sum-
marize the earlier forms found by Taylor [38] and Slavnov [39]. The BRST transfor-
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A A
@ (b
A v A A
v v A v
() @
A Vv A A A \4
v vV A \4 A A
v v A%
(e) ) €3]
A A
A A Figure 3.6 Triangle, square, and pen-
tagon diagrams for anomaly consid-
A erations. V, vector coupling; A, axial-
(h) vector coupling.

mation is discussed later; for present purposes we merely state the relevant Ward
identities for the amplitudes considered.

In the presence of ys couplings to the gauge field, there are axial vector Ward
identities as well as vector identities. The problem of anomalies is that one finds
triangular Feynman diagrams is one-loop order of perturbation theory that violate
the axial Ward identities. Such anomalies must be canceled in order that the theory
has a chance to be renormalizable.

The triangle anomaly has a long history, going back to work, by Steinberger [40]
and Schwinger [41]. Considerably later, the anomaly was emphasized by others
[42-45].

After proof of renormalizability of Yang-Mills theory in 1971, the relevance of
anomaly cancellation to renormalizability was discussed by several authors [46—48]
(on anomalies, see also Refs. [11], and [49-57]; for reviews, see Refs. [58] and [59]).

The Feynman graph giving rise to an anomaly is a triangular fermion loop with
three gauge fields and with overall abnormal parity (i.e., one or three ys couplings)
as in Fig. 3.6a and b. The square and pentagon configuration indicated in Fig. 3.6¢
through h must be considered also [49]. One of two useful theorems [49] (see also
Ref. [57]) is that once the AW triangle anomaly is canceled, so are all the others.
The second useful theorem, due to Adler and Bardeen [52] (see also Ref. [58]) is
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—ieyy, P

—iegnnys
k+p,

—leyYy

(a)

—leyYy

—iegnys

k+pl

—ie\,yp
(®)
Figure 3.7 (a) Triangle graph; (b) crossed graph.

that radiative corrections do not renormalize the anomaly. Thus we need consider

only the simplest AVV graph.
The interaction Lagrangian will be taken as

L= _eAI/_/Vu)GwZQ - eVI/_/V;LwAu

(3.177)

and, at first, we allow only one fermion species to propagate in the graph of
Fig. 3.7a. The full amplitude requires adding the crossed graph of Fig. 3.7b ac-

cording to

Luvi(p1, p2, m) = Toua(p1, p2, m) + Tpva(p2, p1,m)
Feynman rules now give
d*k 1
Qm)* k2 —m? +ie
1 1
(k— p)2+m?+ie (k+ pr)?—m?+ie

T = ()3 (—iea)(—iey)? /

4tuvk

where the Dirac trace is

4ton = Te[ (R +m)yu(k — p1 + m)vaysk + p2 + m)yy ]

(3.178)

(3.179)

(3.180)
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The crucial point is that the integral in Eq. (3.179) is superficially linearly diver-
gent, and therefore shifting the integration variable alters 7),,, by a finite amount.
Such a shift is necessary to establish the Ward identities expected, namely

(p1+ p)aduvy =0 (3.181)
Plu,I/ka =0 (3.182)
P2v1p_vk =0 (3183)

We will now show that if we impose the vector identities (3.182) and (3.183)
(as is essential in quantum electrodynamics for charge conservation), then we do
not maintain, in general, the axial-vector Ward identity, Eq. (3.181), unless extra
conditions are met.

The linear divergence is independent of the fermion mass m, which we therefore
set to zero, giving

roe o [ TR K = pOvays (kP27
PR emt T U= 2kt p2)?

(3.184)

Computation of T),,; reveals that it is Bose symmetric under the interchange

{p1, u} < {p2, v}, so that addition of the crossed term in Eq. (3.178) merely gives

a factor 2. Thus identities (3.181) through (3.183) may be applied directly to 7},,.
Consider first

(Pl + PZ))»T;/.U)L
5 [ d*k Telkyu(k — OB+ ) ys( + )]

v ] Gny K2k — p)2(k + p2)? (3:185)
Now rewrite
P14+ P2)ys = -k —pys —vsk + p2) (3.186)
to find that
2
_eaey 4, Ty ysE+ p2)vol
(Pr pr)y T = <2n)4{/d Rkt
4, kv — PDYs]
+/d T } (3.187)

Now both terms in the braces are second-rank pseudotensors depending on only
one four-momentum. No such tensor exists, so we would conclude that Eq. (3.181)
is satisfied. (However, the reader must not stop here but read on!) Now consider

T = (3.188)

—eaey /d4kTr[k — D= POnysk+ P)n]
4 2 2 2
@n) KRk = p2(k + p)
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Let us change variable to k;, = (k + p2),, and be deliberately careless (temporarily),
to obtain

2 / /
—eaey [ 4 Tl — p)p1(K — 1 — P2Inaysknl
v = d’k 3.189
vt Q2n)* / (k" = p2)?(K' — p1 — p2)*k'? ( )
Now rewrite
pr=—F —p1—p2) + K~ p2) (3.190)
to obtain, apparently,
2 ’ ’
eaey, 4, L — p2)vaysk'w]
Pl = —L
T o)t {/ T W= e
T[(K — p1 — P2)yvaysk vl
47
- k 191
/d (K — p1 — p2)*k’? (.19
which vanishes exactly as before.
By similar steps, putting ¥’ = (k — p;) and rewriting
pr="+p1+p2) — K +p1) (3.192)
we can apparently obtain
2 " "
—eaey 4 TLE 4+ PO Yuk vays]
v = k
P2vLpvi (27.[)4 {/d k" + pl)zk//z
T " "
B / 2 tly k" vaysk” + p1 + p2)] } (3.193)
K"2(k" + p1 + p2)?

Both terms in brackets are second-rank pseudotensors depending only on one four-
vector, and hence vanish.

The fallacy in the argument above [i.e., in Egs. (3.185) through (3.193)] is that
shifting the integration variable in a linearly divergent integral changes the value
of that integral by a finite amount. Define S, by

Tuvr = —eaey Suw (3.194)

so the linearly divergent piece is

Spvi = (3.195)

1 / d*k w
@)t ko

If we shift to k' = (k + a), by how much does S, change? Consider the manipu-
lations
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/d4kf(k) = /d4k’f(k’—a) (3.196)

=/d4k/f(k/) —ap/d4kif(k)+~-~ (3.197)
3k,

If the original integral is linearly divergent, the second term in Eq. (3.197) is finite,
since when converted to a surface term by Gauss’s theorem, the integrand f (k) ~
|k|~3 and the surface area ~ |k|3.

In the present case, suppose that we shift the integration variable in Eq. (3.195)
to k, = (k + a),,; then we have

Sy = Spvr + Crvipap (3.198)

where

1 0 T
kg = = / atk - vk ysk) (3.199)
@) ok, k
1 0 T
= — ~ /d4k_w (3.200)
@) ok, k
Recall now the trace formula
Tr(ysvaVpVsveVe) = —4i€scpk (8ka8By — 8kp8ay + 8ky &ap)
+ di€apyi(8ks8ep — 8ke85¢ T Sk 8se) (3.201)
Using this one finds from Eq. (3.200) that
4i 0 €uvreke
Couvpp = ——— | d*h—22< 3.202
WO T ()2 / ok, K (3-202)
Going to Euclidian space (ikg = k4) we may evaluate this as
4i 4, 0 ke
Cuvap = Wﬂwke /d kakj (3.203)
4i J k
= d*hk— 2 3.204
Qm)2 ke / ok, 4k (3.204)

where we used the fact that terms p # € in Eq. (3.203) vanish by oddness in k;
otherwise, k2 = %kz (@ =1,2,3,4). Now use Gauss’s theorem to obtain

k
Covip = €uvip lim <2n2k3—) (3.205)

(27‘[)4 k—o00 4f4

1
= 87.[—261“”‘/’ (3.2006)
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Using this result, we see that the shifts of integration variable k' = (k + p;) and
k" = (k — p1), respectively, give rise to

1

pl,u_S/wA = Wf,u,u)uplhpplu (3.207)
1

pZVS;wA = @fuvk,ﬂpbplp (3.208)

To include the crossed diagram (Fig. 3.7b) and to guarantee the vector Ward identi-
ties, we must use

1
yﬂu)\(pl, p2) = S,Awk(ﬁh p2) + Suux(Pz, p1) + mﬂwk/)(pl - p2)p (3.209)

This satisfies

P =0 (3.210)
P20 =0 (3.211)
but also
1
(p1+ P2 T v = 3572 o P2.P1p (3.212)

Thus the axial-vector Ward identity contains an anomaly given uniquely by
Eq. (3.212) and independent of the fermion mass in the triangle. No method of
regularization can avoid this, for only one fermion is circulating in the triangle
loop.

To make the point again, slightly differently, if we calculate the same Feynman
diagram using different momentum labeling as in Fig. 3.8, we will arrive at ampli-
tudes differing by a finite amount, namely,

Tyun = Ty + Cuvip P2p (3.213)

T = Tuvi. — Cuvip Plp (3.214)

with C.», given by Eq. (3.206).

The presence of this anomaly helps reconcile the problem of the rate for
A9 — yy, which vanishes, for the unphysical limit M, — 0, according to the
Sutherland—Veltman theorem [44, 45, 60].

Consider the decay

70(k) = y(p1) + v (p2) (3.215)

with matrix element

M(p1, p2) = €u(pDev(p2) Ty (3.216)
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Figure 3.8 Three different momentum label-
ings for the triangle graph amplitudes:
(@) Tuvzs (b) T3 () T -

Then, by Lorentz invariance and parity conservation,
— 2
Ty = €uvapP1ap2s T (k%) (3.217)

where the physical value is k> = m2 but we consider k? a variable.
The PCAC hypothesis relates the pion field ¢*(x) to

¢ ~ 9 AY (3.218)
with proportionality constant fy/m2, f, = charged pion decay constant (f; ~
O.96mfr). Then

TH ~ (m2 — kz)/d4x d*ye PrETP2Y Y, (01T H(x) 1Y (y) I (0)|0)  (3.219)

= (m2 — K*)ku Tapw (3.220)
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where
Topw ~ f d*x dtye PIETIP2Y (0T (T () (v) T34(0))10) (3.221)

Since Ty, is a pseudotensor, its most general invariant decomposition consistent
with Bose statistics is

Taww = €7 pro,pagks Fi (k%)
+ (€M py — € pl) iy g Fa (k)

+ (M py — €% pi) 1o pag F3 (k)
1
N e’\”""’(pl _ pz)w§k2F3 (k2) (3.222)

where the F; (k?) have no kinematical singularities. [To derive Eq. (3.222), note that
we require that p1, T, = P2, Thyw = 0and pl2 = p% =0, sothat p; - pp = %kz].
But now we find immediately that

k;LTMw _ 6“”w¢p?’p§k2[ﬂ (kz) + F3 (kz)] (3.223)
and hence, in Eq. (3.217),
T(k*=0)=0 (3.224)

Thus the rate 72 — 2y vanishes for m2 — 0 and is predicted to be very small for
physical m, in contradiction to experiment.

The anomaly in Eq. (3.212) rescues this situation since Eq. (3.224) is no longer
valid. Taking the anomaly into account, one arrives at a decay width

my (2/2miS\?
= %(T) o (3.225)
mya®S?
= SR (3.226)
= (7.862 eV)(25)° (3.227)

where S is given by the trace over the y5 couplings for the fermions circulating
in the triangle. With three colored up and down quarks participating in the pion
function, one has

S ="Tr(g30%) (3.228)

1
=3x E(ei —é3) (3.229)
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34! 3.230

S 2\9 9 (3.230)

_1 3.231

=3 (3:231)
Then Eq. (3.227) agrees beautifully with the observed width [61]

(7" —2y)=78+£09eV (3.232)

In the absence of the color degree of freedom, the rate is too small by a factor
of 9. Thus this calculation both supports the existence of the triangle anomaly and
provides support for the color idea. It has been assumed, however, that nonpertur-
bative effects associated with the quark—-antiquark confinement in the pion can be
neglected.

To allow renormalization such that the renormalized Lagrangian Z% in Eq. (3.1)
be gauge invariant, the anomaly in the axial Ward identity must be canceled be-
tween different fermion species (recall that the anomaly is mass independent). Let
us focus on an SU(2) x U(1) theory with gauge bosons Af (¢ = 1,2,3) and By,.
Let the fermions have electric charges Q; given by

Qi =17+ %Yi (3.233)
where I3 is the third component of weak isospin and Y is the weak hypercharge.
We need not consider triangles of the type (A% A” A€) or (A% B B) because these
involve the trace of an odd number of isospin matrices and hence vanish. We need
look only at (BBB), (A°A°B), and (At A~ B). Let us distinguish left and right he-
licities by subscripts L and R, respectively; these correspond to the decomposition

1 1
Vi=SU+ys)vi+ S0 —ys)vi (3-234)
=vir + ¥iL (3.235)

Clearly, L and R have opposite sign ys couplings, and since we are always focusing
on the triangle with one axial and two vector couplings (AVV in the notation of
Fig. 3.6) the cancellation of the BB B anomaly requires that

Yovi=3"v (3.236)
iL ir
We may rewrite this

> (Qi - Iii)3 = Z(Qik - Ii3R)3 (3237)

173 IR
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Consider any given multiplet, either left-handed {i;.} C M, or right-handed {ir} C
Mp; then within a multiplet one has

(i) =o. (3.238)

icM

Given that no massless charged fermions occur, then
2.0, =20 (3.239)
ir iR
Hence, from Eq. (3.237),

0% (1) + 00 (13)"] = 2o[0 (13) + Qi (13)] (3.240)

iL iR
Now consider the flavor factors for (AT A~ B) and use the fact that
2071 =) - (P)’ (3.241)

to arrive at the condition
Z Yi, [(II'L)2 - (Iii)z] = Z Yig [(Iik)2 - (Ii3R)2] (3.242)
iL iR
Consider the factors involved in (BAOAO) to find, in addition,
PRAAED RN AN (3.243)
ir ir
Using Egs. (3.233) and (3.238), this gives
30, (1) =Y 0 (1) (3.244)
ir ir
With Eq. (3.240), this implies that
ICAUAED AN (3.:245)
iL iR
Using Eq. (3.233) in Eq. (3.242) gives a third relation:
>0 (1) =) Qig(liy)? (3.246)
i ir

The three requirements, Eqs. (3.244) through (3.246), will now be shown to be
equivalent. For consider within one multiplet the sum
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2
Yo 0i(r) = Z(YTM + 1i> r; (3:247)

icM icM
=vu Y (1) (3.248)
icM
= 22 - 7)( (3.249)
=3 0i(1}) (3.250)
icM

showing that Egs. (3.244) and (3.245) are equivalent.

Now
In
SR =2 m (3.251)
icM M=1
1
= S Iu (I + D@Ly + 1) (3.252)
valid for Iy = integer or half-integer (where M sum starts with M + %).
Also,
1
3
Z 0; = Z(I" + EYM) (3.253)
icM icM

1
= 5 Yu Q@i +1) (3.254)

Hence, for any complete representation,

SR =2 oi(1})? (3.255)
icM icM
2 2
=32 Um0 (3.256)
icM

and thus Eq. (3.246) is also not independent.
The anomaly-free condition for SU(2) x U(1) quantum flavor dynamics is there-
fore summarized by

ZIML(IMLH) > 0= ZIMR(IMRH) 3 0 (3.257)

iLCMp, IRCMR
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Thus I = 0 does not contribute. In a theory with only singlets and left-handed
doublets, the condition reduces to

> 0, =0 (3.258)

In a model with three colors of quark doublets with charges (%, - %) and an equal
number of lepton doublets with charges (0, —1), the anomaly cancels between
quarks and leptons.

34
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To ensure that renormalization is consistent with local gauge invariance, as is es-
sential to preserve perturbative unitarity, the remarkable BRST identities [37] (and
anti-BRST identities [62-66]) are much simpler to implement than the Taylor-
Slavnov [38, 39] identities to which they are equivalent.

Let us recall how classical gauge invariance works to establish notation. From
Chapter 1 we have

) 1 . .
SAI = _Eaﬂel + cijed! A}, (3.259)

- _é(pﬂe)i (3.260)

for an infinitesimal gauge function 6 (x). Defining

cijtAjBy = (A"B); (3.261)
we have

SA, = —éauo +6°A, (3.262)

5F,, =0°F,, (3.263)
Since 8F,,, is perpendicular to F,,,, we see that £ = —%(F,w - F,y) is invariant.

Upon quantization of the theory, in Chapter 2 we arrived at an effective La-
grangian,

Leff = Za + ZLer + ZLrrg (3.264)

where the gauge-fixing term is, for example,

1
Ler = —ﬁ(aMAﬂ)2 (3.265)
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for the covariant gauges. (The discussion of BRST transformations that follows is
easily modified for other choices of gauge.) The Faddeev—Popov ghost term is

ZLrpG = duct - Dyc (3.266)

where c(x) and ¢t (x) are the anticommuting scalar ghost fields.
The ingenious idea of Becchi et al. [37] is to relate the gauge function to the ghost
field c(x) by

O(x) = gc(x)éx (3.267)
where A is an (infinitesimal) anticommuting c-number. We also define the opera-
tion

d
— 3.268
dx ( )

with the understanding that §A has been placed at the extreme right of the expres-
sion acted upon.
The BRS transformation is now defined by

8A, = —(D, )5 (3.269)
A
dc=—2g(c )b (3.270)
1
sct = ——(9,A,)81 (3.271)
o

We must first show that Z in Eq. (3.264) is invariant under these transforma-
tions. That % is invariant follows trivially, since we have only reparametrized 6 (x).
For Zcr and Zpg we find that

1
8ZLcr = o (02A) (3 Duc)dA (3.272)

1 .
8 Lppe = ——[0,(0,A) |01 (0uc + A, O

o

2

1
+ dpuct - [—Egaﬂ(cAc)ak — gD, cdA"c— %AMA(CAC)(S)\]

(3.273)

Bearing in mind that §A anticommutes with ¢ and ¢, we have
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d 1
E(XGF + ZLFrc) = Eau [(8;4AA) : (D/LC)]
1 N ~
+ 8MC+[_5g8M(C o+gDuo)c

_ % g AHA(CAC)} (3.274)
=0 (3.275)

The first term in Eq. (3.274) vanishes in the variation of the action, since it is a total
derivative. That the second term vanishes follows from the relations

3,(c’) = 2(3,0)"¢ (3.276)
A (€0) =2(A,"0) ¢ (3.277)
(To prove these, use ¢; and ¢z, then put ¢; = ¢, = ¢.) Thus

/ d*x L (3.278)

is invariant under the BRST transformation.
To show invariance of the generating functional and hence of the Green’s func-
tions, we need to consider the functional Jacobian or determinant

A% (x) + 8A% (x), ¢ (x) + 8¢ (x), T (x) + 8¢ (x)

3.279
Ab(), b (y), TP (y) 3:279)
The only nonvanishing elements in the determinant are
5[Az(x) + 8A7/«(x)] 4 ab abc ¢
5A%0) = g8t (x — y) (8" — gf*"cC8h) (3.280)
3(c?(x) + 8¢ (x)) 4 ab abc ¢
— 7 - — 281
550) 8 = »)(8% + gf 7 ct51) (3.281)
8(A% (x) + A
A +OA ) _ 4 (g% A 81) (3.282)

8cb(y)

Only the second of these is tricky: One must put the relevant c to the extreme right
before differentiating, as follows:

[ £ (x)c? (x)] 62 (3.283)

[5c“(x)] = —%

8
sch(y) sch(y)

— —§(S4(x _ y)[facdcc(x)adb
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— e (x)5% 8 (3.284)

= +28*(x — ) 7 (x)82 (3.285)

as required.
The relevant determinant, in block form, is now

1—gfcor gfAdM 0 s
0 L+gfesn 0 |[[8*x — ] guv (3.286)
0 0 1

and since (81)% = 0, we are left with the unit matrix.
Thus

d
WII1=0 (3.287)

and all Green’s functions have global BRST invariance. This simplifies and system-
atizes the original Taylor-Slavnov form of the Ward identities.
It is useful to note the following nilpotencies:

5A, = —Dycoh (3.288)
52A, = §3M(CAC)3k28k1 + gD, " cBAy

2
+ %A,/(dc)axzaxl (3.289)

=0 (3.290)

where we used Egs. (3.276) and (3.277). Also

sc = —%CAC(SA (3.291)

2 by . "

e=1g [(c"0)8r2"coA1 + €7 (7 €)8A28A1 (3.292)
=0 (3.293)

Finally, one has
-1

sct = —(3,A,)81 (3.294)
o

and hence, from Eq. (3.271),
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1

§2ct = ——(8,6%A,) 82 (3.295)
o

=0 (3.296)

Following from the BRST invariance of .Z.g, as demonstrated above, we can
straightforwardly construct the corresponding BRST Noether current. It is given

by

0.%,
JBRST _ O=Feff 4 3.297
P 8(8/1(1)]{)( ®k)BRST ( )

where the sum in k is over all participating fields. Now

Lg=La+ &' (3.298)
and
024
W —F, (3.299)
nty
0.ZL 1
— =g, (0,AY 3.300
(9, A%) o S (9145) (3.300)
0.’
3.0 = et (3.301)
"
0L
W = (DMC)a (3302)
n
whence
JBRS = [—FMUDVC - %aﬂﬁ : (CAC)]SA (3.303)

is the required conserved current. We have used the fact that

0L’ A

a

= +
W(SA")BRST - _W(ac “)BRST (3.304)
v

35
Proof of Renormalizability

Historically, the renormalizability of Yang—Mills theory, for both unbroken and bro-
ken symmetry, was first made clear in the classic papers by 't Hooft [67, 68]. [For
subsequent formal developments, see Refs. [11] and [69-81]; for specific examples
of the procedure at low orders, see, e.g., Refs. [82-88]; for salient earlier work on
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renormalization of the (nongauge) sigma model, see Refs. [89-93]; for reviews, see
Refs. [14] and [94-100].] This work confirmed the earlier conjecture by Weinberg
[101] and Salam [102] that renormalizability of a gauge theory survived under spon-
taneous symmetry breakdown.

In our treatment here (see, e.g., Ref. [103]), we rely heavily on the BRST transfor-
mation introduced in Section 3.4.

Also, although its explicit use is avoided, the existence of a regularization scheme
that maintains gauge invariance (i.e., dimensional regularization) is absolutely cru-
cial. Thus, closed fermion loops involving ys are still excluded.

We shall first exclude all matter fields and concentrate on pure Yang—Mills theory.
Suppose that there are E, external gluons, the only possible external particle; then
since each extra gluon adds extra coupling g, the power of g(qo) in a tree diagram
is

q0=E, =2 (3.305)

Note that we are interested only in connected diagrams (use Z ~ In W as generat-
ing functional); however, we are not restricting attention to proper, or one-particle-
irreducible (1PI) diagrams. Since each extra loop adds g2, with p loops we have a
power (q) of g given by

q=4qo0+2p (3.306)

The procedure will be iterative in p, the number of loops; that is, we assume the
theory has been rendered finite for (p — 1) loops, and consider p loops. Since p =
1 is trivially finite—tree diagrams have no momentum integrals—all p will then
follow. Because of Eq. (3.306), iteration in p is precisely equivalent to iteration in
powers of g, for fixed E,,.

We shall systematically assume that for any given diagram all subdivergences
have been handled already, using known theorems. Such theorems are enshrined
in the Bogoliubov—Parasiuk-Hepp-Zimmermann (BPHZ) renormalization proce-
dure, for example, and involve subtle treatment of overlapping divergences, and
so on. The interested reader who wishes to study the BPHZ program is referred to
Lee’s review [98, Sec. 3] and the references cited therein.

We begin by defining renormalization constants z, z3, and X according to

A% = /Z3A%, (3.307)

=N (3.308)

=V Fcpe (3.309)
X

8= Z oz ok (3.310)

8% =/ X Z360r (3.311)
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o = Zsag (3.312)
It will be convenient to define the two auxiliary operators K, and L according to
K, = D,c (3.313)
L=cc (3.314)
These operators are renormalized as follows:

(3.315)

L= ZLg (3.316)

Recall that the BRS transformations for unrenormalized quantities are given by

8A, = —K, 51 (3.317)
1

bc =~ gLon (3.318)
L1

Sct = —=(0,A,)82 (3.319)
o

Using Egs. (3.307) through (3.316), the renormalized versions become

A r = —K,ROAR (3.320)
1
SCp = —EXgRLR(”xR (3.321)
n 1
dcp = —— (0, AuR)SAR (3.322)
OR

The task before us is to show that all Green’s functions are finite and that the
operators K,z and Ly are finite operators (i.e., their vacuum expectation values
with any combination of renormalized basic fields is finite).

Recall from Chapter 2 that the degree of superficial divergence is given by D =
4 — Ep, where Ep is the number of external particles (recall that the vector states
are massless).

The primitively divergent diagrams are shown in Fig. 3.9. For Fig. 3.9a and b the
effective degree of divergence is reduced one power by the derivative always present
on the outgoing ghost line. Note that the full vector propagator (Fig. 3.9¢) has three
contributions, as indicated in the figure, all of which must be considered separately.
Also, remark that the two ghost—two antighost Green’s function (Fig. 3.10), super-
ficially logarithmically divergent, is rendered finite by the two external derivatives.
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O
@ ————— === D=2 Dy=1
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Figure 3.9 Primitively divergent diagrams for Yang—Mills theory.
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Figure 3.10 Two ghost—two antighost Green’s function.

At the p-loop level, we proceed by defining the renormalization constants Z3,
%, and X such that the transverse part of Fig. 3.9¢, the Green’s functions (Fig. 3.9a
and b), are finite, respectively. Now we must demonstrate the five further quantities
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are finite: (1) K,r, (2) Lg, (3) the mass and longitudinal parts of the two-vector
diagram, (4) the triple-vector diagram, and finally, (5) the four-vector coupling. This
we do in five steps.

Step 1: K, g. The unrenormalized effective Lagrangian, Eq. (3.264), depends on the
ghost fields according to

ZLrpg = duct - Dyc (3.323)
In the renormalized Lagrangian there appears the term
duCh - Dyucg = —c - 3, Dycg + total derivative (3.324)

Thus the renormalized equation of motion for the ghost field

)L )25
£ =0, - (3.325)
ocy (0, cg)
becomes
eff
g P CR (3.326)
8c‘£ nen ’

The way in which to exploit this equation of motion is to consider the vacuum
expectation of the time-ordered product of either side of Eq. (3.326) with any com-
bination of renormalized fundamental fields (hereafter denoted by “fields”). Then
one can derive that

]

et ¢

(01T [(8 Dycr) (“fields™)]|0) = —i(O|T[
R

“ﬁelds”)] |0) (3.327)
This is derived by noting that the left-hand side of Eq. (3.327) is given by

0% :
- / DAMD<:Dc+8—+(“ﬁelds”)e’seff
c

R
5 .
= +i / DAMDch+(“ﬁelds”)8—+(e’seﬂ‘) (3.328)
Cr
9 .
= —i / DAMDch+[F(“ﬁeld”)]elseﬂ“ (3.329)
CRr

which equals the right-hand side of Eq. (3.327). In the last step, Eq. (3.329), we have
used integration by parts and dropped a surface term.

Now what combinations of gauge and ghost fields can make the left-hand side
Eq. (3.327) divergent? Only two possibilities exist: ¢; and ¢, A, . But on the right-
hand side, one has, respectively,
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0110y = 1 < 0o (3.330)

(01A,[0) =0 (3.331)
Thus K is a finite operator, as required.

Step 2: (Lg). Consider the fact that

d
m(@ﬁ(c,ec;c;)w) =0 (3.332)

This equation is written in a shorthand that will be used repeatedly. More explicitly,
using the Noether current J I]fRST of Section 3.4, what we mean is

—/d4x<0|T(3MJERST(x)cRc;c;)|0> =0 (3.333)

Integration by parts and dropping surface terms gives Eq. (3.332).
Expanding Eq. (3.332) then gives

(018crchck10) + (Olcrdchck10) + (Olcref8ck|0) = O (3.334)

The last two terms are finite by Eq. (3.322) and the definition of X. Hence L is
a finite operator.

Step 3: Gluon Propagator. Consider

d
0= ——(0IT (cgAur)I0) (3.335)
AR
= (018c}; Aurl0) + (Olc kA, R10) (3.336)
1
= a«)'a)»AARA;LRm) + (0lc k8 A, R10) (3.337)

The second term of Eq. (3.337) is already known to be finite, ¢ is chosen to be
finite as a gauge choice, and hence the mass and longitudinal parts of Fig. 3.9c are
finite.

Step 4: Three-Gluon Vertex. Consider

d
0= m(OlT(c;AMRA\,R)w) (3.338)

= (08¢ AurAvrI0) + (OlckSALRAVRIO) + (Olck ALrSA,RIO) (3.339)
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Y

Figure 3.11 Extra divergences when fermions
are added.

(@)
(b)
The second and third terms are finite, as, therefore, is
1
aak<0|AARAMRAvR|0> (3.340)

as required.

Step 5: Four-Gluon Vertex. Consider

d +
0= m(O|T(cRA,\RAMRAvR)|O) (3.341)
= —“(0|AcrArrAur Avr|0) + finite terms involving K, g (3.342)
aR

Thus the four-gluon connected Green’s function is finite. This completes the
proof for pure Yang-Mills theory.

Now we must add matter fields: first, spin-% fermions (as in quantum chromo-
dynamics, for example). Allowing the fermions to fall in an arbitrary representation
of the gauge group, their BRST transformation is

sy = —gT - cyrdA (3.343)

Here T is a vector of the same dimension as A,; it is also a matrix with the same
dimension as . We introduce two renormalization constants, Z, and Z,ﬁ, by

v = V7o (3.344)
mp = Zhmsr (3.345)

These are defined such that the full fermion propagator (Fig. 3.114d) is finite (both
the Ap and the Bm pieces).
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Now consider the renormalized BRST transformation
BWR = XgRT'CRl/fR(”LR (3346)

To prove that dyg/dXg is finite involves one tricky argument. Consider the ghost
term in the renormalized Lagrangian

Buc;(ffauclg + XgrAuR CR) = (—ff Dc; + XgRBMc;AA,LR) - CR
(3.347)

where we discard total differentials. Thus the ghost equation of motion involves

0.5

b —Z Ock + Xgrduch Aur (3.348)

Hence, using the same steps as for Eq. (3.327), we have

(01(—Z D¢ + XgrduCh Aur)8¥r¥rI0)

) _
= +i<0‘5—(51//R1ﬁR)
CR

()> (3.349)

= —iXgrT(O|T (Yr¥R)|O) (3.350)
Consider the second term on the left side of Eq. (3.349). It may be rewritten as
X8R<O|(811C;AAMR)5¢R&R|0)
= Xgr(019,(ch Aur)S¥rYRI0) — Xgr(OICk ™ (3. ALR)SYRYRIO) (3.351)

. . 1 . )
= Xgr(013, (ck"Aur)3¥rRI0) — - Xgrer(013(ck"c)5Y RV I0)

(3.352)

. - 1 . -
= Xgr{018, (ck " Aur)SYRVRIO) + EXgROtR(OIt?(C}f Cx)SYRVRIO)

(3.353)
In the last step we used both
d e =
—(0l(ck ") ¥ RVRIO) = 0 (3.354)
d\g

and the nilpotency

82yr =0 (3.355)
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Cg ~ Ak

Figure 3.12 Example of divergent graph
for the operator (c}e' "Ay).

To prove Eq. (3.355), proceed as follows:

8¢ = +gyT- csh (3.356)
82 = —gT - (—gacmz)w,\l — gT-c(—gT- )M (3.357)
1 :
= g2<TaTb — EfmbT‘>c”cb1//8)\25)L1 (3.358)
1
= Egz{[Ta, Tp] = fabere e cPPYor2dn1 = 0 (3.359)

Substituting Eq. (3.353) into Eq. (3.350) and dividing by X gives
Zz o+ + A 7
0|l -5 Uk + grou(ck " Aur) [S¥RYR
8RR

0
5 (Ol(c ck)8vr8v-I0)

= —igrT - (O1Y&rY&I0) (3.360)

+

Now (c}; A, g) is not a finite operator; an example of a divergent low-order graph

is given in Fig. 3.12. But its counterterm is given by (1 — 2/ X)d,.c},/gr. This can
be seen by using the fact that Scg and dcg are finite, since by steps similar to the
above we can obtain from Eq. (3.348),

igr (01T crey 0)

. z ARER 4
=<0’[gR8,L(c; Aur) — 2 D+ B8 epoes | acec

0> (3.361)
= (0] — Ocdcrei10)

%
+ <0' [gRau(C;AAMR) + (1 - 7) DC;](sCRC-}?—

+{o

)

TRER o> (3.362)

+ +
cp cgrdcrécy

149



150

3 Renormalization

Using the form of this counterterm, we conclude from Eq. (3.360) that 8y is itself
finite, as required.
There remains the vertex (Fig. 3.11b). For it, consider the matrix element

(01 &9, Aur WRI0) = g (Ol RS 10) (3.363)

= ar[—(018YRez V/10) — (O1YrCL8V10)] (3.364)

which is finite, as required. This completes the demonstration that quantum chro-
modynamics is renormalizable.

For electroweak forces we must include scalar fields and handle the massive
vectors created through the Higgs mechanism. The second problem is treated in
Section 3.6. Let us here add scalars (to gauge vectors and fermions) with a coupling

1 1 1 1 -
Licatar = 5 Dudp Dy — 5M3¢2 — §.f¢3 — Zw“ +gUve (3.365)

where all labels on ¢ have been suppressed; ¢ may belong to an arbitrary represen-
tation of the gauge group, and its BRST transformation is

8¢ = gT - cpdA (3.366)

We define renormalization constants Z;, X, X ¢, X, and Z}, according to

¢ =V Zsor (3.367)
X

b= ok (3.368)

X 3.369

f JZTfR (3-369)

= 270 (3.370)

M, = \/Z3, Mg (3.371)

These five constants are defined such that the four Green’s functions denoted in
Fig. 3.13 are finite. Note that both Z; and Z$, are used for Fig. 3.13a.

There remain the four possible Green’s functions of Fig. 3.14 to be proved finite.
The scalar-vector coupling (Fig. 3.14d) occurs only if the scalars are in the adjoint
representation. Note that the three cases shown in Fig. 3.15, although they have a
superficial degree of divergence D = 0, are rendered finite by the external deriva-
tive in the case of Fig. 3.15a and by Lorentz invariance (requiring an external p,,)
in the cases 3.15b and c.

When scalars are present, we must return to the proof of renormalizability for
pure Yang—Mills theory. In step 1, particularly Eqs. (3.330) and (3.331), there are
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(b)
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Figure 3.13 Four Green’s functions made finite by definitions
€)) of Zs, X5, Xy, X, and Zj,.

now three combinations of fields: ¢}, ckA,r, and c}¢, which can make the left-
hand side of Eq. (3.327) divergent, but the proof remains, and steps 2 through 5 are
also unchanged.

Next we look at d¢r /dA g, given by

dpr = (XgrPRT - cr)dAR (3.372)

That this operator is divergent can be seen by Fig. 3.16, for example. The procedure
is similar to that for the fermion case; namely, one uses the ghost equation of
motion and considers the relations

< ‘83
0| —3¢r
(SCR

AR
0> = l<0‘a(8¢1¢) 0> (3.373)

A
<O’—‘S¢R¢R
5CR

1)
0> = i<0‘—5 (OPréR)
CR

0> (3.374)

151



152 | 3 Renormalization

—

(@)

()

(0)

'_‘&QQQQQ/
Figure 3.14 Four extra divergences when scalars are added to

() gauge theory with fermions.
Using the counterterm derived previously in the fermion proof, one finds that
8 R<

R 1 (&
8R<0 [%(AMR CR) + —(— - 1) Ocj, |sdrdr
gr\ X i

~ 1 (& T
|:8;1,(AMR CR) + g—R<— — 1) O C; 8¢R

(=)

X

0> (3.375)

0> (3.376)

are finite, and hence §¢p, itself.
To show finiteness of the four Green’s functions in Fig. 3.14 is a simple exercise.
We consider the four BRST identities

d
mwlT(c;wAMR)IO) =0 (3.377)

d
M<O|T(¢R¢RC;)|O> =0 (3.378)
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Figure 3.15 Three vertices rendered fi-
nite by external derivative or Lorentz in-
variance.
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Figure 3.16 Example of divergent diagram for d¢g /drg.

d

T (OIT (prérC K ALr)I0) =0 (3.379)
R

a 0|T (¢t pr)10) =0 3.380

dAR< IT(cxér)I0) = (3.380)

respectively, and the required result follows. This completes the proof for elec-
troweak dynamics, still with massless vectors, except for one loop hole, as follows.

Since we have been tacitly assuming the use of dimensional regularization every-
where, closed fermion loops that involve y5 have been excluded. In a general Feyn-
man diagram, the closed fermion loops are necessarily disjoint and can apparently
be treated one at a time. Bardeen [50] suggested the following procedure:
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1. Dimensionally regularize all boson integrations.

2. Perform the Dirac traces in four dimensions.

3. Regularize the fermion loop momentum integrals using either dimensional or
Pauli-Villars techniques.

This prescription is suggested as preserving all Ward identities, provided that
the anomalies are canceled, as discussed in Section 3.3. No detailed proof of the
Bardeen prescription has been provided; this is a logical gap in the proof for renor-
malization of a chiral gauge theory [104].

3.6
'T Hooft Gauges

In the discussion so far, we have assumed that the vector propagator has the renor-
malizable behavior ~1/p?, p*> — oco. With massive vectors, this is not true, in
general, and power counting is lost because divergences can grow arbitrarily by
adding new internal massive vector lines to any given diagram.

As pointed out by 't Hooft [67, 68], the combination of non-Abelian local gauge
invariance and spontaneous symmetry breaking (i.e., Higgs—Kibble mechanism)
gets out of this impasse. Let us progress by stages, to obtain a clear picture of how
this happens.

In an Abelian gauge theory, with only neutral vectors coupled to a conserved cur-
rent, the addition of a mass term is harmless. For supposing that we take massive
quantum electrodynamics with Lagrangian

1 1 -
L ==L OuAy = AT+ SMPALAL + PGP — MY (3.381)
The vector propagator is

—i 8uv — kuk\)/l‘/[2

3.382
k2 — M? +ie ( )

But if we decompose the vector field A, into transverse and longitudinal parts,
1
Ap(x) = au(x) + M%b(x) (3.383)
The pairings give
aydy ~ guv (3.384)

3ubdb ~ kyk, (3.385)

in the propagator. Recall that the S-matrix depends not on .Z(x) but on § =
S/ d*x 2 (x). Since £ (x) contains 1/_f)/ul/fA ., the action contains
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_ 1 -
[ s (wmau + Mwww) (3.386)
Integrating the second term by parts and using the current conservation

hu(Pyup) =0 (3:387)

we see that the k, k,/M? part of Eq. (3.382) always gives zero contribution, and the
theory is renormalizable.

In a non-Abelian theory the self-couplings of A,, give a new (gauge-variant) cur-
rent, coupling to the vector field, which is not, in general, conserved and the argu-
ment above fails.

This simplest place to study 't Hooft gauge is the Abelian Higgs model [cf.
Egs. (1.274) through (1.282)]. The Lagrangian is

Py 1
&L = |0 +ieAup)|’ — M24*p — g(¢*¢)2 — 7 Fuv Fi (3.388)

Parametrizing complex ¢ as the two real fields ¢ and n gives

¢ =t (3.389)

2

6M?
v | < (3.390)

one finds (recall that M? < 0)

1
2

2

1
&L = ——FuFuy + =0umdun + M2y

4
1,55 1
+ Ee VA AL+ ESMZE)M{ +evA,0,¢
+ higher orders (3.391)
Now choose the gauge-fixing term
1
Lo = —2—(3;414# — aevi)? (3.392)
o
As for the covariant gauges considered in Chapter 2, this may be incorporated into

the functional integral by writing the functional delta function to include the auxil-
iary function f(x):

/DfH(S(aMAM —aevt — f) exp(—% /d4xf2> (3.393)
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There is also the ghost term in Z, of course, but that is irrelevant to the con-
siderations of the present section. One finds (M = ev) that

1 1
L+ Loy = —ZFMF,“) + Ea#naﬂn + Mszn2

1, 1 15,

1
— g(BMAM)Z + higher orders (3.394)

The terms quadratic in A,, are given by

1

SApAM (3.395)
1

M™ = M?g,, — —kuky — kK> g + kyuky (3.396)

o

k. k
= (2 = 1) (g0 - 22

15\ kuky
+ <M2 - —k2> = (3.397)
o

The inverse of M,,, is given by N, such that
MyuaNoy = g0 (3.398)
One finds easily that

1 kyuk,
N == |8 — U T (3-3%9)
The vector propagator is thus i N,,,. The crucial point is that for any finite « < oo,
the propagator behaves ~1/k?, k* — oo, just as in the massless case.
We also have the scalar n with propagator

i

_— 3.400
K2 4£2M2 + e ( )

and ¢ with propagator

i

B ——— 3.401
k2 —aM? ( )

Thus we have five states A, and ¢ to discuss three components of A,,. As « —
00, these are reduced to three because we have a genuine spin-1 A, and M — oo.
The fields A, and ¢ separately have no significance in the 't Hooft gauge. The
poles at k> = aM? in the propagators (3.399) and (3.401) can be shown to cancel in
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the S-matrix such that unitarity is preserved, although we do not present the proof
here.

From Eq. (3.399) we observe that « — 0 corresponds to the Landau gauge;
a — 1, to the Feynman gauge; and @ — oo, to the unitary gauge (discussed in
Chapter 1). In the unitary gauge, the particle content, and unitarity, are manifest,
but power-counting renormalizability is lost, since the vector propagator ~ con-
stant, k2 — oo.

Note that when we include the interaction terms, there are many additional ver-
tices to be accommodated in the Feynman rules, since

£ + Zcr = (quadratic terms)

1
+ ;[(aﬂq)(auc +MAL)nQv+n)

—lmﬁ%—i¢w4+1¥A AunQv +1n) (3.402)
6 24 2 THTH '
The vertices are (+i) x %t in the Feynman rules, plus appropriate combinatorial
(p!) factors for identical fields.

Next consider an O(3) non-Abelian Higgs model [cf. Eqgs. (1.286) through
(1.292)]. The Lagrangian is

1 m 2 l a a
L = (e + feumA,8")” = Vget) — 2 Fi Fiy (3.403)

In this we parametrize the triplet ¢¢ by

i
¢=m4—;&ﬂ+&nﬂ 0 (3.404)
v+n
&
~ | —& | + higher orders (3.405)
v+7n
where we used (T")jx = —i¢;ji. Substitution into Eq. (3.403) gives, after some

algebra,

1
£ = J[0607 + 0u2) + @un)?] + M27?

12 2 [ BEAYIRON! 2 42
+<§M +g vn—i—zg N ) (A, A, + AL AY)

1

+ (M + (A, 0,8 + AL0.E%) — T FJ Fly
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1 5, 3M2 5 M2, M,
— —M? s s s
4°v+21)7]4—4v2'7+v¥]7

M 2y M7y
— — 3.406
I SE 4 5k (3.406)
where §2 = &7 + £7. To go to the 't Hooft gauge we use as the gauge-fixing term,

1 a a\2
Loy = _%(auA# —aME®) (3.407)

with M = gv. The AL;Z — £12 mixing terms then cancel (after integration by parts)
and the propagators are seen to be

_iguv

3.
B e (3.408)
1,2 . _i[g;w —(1- Ol)kﬂku/(k2 _ O{Mz)]
A[/. . k2 — M? +ie (3409)
+i
5112 : m (3.410)
. i
" m (3.411)

The propagators for the massive A }L'z are seen to be renormalizable, behaving as
k=2, [k| — oo.

As a final, more realistic example, consider the Glashow—Weinberg—Salam
model. We seek its gauge-fixing term. The part of the Lagrangian involving Higgs
scalars is

ig ig .
2 = (au¢+ + 73M¢+ + 71.114;‘(1)-&-)

: (am - %B,Ld) . A;¢) — 129t — (¢t 9) (3.412)

2
Parametrize
i 1 0
o=(-56) 5 (.2,) A
_ —%flf%cfz 1
_< 1_%53 >ﬁ(v+n) (3.414)

Then we find that £ contains (Mp = %g’v, My = %gv)

1
—MpgB,,0,8 + MwA, -3, + 53,/;‘ -0,.8 (3.415)
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Thus we define the gauge fixing as

1 1 2
Lor = —E(aNAZ —aMyE)" — Z(BMBM +aMgé?) (3.416)

The masses are now given by the term
1 1
—EO‘M%v(&Z +8) - EaMﬁ(Es)z (3.417)
where we used
Mi, + My = M3 (3.418)

Rewriting in terms of physical fields by

A} = —sinfy A, + cos Oy Z,, (3.419)
B, =cosOwA, +sinfyZ, (3.420)
then
1 & » 1
_ i i 2
Lor = — ;(B,LAM —aMyé')" — 5o BuAw)
1 32
_ %(8111# +aMyEd) (3.421)

Combining this with the quadratic terms
1 ; 21
—Z(aMA; —9,AL)" — 7 (OuBy — 3, B,)*

1 2 LAl 42 42 1 2
+ 3 Miy (AL A ALAL) + M2 2,2, (3.422)

one deduces the set of propagators

_ —iguv

. 3.423
M k2 +ie ( )
1 —ilguw — (1 — Wk, /(K2 — aM}
WE = (4l kia2) ; o 2O Z ORI /E Z oMy .
7 k2 — M2, +ie
2+ 8w = (1= bk /@ — abt)) (3.425)
k? — M3 +ie
o i (3.426)

" k2 —on%V
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i

£ —
k2—oeM%

(3.427)

To establish unitarity, it is necessary to demonstrate that the unphysical («-
dependent) poles cancel. This is shown in detail in Refs. [74] and [86] (note that
the Re gauges therein coincide with the above, with & = 1/a).

Using such gauges, the renormalizability of the non-Abelian Higgs models is
demonstrated. But at this point the reader may well raise the question of unique-
ness. For the models we have considered, when written in the U-gauge, renormal-
izability is not obvious and it is only after special manipulations that it becomes so.
Thus how do we know that the Higgs models are not just special cases of appar-
ently nonrenormalizable models that can eventually be rewritten, with sufficient
cleverness, in a manifestly renormalizable form?

There is a plausibility argument for uniqueness based on tree unitarity [105-
112]. Consider the N-point tree amplitude, and suppose that all momentum trans-
fers and subenergies grow ~ E2, E — oo with nonexceptional momenta (i.e., all
Euclidean), or at least away from Landau singularities. Then tree unitarity requires
that

Tywn < E*N, E— o0 (3.428)

To see the reason for this, consider the unitary relation
/ dQy_2|Ty_22]> < Im T 5 < constant (3.429)

(neglecting logarithms). Since the phase space Qy_» ~ E2N~8, we find Eq. (3.428)
for consistency. The precise connection between unitarity and renormalization is
unknown, so it is only a conjecture that tree unitarity is necessary.

It can be shown that Higgs models preserve tree unitarity [112]. The inverse
problem can also be solved: What constraints are imposed on the couplings of spin
0, % and 1 by tree unitarity? The answer is that there must be Yang—Mills cou-
plings, and for non-Abelian massive vectors, there must be Higgs scalars coupling
precisely according to the gauge theory model.

The algebraic detail is provided in the original papers cited [105-112] and is not
very illuminating in itself. Two examples may be mentioned.

Example 1. v+v — W + W~ (Longitudinal Helicities). In this case, the electron
exchange diagram (Fig. 3.17a) violates tree unitarity, but when combined with the
neutral current boson diagram (Fig. 3.17b), the amplitude behaves correctly.

Example 2. e™ + ¢~ — WT + W~. Here, the anomalous magnetic moment of
W makes the electromagnetic pair production badly behaved (Fig. 3.18a). All four
diagrams add to restore tree unitarity.
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w+ w-
} el_ :
Ve Ve
(@
wH w~
ZO
Ve Ve
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Figure 3.18 Four Born diagrams forete™ — WHtw—.
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The existence of this argument makes it likely that the only renormalizable mod-
els of charged and massive vectors are gauge theories.

Note that no field theories with a finite number of spins greater than 1 are known
to be renormalizable. For example, all extended supergravity theories are believed
to have uncontrollable divergences at the three-loop level.

3.7
Summary

To arrive at our present stage, we have used four key ideas, which we may state
briefly:

1. The combination of local gauge invariance and spontaneous breaking in the
Higgs mechanism. This introduces scalar fields.

2. The introduction of fictitious ghost fields (Faddeev—Popov) in quantization and
the Feynman rules.

3. The use of ghost fields in the gauge function to simplify proof of the Ward
identities and renormalizability (BRST).

4. The choice of gauge relating divergence of the gauge field to the Higgs scalar
field, facilitating proof of renormalization after spontaneous breaking ('t Hooft).

The payoff from all this mathematics is a new wide class of renormalizable the-
ories, on a footing with QED, and one must attempt to use them for describing
the fundamental forces. For strong interactions, the standard idea is to use exact
Yang-Mills with an octet of SU(3) gauge gluons coupling to color triplet quarks.
We have shown that this theory is ultraviolet renormalizable; the further important
ultraviolet property of asymptotic freedom is discussed in Chapters 5 and 6.

For unified weak and electromagnetic interactions, one chooses the gauge group
to be SU(2) x U(1), with appropriate representations for the fermion (lepton and
quark) matter fields. The Higgs scalars are put in doublets of the SU(2), and
one can then successfully calculate higher-order weak interactions, as described
in Chapter 4.
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4
Electroweak Forces

4.1
Introduction

As an example of a spontaneously broken gauge theory, we discuss the standard
SU(2) x U(1) electroweak theory. This theory contains many free parameters, in-
cluding the masses of the quarks and leptons. We describe how to estimate the
quark masses from consideration of spontaneous chiral symmetry.

A principal success of the electroweak theory was the prediction of charm. The
J /¢ particle discovered in 1974 was the first experimental signal of the charmed
quark necessary to obtain a consistent description of neutral weak currents cou-
pling to hadrons. The bottom and top quarks were subsequently discovered to fill
out a third generation of quarks and leptons, with the t lepton and its neutrino.

Precision data on the electroweak theory are now at the 0.1% level of accuracy
and check the one-loop quantum corrections. A detailed comparison of many ex-
perimental results yields compelling support for the correctness of the theory. The
one missing state is the Higgs boson, for which searches are under way at the large
hadron collider at CERN.

Mixing of three quark generations gives rise to CP violation through a phase that
could underlie the observed CP violation, although whether it explains the effect
fully remains an open question. The strong CP problem remains a mystery, and
potential difficulty, for the standard model.

4.2
Lepton and Quark Masses

The elementary spin-% fermions from which everything is made are taken to be the
leptons and quarks. The leptons are singlets under the SU(3) color group and do
not therefore experience strong interactions. Six flavors of lepton are known and
these fall into the three doublets

(2) (2) (%) 2
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The masses of the charged leptons [1] are (in MeV) 0.511, 105.66, and 1783.5 for e,
u,and t.

From big-bang cosmology, there are further interesting constraints on the num-
ber of neutrinos and on their masses. First, as pointed out by Gunn, Schramm,
and Steigman [2, 3] the abundance of “*He observed in the universe and compari-
son with primordial nucleosynthesis indicates that the number of species of light
(« 1 MeV) stable neutrinos should not exceed three. The reason is that each addi-
tional neutrino increases the energy density and hence the expansion rate so that
the weak interactions converting protons to neutrons, and vice versa, freeze out
earlier, to leave a larger neutron—proton ratio. Most of the neutrons end in 4He, so
the primordial abundance of “He is higher. The details are given in Refs. [2] and [3]
and reviewed in Refs. [4] and [5]. Terrestrially, in 1989, the invisible width of the Z
gave the number of neutrinos with mass below Mz /2 as 3.

Another cosmological constraint is an upper limit on the sum of the masses of
neutrinos (i.e., light neutral stable particles). This limit is about 1 eV.

Quarks are triplets under SU(3); antiquarks are antitriplets. Quarks appear in
at least six flavors, which fall into the doublets

(2) ) () v

The electric charges will be taken as +% and —% for the upper and lower com-
ponents, respectively. Integral charges have been suggested by Han and Nambu
[13] and initially adapted in grand unification schemes by Pati and Salam [14-17],
though without complete commitment [18]. For the electroweak interactions, only
the average over colors matters, so we cannot distinguish the two possibilities;
but the hadronic e + e-cross-section resolved this in favor of the fractional quark
changes.

Until 1974 there was experimental evidence only for u, d, and s which underlie
the approximate flavor SU(3) symmetry of Gell-Mann and Ne’eman [19] (reprinted
in Refs. [20-22]). The quarks were suggested as more than purely mathematical
entities in 1964 by Gell-Mann [23] and Zweig [24] (reprinted in Ref. [25]). The ac-
ceptance of quarks as the true hadron constituents took a decade and received im-
petus in two important stages, in 1969 and 1974, respectively. The first (1969) was
the observation of scaling in deep-inelastic electron—proton scattering, interpreted
by Feynman [26] as due to pointlike constituents (partons) inside the proton. The
identification of partons with quarks by Bjorken and Paschos [27, 28] led to the
quark-parton model, which has proved indispensable phenomenologically (for re-
views, see, e.g., Refs. [29] and [30]).

The second development (1974) involved the discovery of the J/y particle
[31, 32] and the subsequent appearance of both radial and orbital excitations, which
confirmed that this hadron is an essentially nonrelativistic bound state of two spin-
% quarks: actually, a charmed quark and its antiparticle. The direct evidence for
the occurrence of such heavy quarks obviously supports the idea that the light u,



4.2 Lepton and Quark Masses

d, and s quarks be taken equally seriously as constituents of the light baryons and
mesons.

A striking fact of particle physics is that although there is overwhelming evi-
dence for quarks as hadron constituents, no evidence for free quarks exists (apart
from some unreproduced exceptions; see, e.g., Refs. [33] and [34]). This confine-
ment property is expected to be contained, as a consequence of infrared slavery, in
QCD.

Quark confinement means, however, that specification of the quark masses is
more ambiguous than for the lepton masses, and necessarily involves some arbi-
trariness in definition and convention. In particular, we must distinguish between
constituent quark masses and current quark masses, the latter being most rele-
vant for the QCD or electroweak Lagrangians used in perturbation theory. Here we
follow the discussion by Weinberg [35].

Let us first focus on the three lightest quark flavors: u, d, and s. It is obvious
from the hadronic mass spectrum that s is somewhat more massive than u and d.
The masses can be defined and calculated most conveniently from the spontaneous
breaking of U(3),, x U(3)g chiral symmetry [36, 37] in quantum chromodynamics.
For massless quarks, the QCD Lagrangian (with quark color indices suppressed) is

n 1 aa 1 a a
L= ZWM Ay — ng AS ) — ZFWFW (4.3)
k
This is invariant under the global chiral transformation (a = 1,2, ...,9)
Vi — (emu&z)kﬂ//u (4.4)
Yre = (¢™%) VR (4.5)
where
1 1
V= 5(1 +y5)y + 5(1 — Y)Y (4.6)
=Yr+ YL (4.7)

This invariance for the kinetic term is seen immediately since

VYl = URVWUR + YLvevL (4.8)

The “nonsimple” part Uz (1) x Ug(l) = Uy (1) x Ua(l) corresponds to baryon
number conservation [Uy (1)] and the axial U4 (1), which is known to be broken
by nonperturbative instanton effects [38]. The relevant chiral symmetry is therefore
only the semisimple SU(3)y x SU(3) 4 subgroup. Quark mass terms will break this
chiral symmetry to only SU(3)y since

myy = mrYL + YL vr) (4.9)
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is invariant only if 6 = 6% and if the quarks have equal nonzero mass m, =
mg # 0. This flavor SU(3)y is broken further to isospin SUQ2)y for m,
mg # mg. If SU(3) 4 is broken spontaneously, there are eight (approximately) mass-
less pseudoscalar Nambu—Goldstone bosons, identified as the octet of pseudoscalar
mesons (7*, 7°, K*, K°, K°, ). We shall now indicate how using current alge-

bra and PCAC, the meson masses may be related to the quark mass ratios provided
that we assume that the vacuum is flavor SU(3) symmetric.
The PCAC relation

dud 34 (x) = Frpup, (1) 9" (x) (4.10)

gives for the pseudoscalar I1¢ propagator

E®(q) = /d4xeiq'X<0|T(aMJj“(x), 3,J5°(0))[0) (4.11)
ia"bqu“ (Ha)

= ntm 4.12

12, (r) — g2 (12

Hence the Nambu-Goldstone boson mass is

(1) = =5 E(0) (4.13)

b

But integration by parts gives

E®(q) = —iqy f d*xe (0T (J3%(x), 8,457 (0))]0)

- / d*xe 1 (01 J37 (1), 8,73 (0)]5 (x0)10) (4.14)
where we used
T(734(x), 3, 15P(0)) = 0(x0) I (x)3y I3 (0) + 0(—x0)dy J 3P (0) T3 (x) (4.15)
and
3,0 (£x) = 8,08 (x0) (4.16)

We also have
8,45 (0) = —i[Hm(O), / d%fé”(y)} (4.17)

where H,, is that part of the Hamiltonian density breaking the SU(3) 4 symmetry,
namely,

H,, = myiiu + ngdd + mg3s (4.18)
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Hence
2 i 4 4 5 5
1 () = 72 / d*xd*y(OI[J3* (), [ 13 0y Hu ()], _o,—ol0) (419
where F; is the charged pion decay constant, F; >~ 190 MeV. With the standard

normalization of the Gell-Mann matrices [Tr(A?A”) = 287?], note that [here ¢ =
(u,d, s)]

_[1 1
Hy = q |:§(Mu - Md))\3 + —3(Mu + My — 2Ms))\8

24/3
LIV +M)?~9] (4.20)
- g .
\/6 u s q
and
34 = —igyoysiiq (4.21)

Now using the algebra of SU(3) generators,

[r9,2P] = 2ifabene (4.22)
we find that

u2 () = p2 (1°) = %[Mu (iiu)o + Mg (dd)o) (4.23)

1 (KT) = F%[Mmmo + My(5s)o] (4.24)

12 (K°) = F%[Mu (ddyo + My 5s)o] (4.25)

To proceed further, we may assume that flavor SU(3) is not broken spontaneously,
so that

(au)o = {dd)o = (5s)o (4.26)

More generally, we might assume that (iu)g = (dd)o (strong isospin) but (ss) =
R({dd)¢. For the moment we take R = 1; the possibility R # 1 is discussed later.
The physical meson masses have a contribution from virtual photons, so that

@ (M9) = pp, (1) + g2 (1) (4.27)

with

13 (1) = 13 (K% =0 (4.28)
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uy () = iy (K) (429)
Taking this into account, straightforward algebra then leads to the quark mass ra-
tios

M, K% —(KT) — (x*

Ma _ (K) - (K —@=™") (4.30)

M, 2@+ (KY) - (K- (=1

M, KO KT) — +

s _ (KD+EH =) (4.31)

Mg~ (KO — (K*) + ()

where we used the meson symbol to denote its squared mass.

Note that such squared meson masses are related to unsquared quark masses
because of the difference between boson and fermion propagators. In units of
(GeV)2, the observed masses are

1 (K1) = 0.2437 GeV? (4.32)
1?(K°) = 0.2477 GeV? (4.33)
n?(xt) = 0.0195 Gev? (4.34)
12 (7°) = 0.0182 GeV? (4.35)

and hence the numerical values of the quark mass ratios are

Md_ g (4.36)
my
M5 —20.1 (4.37)
mq

If we take R # 1, then my4/m,, is unchanged but m;/my4 = 20.1/R; for example, if
R = 4, the latter ratio is reduced to about 5.

Next, we consider the absolute values of the quark masses, and this requires a
normalization prescription. A sensible procedure is to assume that

(Gkqi)n = NhkZm (4.38)

where Ny is the number of valence quarks of flavor k in hadron / and m is defined
as the renormalized quark mass by

my = Zmmy (4.39)

with z,, a universal renormalization constant. Within a flavor SU(3) multiplet, the
mass splittings are due mainly to m?:

mp >~ mgy + m?Nhs (4.40)
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and hence m¥ can be estimated. One has the unitary multiplets (the pseudoscalars
are unreliable here because of their special role as approximate Nambu-Goldstone
bosons from spontaneous breaking of chiral symmetry) with mass splittings [1]:

1. Vector mesons:
m(p) =776 MeV (S = 0) (4.41)
m(K*) =892 MeV (S = —1) (4.42)
2. Tensor mesons:
m(Az) = 1312 MeV (S =0) (4.43)
m(K**) = 1434 MeV (S = —1) (4.44)
3. Octet baryons:
m(N) =939 MeV (S =0) (4.45)
m(E) = 1318 MeV (S = —-2) (4.46)
4. Decuplet baryons:
m(N*) = 1232 MeV (S = 0) (4.47)

m() = 1672 MeV (S = —3) (4.48)

These four multiplets give mean mass increments per unit strangeness of 116, 122,
190, and 147 MeV, respectively. As an approximate working average value, we may
take

m* =150 MeV (4.49)
Using the ratios derived previously, we then obtain

m* =42 MeV (4.50)

mh =17.5MeV (4.51)

Of course, these values are much less than the “constituent” quark masses, which
may be taken as about %m(,o) or %m(N), that is, 350 MeV for u and d and 500 MeV
for 5. Most of this mass comes not from mass terms in the QCD Lagrangian but
from nonperturbative effects, necessary for infrared slavery and confinement, that
are less amenable to estimation. If we assume that this extra contribution 350 MeV

m
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is flavor independent, we can then estimate the renormalized current masses for c,
b,and t. Using the masses m(J/¢¥) = 3.10 GeVand m(T) = 9.4 GeV, one arrives at

m?* = 1200 MeV (4.52)
m} = 4400 MeV (4.53)
m* = 174,000 MeV (4.54)

With respect to these masses, we should add the following remarks:

1. The different (m}; — m};) is not necessarily equal to the difference in the corre-
sponding constituent quarks because of extra electromagnetic contributions (of
order ~ 350 MeV x 1/137 ~ 2 MeV); nevertheless, the value obtained by the
combinations, for example,

[m@n) —m(p) +m(E7) — m(E°)] = 3.7 MeV (4.55)

N —

[(27) —m(ET)] = 4.0 MeV (4.56)

N[ —

are impressively close.

2. By increasing the value of R from R = 1 to, say, R = 4, as an extreme case we
increase m}; and m; by a factor of 4 to, for example, m}; = 30 MeV. But then
(m} —m}) = 13.2 MeV seems too high.

3. Other approaches to the quark masses, involving global fits to both the baryon
spectrum and the baryon sigma term [39, 40] or exploiting the “MIT bag” model
[41], generally give higher mass values. But it is futile to attempt a more accurate
calculation than we have already given.

4.3
Weak Interactions of Quarks and Leptons

Electromagnetic interactions are described successfully by quantum electrodynam-
ics (QED), which is an abelian U(1) gauge theory with coupling g = ¢ > 0, the
electric charge of the positron. Under a gauge transformation f(x) the fields trans-
form as

ba — i) ba (4.57)
where ¢, is the electric charge eigenvalue for ¢,. For example, in the first family
e~ — e PWem (4.58)

Ve = Ve (4.59)
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U —s 2/3iIB)y, (4.60)
d — e~ 13BN 4 (4.61)

and similarly for (™, vy, ¢, s) and (z7, v, 1, b).
The amplitude for the basic electromagnetic process is

—ieA, JM (4.62)
with

JIM — _; +%‘ i 4.63
po = TEVue T FUYult =AY t- (4.63)

Clearly, electric charge and all flavors are conserved. Because JIEM is nonchiral,
parity is conserved; also, QED is even under C and T separately.

The electric charge U(1) is unbroken; hence the electromagnetic force is long
ranged. There is a limit on the photon mass given by [42]

m, <6x1071%ev (4.64)

obtained by space-probe measurements of the Jovian magnetosphere. The fine-
structure constant is o, = 62/47'[ = (137.036)"! at q2 =0.

Weak interactions are responsible for S-decay, u-decay, and most hyperon de-
cays. These forces are very weak and have a range less than 1072 fermi = 10~ cm,
corresponding to an energy scale > 20 GeV. The original knowledge of weak in-
teractions (for a review of the subject up to 1969, see Ref. [43]; some of the impor-
tant original papers are reprinted in Refs. [20], [44] and [45]) was based on the fact
that strangeness, S, and the third component of strong isospin, 73, are violated,
although both are conserved by strong and electromagnetic interactions. Charge
conjugation, C, and parity, P, are both violated, although the product CP is con-
served approximately. There is a small violation of CP in the neutral kaon system
which is a very important feature of the electroweak forces and is discussed in
Section 4.7.

Prior to the discovery of neutral currents in 1973, most known properties of weak
interactions were describable by a modernized Fermi [46, 47] (reprinted in Ref. [44])
interaction of the form

1 G

with G = 1.027 x 107 M;z (M, = proton mass). The charged weak current was
given by Cabibbo [48] (see also Ref. [49]). The (V-A) structure had been established

earlier in Refs. [50] and [51]; the conserved vector current hypothesis of Ref. [51]
was discussed earlier in Ref. [52] as

Ly Jud )+ I8 0) (4.65)

Ju = ey (1l —ys)ve + pyu (1 — ys)vy

+cosOedy, (1 — ys)u + sin 05y, (1 — ys)u + - -- (4.66)
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where only three flavors (, d, s) have been included, as well as only two families
of leptons. Defining

1
YL = 5(1 —¥Ys)¥ (4.67)
allows one to rewrite
Ju =2(eLyuver + AL VuVuL + cos GcﬂLyuuL +sinO:Spyup +---)  (4.68)

in terms of two-component Weyl spinors. One finds phenomenologically the value
of the Cabibbo angle sin 6, = 0.228, so that rates for strangeness-changing decays
have a suppression ~ tan” 6, = 0.055.

From Eq. (4.68) we see that charged current interactions satisfy AS = AQ = +1.
Processes with AQ = —AS are never observed. In nonleptonic weak decays, the
strong isospin satisfies the empirical selection rule AT = % ; this may be explicable
in terms of, for example, s(T = 0) - u(T = %), as discussed later in connection
with CP violation.

Because the electroweak interactions violate C and P, it is useful to discuss here
in detail how C and P act on fermions. Such a discussion facilitates the formulation
of electroweak theory as well as preparing the ground for later treatment of grand
unified theories. Consider a four-component Dirac field ¥ (x, #) which annihilates a
particle or creates an antiparticle. From it we may define two two-component Weyl
spinors g 1 by

1
Ve =50 xys)v (4.69)
with adjoints ¢ = ¥y satisfying

. -1
VRL=1- 5(1 Fvs) (4.70)

so that the nonvanishing terms in fermion-conserving bilinears involve LR and
RL for even numbers of Dirac matrices and LL and RR for odd numbers. For
example,

Y = YrYL + YLVR (4.71)

VvV = URYuWR + VLvuvL (4.72)

For zero rest mass, ¥ g() annihilates a right (left)-handed neutrino or creates a left
(right)-handed antineutrino. For nonzero mass m, the same becomes true only in
the ultrarelativistic limit with energy E >> m; nevertheless, the Weyl spinors can
still be defined in this fully Lorentz invariant manner.

If neutrinos are precisely massless and only vy is ever observed together with
(V)g, only ¥ is needed to describe the physical degrees of freedom. This is the
two-component neutrino theory [53-57]. The two-component description does not
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necessarily imply that the neutrino is massless, however, unless we also assume
that there is a conserved fermion number. The point is that as an alternative to a
Dirac mass term, Eq. (4.71), we may construct a Lorentz scalar

cap Vil (4.73)

from ¢, alone. Here, €12 = —€3; = +1 and «, B = 1, 2 denote the two compo-
nents of the Weyl spinor. Expression (4.73) is usually called a Majorana mass term
and does not allow definition of a conserved fermion number. The presence of Ma-
jorana mass terms that violate lepton number is suggested by some grand unified
theories of strong and electroweak interactions, as will be discussed much later.

We now digress to explain how expression (4.73) is a Lorentz scalar. (Some fur-
ther details are given in, e.g., Ref. [12].) The spinors 1, and ¥ need to be identified
with the (%, 0), (0, %) representations of the Lorentz group O(4) ~ SU(2) x SU(2).
Because of the indefinite metric, although rotations may be identified by J = %o,
the boosts must be identified nonunitarily by K = (i /2)o for ¥gy, respectively.
Thus the action of Lorentz transformations is given by

YRL — ARLVRL (4.74)
with
o
AR = exp|:i5 -0 iﬂ)] (4.75)

Here 0 and B are the rotation and boost parameters, respectively.
With the conventional choice for the Pauli matrices, one has

02000 = —o* (4.76)
and hence
o2Agl o2 = Afy (4.77)

since under transposition
ol =of (4.78)
Thus we have

Mg O2ARL =02 (4.79)

From Eq. (4.79) it follows that a Lorentz scalar bilinear in v is given by
VRoaWR — Vg ARO2ARYR (4.80)

= YRo2VR (4.81)
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Since o7 is antisymmetric, this scalar is seen to arise from the antisymmetric part
of (0, %) x (0, %). Similarly, 1//[021/@ is a scalar, being the antisymmetric part of
(%, 0) x (%, 0); this is then precisely of the form (up to a factor —i) of Eq. (4.73), as
required.

Let us now consider the effects of P and C. Under P (parity), a Dirac spinor
transforms as [see, e.g., Ref. [58], Eq. (2.33)]

Y1) B Y (=x, 1) = y¥ (—x. 1) (4.82)
because

Pu > Pl = (po —P) (4.83)

=o' v (4.84)

@B -myxn=05 ¢ —my'(—x1=0 (4.85)

Note that there is an overall phase in Eq. (4.81) which has been chosen arbitrarily.
It follows that for the Weyl spinors

VL R® 1) B YR L(—X. 1) (4.86)

and

VLR( D B YR L(—X D)W (4.87)
The Cabibbo charged current involves terms of the form (not summed on )
VIL O D YL (%, 1) B Yir(—% Dy v (=X, ) gup (4.88)

and clearly L,, is not invariant under P. Note that L,, involves (g,m)2 = +1, so
there is no problem with Lorentz invariance.

Under charge conjugation C, the behavior of a Dirac spinor is [cf. Ref. [58],
Eq. (5.4)]

¥ Sy =Cyl =Croy” (4:89)
with (the overall phase is arbitrary)

C=inn (4.90)
This follows from requiring that

(Y —eh —m)yr =05 (Y +ed —m)y< =0 (4.91)
Hence

Cr)yi(cr?) ™ = —n (4.92)
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and since
vyt =yl (4.93)

one needs
CyiC =y, (4.94)

In the standard representation with yp and y, symmetric and y; and y3 antisym-
metric, this mean that [C, y92] = {C, y1.3}+ = 0; these relations are clearly satis-
fied by Eq. (4.90).

For the Weyl spinors, it follows that

YrL = (R = (CYE L) = (), & (4.95)
and hence in the charged weak current

ViLyuvaL = —VarVuVir (4.96)

so that L, is not invariant.
Under the product CP, we have from Eqs. (4.88) and (4.96),

V1L 0y ar (1) > Yop (=%, Oy L(—x, 1) (4.97)
and hence for the Lagrangian density L,

Ly(x, 1) > Ly(—x,1) (4.98)

Thus the action
/ d*xLy,(x, 1) (4.99)

is invariant under CP. This assumed that the coupling G in Eq. (4.65) is real.

With the Cabibbo structure, L,, described charged current weak interactions suc-
cessfully, except CP violation and possibly the nonleptonic kaon and hyperon de-
cays. However, L,, cannot be exact since at high energies it violates unitarity. For ex-
ample, in the process v,e™ — v.e™, the cross section is given by, ignoring masses,

G2
o(S) = = (4.100)
T

95)

where S is the squared center of mass energy. But being a point interaction, the
process is pure S-wave and hence must satisfy partial-wave unitarity of the total
cross section:

4
o(S) < < (4.101)

Thus if § > 27/GF ~ (700 GeV)?, there is a violation of unitarity.

177



178

4 Electroweak Forces

We might hope to unitarize by higher-loop corrections, but the problem then is
that the four-fermion interaction, Eq. (4.65), is nonrenormalizable and has uncon-
trollable ultraviolet divergences.

The next step is to assume that the four-fermion interaction is the low-energy
limit of a finite-range force. The Lagrangian then becomes

Ly (W, + JW,) (4.102)

_ .8
242

with a propagator for the intermediate vector boson (IVB) of the form

—i(guv — kuky/M2)

D, (k) = 4.103
o) k2 — M2 +ie (4109
with the low-energy limit
iguv
D,k 4.104
Mv( )kZZL%, Mz% ( )
Hence with the identification
Gr g2
- _ 4.105
V2 8M} ( )

the low-energy limit coincides for L,, from Egs. (4.65) and (4.102).

The IVB is like the photon of QED in being a vector (spin 1) intermediary, but
there are very important differences: (1) the IVB is massive, (2) the IVB is electri-
cally charged, and (3) the IVB couples only to left-handed particles and to right-
handed antiparticles; that is, it violates parity conservation.

Introduction of the IVB partially cures the unitarity problem because v,e™ —
vee™ is no longer pure S-wave. But, for example, eTe™ — WT W™ violates unitar-
ity for /S > G;l/ 2 as before. This is closely related to the nonrenormalizability
arising from the k, k, term in the propagator, Eq. (4.103), as detailed in Chapter 3.
This sort of problem with unitarity afflicted weak interaction theory for a very long
time from 1934 [46, 47] to 1971 [59, 60].

The problem is that the IVB is not yet a gauge theory, and for renormalizability
we need to embed the Fermi theory somehow into a renormalizable quantum field
theory. One suggestion was to make double scalar exchange mimic the V-A inter-
action [61, 62]. However, the standard model uses spontaneous symmetry breaking
and a gauge theory.

In terms of the charged weak current J, (x, r) defined in Eq. (4.66), define

0 = / d>x Jo(x, 1) (4.106)

0t =) (4.107)
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Also, the electromagnetic charge

0= / dPxJE™ (%, 1) (4.108)
is a third generator. But then so is

[0, 0] =2 [ x[en(1 — ys)e — (1 = o+ -+ ] (4109

Hence, we need at least two neutral gauge bosons. One may try to avoid this, but
the necessary Higgs structure is complicated [63].

Another possibility is to write a gauge field theory for the weak interactions alone
[64], but the unification of more forces is clearly superior and actually correct (i.e.,
agrees with experiment).

Let us retrace the history of the standard model: The first article to propose a
theory unifying weak and electromagnetic interactions was by Schwinger [65], who
was unfortunately misled by incorrect experiments indicating tensor weak cou-
plings. The principal ingredients of the now-standard SU(2) x U(1) electroweak
theory were provided in 1960 by Glashow [66], who also surmised (see also Ref. [67])
that explicit symmetry breaking by vector mass terms might preserve renormaliz-
ability. A similar theory was proposed by Salam and Ward [68]. The Higgs mech-
anism [69-76] was introduced into SU(2) x U(1) theory by Weinberg [77], and
Salam [78], normalized the neutral current strength; both conjectured that this
softer spontaneous breaking would keep renormalizability. This Weinberg—Salam
conjecture was vindicated a few years later through the work of 't Hooft [61], com-
pleted by him and Veltman [79, 80] and by Lee and Zinn-Justin [81].

As proposed initially (e.g., Ref. [77]), this theory included only the leptons; in-
deed, a straightforward extension to include the u, d, and s flavors gave substan-
tial strangeness-changing neutral currents, which disagreed with experimental lim-
its. A crucial contribution in 1970 by Glashow, Iliopoulos, and Maiani (GIM) [82]
showed how a fourth flavor, “charm” of quark, can cancel this unwanted neu-
tral current. Combined with the GIM mechanism, the standard electroweak the-
ory therefore stood in 1971 with two major predictions: (1) charm and (2) neu-
tral currents, both of which were confirmed, as discussed in subsequent subsec-
tions.

Here we begin by introducing the SU(2) x U(1) gauge theory. The generators of
the weak isospin and weak hypercharge are 7' (i = 1,2, 3) and Y, respectively; the
corresponding gauge vectors and couplings are A!, B, and g, g’. The theory is a
chiral one which violates parity by assigning ¥, and ¥z matter fields to different
representations of SU(2) x U(1). All the ¢ are SU(2) doublets; all ¢ are singlets.
Both ¢ and ¥g transform under U(1) such that electric charge Q = T3+ Y. Thus,
the left-handed quarks and leptons form SU(2) doublets:

_ [ Um _( Vm»
() (), o
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where m = 1,2, 3, ... is a family label. These doublets have 73 = :I:% and Y = +%
and —%, respectively; note that Y is just the mean electric charge of the weak iso-
multiplet. The isosinglets u, g, dur, and e, g have ¥ = +%, —%, and —1, respec-
tively. The kinetic term for the fermions is therefore

Ly= Z(émLi¢QmL + Lnr il
m

+1/_‘mRi¢MmR +d_mRi¢dmR +émRi¢emR) (4111)

Here the covariant derivatives follow from the SU(2) x U(1) charges:

T .8
D,uqmL = <3u — lgz “A, - I%Bﬂ>qu (4.112)
T g
Dyly = (8//« - igE A, - igB/L)lmL (4.113)
2,
Dyumr = | 9y _lgg By Jumr (4.114)
i,
D;/.dmR = au + gg B/,L dmR (4.115)
Dyenr = (au + ig/B/L)emR (4.116)

In the minimal model there is a Higgs scalar doublet (Y = +%)

+

¢ = (fb‘) ) (4.117)

Hence the scalar piece Ly is
1

Ly =5 (Du) (Dug) = V($) (4.118)

with
T .8
D,¢ = <8M — 1gE “A,— 133M>¢ (4.119)
V(g) =m*¢e + 1(¢7¢) (4.120)

Here V (¢) is the most general SU(2) x U(1) invariant renormalizable potential.
The kinetic term for the gauge vectors is

(P |
Lv =~ FiFiy = GG (4.121)

with
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Fl, = 0,A} — 9,Al + gell* A A} (4.122)
Guv = 0,B, — 0, By (4.123)

Finally, in the full classical Lagrangian L there is a Yukawa piece Ly necessary to
give the fermion masses upon spontaneous symmetry breaking:

L=Lf+Ly+Lv+Ly (4.124)

The explicit form of Ly is

Ly = Z(annq_mLfﬁunR + T8 Gmipdnr + T¢ InLdenr)

m,n
+ Hermitian conjugate (4.125)

with a double sum over families. This then completes the unbroken classical La-
grangian.

4.4
Charm

The standard electroweak theory for leptons already predicts a weak neutral current
with definite strength, isospin, and Lorentz properties. Incorporation of quarks
needs another ingredient: the fourth, “charm” flavor of quark.

Let us first trace the history of the charm concept, since the evolution of this
idea from 1962 through 1973 and the remarkable experimental results of Novem-
ber 1974 and the subsequent two years together form a beautiful paradigm of the
“scientific method.”

The first suggestion of a fourth flavor was motivated by an analogy between lep-
tons and hadrons, or what in modern language would be the lepton—quark anal-
ogy. Before the postulation of quarks, such an analogy was based on the Sakata
model [83], in which hadrons were supposed to be composed from the constituents
P, N, and A. After the discovery [84] that v, and v, are different neutrinos, this
analogy suggested [85-90] that a fourth constituent be considered for hadrons to
keep the balance with the four leptons e, u, v,, and v,,.

This argument was sharpened through the invention of flavor SU(3) by Gell-
Mann [91, 92] (reprinted in Ref. [20]) and by Ne’eman [93] (reprinted in Ref. [20]).
This SU(3) theory gained universal acceptance following the experimental discov-
ery [94] (reprinted in Ref. [20]) of the predicted 2~ particle. There followed the pro-
posal by Gell-Mann [95] (reprinted in Ref. [20]) and Zweig [96] that there might be
entities transforming as the defining representation of SU(3); these entities were
named quarks by Gell-Mann [95]. Although in 1964 quarks were suggested as per-
haps no more than mathematical quantities, they are now universally accepted as
the actual constituents of hadrons, although they are probably permanently con-
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fined within hadrons and unable to exist as free particles. The two principal his-
torical reasons for the promotion of quarks from mathematics to physics were (1)
the experimental discovery in the late 1960s of scaling behavior in deep-inelastic
electron—nucleon scattering which was interpreted as evidence for pointlike con-
stituents in the nucleon, and (2) the experimental discovery in 1974 and subse-
quent years of hadrons containing the charmed quark, which is our present sub-
ject.

The success of flavor SU(3) as a generalization of SU(2) isospin led Tarjanne
and Teplitz [97] to take the next step to SU(4); other authors [98-102] followed suit.
Several of these papers again mention the quark-lepton analog but the general
proposition is: If SU(3), why not SU(4)? In particular, Bjorken and Glashow [101]
introduced the name charm to designate the fourth flavor of quark beyond up (u),
down (d), and strange (s). Alternative schemes were proposed based, for exam-
ple, on two triplets of quarks [103, 104], but such theories were not borne out by
experiment.

Following this extensive theoretical activity providing somewhat vague motiva-
tions for charm, there followed a hiatus until 1970 when the true raison d’etre was
given in the classic paper by Glashow, Iliopoulos, and Maiani [82], who introduced
a mechanism for suppression of strangeness-changing weak neutral currents. This
was incorporated into gauge field theories by Weinberg [105, 106]. Yet another mo-
tivation for charm is the cancellation of ys triangle anomalies as emphasized by
Bouchiat, Iliopoulos, and Meyer [107]. But the most physical argument was the
GIM explanation [82] as to why the weak neutral current usually respects quark
flavor (a fact noted much earlier [108]).

How does the fourth flavor help to suppress the strangeness-changing neutral
current? Consider the electroweak forces alone acting on the doublets

(), (=), (5), (), 129

and right-handed singlets
eg, Mg, UR,dr,cr,Sr (4.127)

Suppose we first take all Higgs couplings to vanish so that there are massless
fermions coupling to massless gauge bosons. In this limit, the charged gauge
bosons Wlf couple only u to d, and ¢ to s, within the same irreducible repre-
sentation of SU(2), and no strangeness-changing processes such as s — uW~
exist. How, then, do the strangeness-changing processes AS = AQ = %1 occur at
all?

To obtain such processes, it is essential to break the symmetry by turning on the
Higgs couplings, thus allowing the Higgs to develop nonzero vacuum expectation
values (VEVs). The Higgs give masses to the quarks (and to the charged leptons),
but there is no reason for the mass eigenstates thus generated simultaneously to be
eigenstates of the gauge group; thus the Higgs mix ¢ <> u and s <> d in expression
(4.126). At first glance, this gives two Cabibbo angles, but one is unobservable since
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if we mix ¢ — u and s — d by the same amount, nothing changes. The convention
is to mix d <> s so that expression (4.126) becomes

u C
(d/>L <S/>L (4.128)

d = dcosb. + ssinb, (4.129)

s’ = —dsin6, + s cos 6, (4.130)
The neutral current is invariant under this rotation since
d'd +5§'s' =dd +5s (4.131)

Thus the presence of s’, which was absent until motivated as a partner of charm,
is the key to canceling the unwanted strangeness-changing neutral current. The
original Cabibbo proposal would contain only # and d’, but then if a gauge theory
contained the charged gauge bosons Wlf coupling to generators of SU(2); with
the associated quark currents

1
JE=ay" S = y)Tiq (4.132)

it should also contain the neutral current
w_ -1 L
Jo =aqvus (0 —y)Ty'q (4.133)
where TOL = [TL, TL]. But with only u and d’ one then finds that
w1 :
Jy = SVME(I — ¥5)d sin 6. cos 6, (4.134)

Such a strangeness-changing neutral weak current would disagree with the strong
empirical bounds, such as

T(K) = ptuo)

5 1078 (4.135)
[(K; — all)
r K:l: + =
DR = 7709 6% 1076 (4.136)
(K% — all)
T K:l: + 4+ ,—
(K== m7ee) 06405 x 1077 (4.137)

(K — all)

Once charm is added, however, the weak neutral current contains a piece

1
_EVME(I — y5)d sin 6, cos 0, (4.138)
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(@

(b) Figure 4.1 Double W exchange diagrams.

to cancel precisely Eq. (4.134) at lowest order, as well as giving substantial cancel-
lations even at the one-loop level, as we shall see. Thus the mechanism gave a firm
prediction (in 1970) of the existence of charm, which was discovered experimen-
tally in 1974.

The mechanism can be generalized to any number of flavors if we postulate that
the weak neutral current is flavor diagonal to order G, [109-111]. We can change
from mass eigenstates to flavor eigenstates by applying separate unitary transfor-
mations to the left and right helicities,

1 L 1 R
¢=50=-y)U%+ (04U (4.139)
But then the neutral current coupling matrices are transformed according to
L,R RpL,R(7;L,R\~!
Tyt = Ut Ryt (UhR) (4.140)

where T is defined in Eq. (4.133) and 7% would be nontrivial if there were also
a gauge group under which the right-handed quark transformed. At order G, we
require that ,Z)L‘R be flavor diagonal for any choice of UX®; this is the condition
of naturalness that the property not depend on special tuning of parameters in the
Lagrangian. The UL R must commute with exactly conserved charges, such as the
electric charge (or, of course, color). But then since

[U"F 0] =0 (4.141)

the TOL’R must be functions of quark charge: TOL'R (Q). This accounts for the Born
diagram. At order G, there are further possible neutral interactions induced by
double W* exchange (Fig. 4.1), as well as renormalizations of single Z° exchange
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Figure 4.2 Renormalization of single Z° exchange.

(Fig. 4.2). The latter are already diagonalized, but the diagrams of Fig. 4.1 give
neutral couplings proportional to [110, 111]

ATOL,R - 3[(TL,R)2 _ (T3L’R)2] + 5(T3L~R) (4.142)

where the =+ signs refer to the uncrossed (Fig. 4.1a) and crossed (Fig. 4.1b) di-
agrams, respectively. Thus, to avoid flavor-changing neutral weak interactions at
order G, requires also that (I%-%)? = (I1X-%(Q))?, a function only of charge.

To summarize: All quarks of the same charge must have the same value of
(I-R)2 as well as of (T ").

The mechanism for charm is a special case: Since s has the same electric charge
as d, it must have the same T}/ (= —1) and the same (I1)? = 1(§ + 1). Hence
there must be a quark (c) with T} = —|—% in the same multiplet.

If we take the standard electroweak theory with gauge group SU(2) x U(1) and
assume that all quarks have electric charge % and —%, natural absence of flavor-
changing neutral interactions dictates that all left-handed helicities are paired into
SU(2) doublets, while all right-handed helicities are in SU(2) singlets. Hence dis-
covery of the b quarks with charge —%, as discussed below, implied the existence
of at (top) quark with charge —|—% in this sequential picture. It was possible to con-
struct topless models (e.g. Refs. [112] and [113]) only by invoking a new quantum
number for b [112] or by maintaining GIM through a complicated Higgs sector
[113]; of course, here we have been assuming weak processes to be mediated by
vector gauge boson exchange, not by scalar exchanges.
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Figure 4.3 Loop diagram for K| — K, mass difference.

Reverting to just four flavors, the next question is: Can the charmed quark have
arbitrarily large mass and still cause the appropriate cancellation, or could the mass
be predicted? The answer, presaged in reference [82] and provided in detail by Gail-
lard and Lee [114], is that the charm mass is highly constrained. The cancellation is
precise in loops only if m, = m, and hence the symmetry breaking is proportional
to some power of the mass difference (m. —my,); only if m. is not too large can one
avoid disagreement with experiment. The most stringent limit is provided by the
K| — K mass difference. The relevant loop diagram is shown in Fig. 4.3 and gives
an effective Lagrangian [114] of

[~ Gr « ( me

2
20 w2
e cos” 6, sin“ 6,
J2 4 eV)

37.6 G

_ 1 1
: [smz(l - ys)dsmi(l - Vs)d] (4.143)

assuming that my, > m. > m,. Here 6, is the Cabibbo angle, « = (137.036) !
and 37.6 GeV = %ev, v being the VEV for the Higgs doublet. Taking the matrix
element between Ky and K states then gives for the mass difference Amy,

1 -
Amy ~ — (Ko| — L|Ko) (4.144)
myg
GFr .» o me 2 2 .2
— Efk mkE m COS QC Sin 95 (4145)

where f; is the charged kaon decay constant, f; ~ 130 MeV. Substituting sin 6. =
0.22, Gpm%, = 1.02 x 107, and the measured value Amy ~ (0.7 x 10~ 1*)ymy, gives
a prediction that the charmed quark mass is m, >~ 1.5—2 GeV. This mass is then
consistent [114] with the other data on flavor-changing neutral currents given in
Egs. (4.135) through (4.137). Thus one might expect (¢c) bound states to show up
in the mass region 3 to 4 GeV. Also, the asymptotic freedom of QCD [115, 116] leads
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us to expect considerable weakening of the QCD coupling strength, and hence to a
long lifetime if the cc state is lying below the threshold for decay into two charmed
mesons. This prediction was available in 1974 but made slightly too late [117, 118]
to anticipate the spectacular experimental discovery of November 1974. The long
lifetime successfully exemplifies the quark-line rule suggested phenomenologically
by Okubo, Zweig, and lizuka [119-121] known commonly as the OZI rule.

The prediction of charm was verified dramatically by the simultaneous and inde-
pendent discoveries at Brookhaven National Laboratory [122] and at Stanford Lin-
ear Accelerator Center [123] of a narrow vector resonance (J/y) at mass 3.10 GeV,
and less than two weeks later SLAC [124] found a recurrence (') at 3.68 GeV. The
striking appearance of these new states precipitated extensive theoretical analysis
and further detailed experiments. The theory is reviewed in Ref. [125] and inter-
prets J/y as a charmonium system based on an atomic model of heavy ¢c quarks
bound in a static, confining potential. Such a model is very successful in describing
the spectrum of observed cc states (some representative early papers are Refs. [126—
130]), The level spacings are much less than the mass scale, suggesting that the
states may be treated nonrelativistically by the Schrédinger equation. This is not
the whole story because the hyperfine (spin-dependent) splitting is comparable to
the radial and orbital excitation energy. The type of static potential employed is

typically
k
Vi =-—t (4.146)

where k ~ 0.2 and 1/a%® ~ 1 GeV/f ~ 0.2 (GeV)2.

These cc¢ states have vanishing charm quantum number (C = 0) and it was in
1976 [131] that mesons with explicit charm were discovered. By now, the mesons
necessary to fill out the (badly broken) flavor-SU(4) multiplets have been shown to
exist for the vector and the pseudoscalar states. These developments confirm the
reality of the charmed quark and hence indirectly that of the lighter u, d, and s
quarks. The mechanism requires that ¢ decay weakly more into s (cos6.) that d

(sin6,). Indeed, experiment shows that, for example,

r(D° - ntx™) )
———— X tan“ 6, 4,147
T(DO — K-nt) o (4.147)

thus confirming the expected couplings.

4.5
Bottom and Top Quarks

It was expected in 1975 that the discovery of charm might complete the flavor count
of quarks. However, a third charged lepton, the 7, was discovered at a mass of
M, = 1777 MeV [132, 133], signaling that the quark-lepton spectrum contained
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a third generation, since by quark-lepton symmetry one expected a corresponding
third doublet of quarks.

This expectation was soon partially confirmed with the discovery of the bottom
quark (Q = —%) [134] in 1977, first as a bottomonium bound state, the T, and
then as hadrons with explicit B quantum number [135]. The mass of the bottom
quark turned out to be ~ 4.2 GeV.

The top quark partner (Q = %) of the bottom quark proved elusive for well over
a decade since it is remarkably heavier than all the other five quark flavors. It was
eventually discovered in 1994 at Fermilab [136, 137] with a mass ~ 174 GeV.

Since experiments on the invisible Z width strongly suggest only that three neu-
trinos exist with mass < 45 GeV, it appears likely that the top quark is the last
flavor of light quark. See, however, Ref. [138] for a discussion of the possibility of
further quark flavors beyond top.

4.6
Precision Electroweak Data

As described in Chapter 7, the standard model (SM) has 19 free parameters. Never-
theless, its comparison to experimental data over the period 1973-2008 has given
it more and more credence as the correct theory up to energies of at least £ < M.
In particular, there have been extremely accurate (one per mille, or 1 in 10°) tests
at the Z factories of LEP at CERN and of SLC at SLAC.

The weak neutral currents predicted by the SM were discovered in 1973 by the
Gargamelle experiment using the proton synchrotron (PS) at CERN [139] and then
confirmed at Fermilab [140]. Subsequent neutrino scattering experiments con-
firmed the SM at the 1% level. The scattering of electrons from deuterons and
protons, and atomic parity violation, being sensitive to y — Z interference, were
also crucial to confirm the basic classical structure of the SM. The W* and Z°
were eventually discovered in 1982 and 1983 by the UA1 [141] and UA2 [142,
143] groups at CERN, respectively. The history of these developments is given in
Ref. [144].

The three colliders involved in the higher precision (0.1%) tests were SLC (the
SLD detector), the LEP collaborations (ALEPH, DELPHI, OPAL, and Z3) and the
Tevatron at Fermilab (CDF and DO collaborations). These colliders derived excep-
tionally accurate (0.002%) determination of the Z mass and one-per-mille accuracy
for numerous other observables which are tabulated in this section. These mea-
surements were made at the Z-pole in eTe™ scattering and are based on over 20
million such Z events.

It is necessary to define the observables before presenting the experimental com-
parison to the SM. The total width of the Z is I'z and partial decay widths are
I'(had) for hadronic decays, I'(inv) for invisible decays and I'(/T/™) for decays
| = e, u, v, which should be equal from universality and neglecting the lepton
masses. Thus I'z = I'thad) + I'(inv) + 3I'({1~) within the SM. The cross sec-
tion opaq refers to the process ete™ — Z° — hadrons at the resonance peak.
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Table 4.1 Z-Pole Precision Observables from LEP and the SLC

Quantity Group(s) Experimental results Standard model® Pull
M;(GeV) LEP 91.1867 +£0.0021 91.1865 £ 0.0021 0.1
T, (GeV) LEP 2.4939 +0.0024 2.4957 +£0.0017 —-0.8
I'(had)(GeV) LEP 1.7423 +0.0023 1.7424 +£0.0016 0.0
I'(inv)(MeV) LEP 500.1£1.9 501.6£0.2 0.0
r{+i—)(MeV) LEP 83.90+0.10 83.98+0.03 0.0
Ohad (nb) LEP 41.491 £0.058 41.473 +0.015 0.3
R, LEP 20.783 +0.052 20.748 £0.019 0.7
Ry LEP 20.789 +0.034 20.749 +£0.019 1.2
R; LEP 20.764 +0.045 20.794 +£0.019 —0.7
Afgg(e) LEP 0.0153 +0.0025 0.0161 +0.003 —0.3
App (1) LEP 0.0164 £0.0013 0.2
App(7) LEP 0.0183 £0.0017 1.3
Ry LEP 4 SLD 0.21656 +0.00074 0.2158 +0.0002 1.0
R LEP + SLD 0.1735 +0.0044 0.1723 +0.0001 0.3
Ry.q/Rutdts Opal 0.371 +0.023 0.3592 £ 0.0001 0.5
Arp (D) LEP 0.0990 + 0.0021 0.1028 +0.0010 —1.8
Agg(c) LEP 0.0709 + 0.0044 0.0734 +0.0008 —0.6
Agg(s) Delphi + Opal 0.101 £0.015 0.1029 +0.0010 —-1.0
Ap SLD 0.867 £0.035 0.9347 +0.0001 —1.9
Ac SLD 0.647 £0.040 0.6676 + 0.0006 —0.5
Ag SLD 0.824+0.12 0.9356 + 0.0001 —-1.0
Ay g (hadrons) SLD 0.1510 4+ 0.0025 0.1466 +0.0015 1.8

Source: Data from Ref. [145].
a) The SM errors are from uncertainties in Mz,
InMpy, «(Mz), and as. They have been

treated as Gaussian; correlations are
incorporated.

The R, are the ratios of the leptonic-to-hadronic widths R; = I'((*1™)/ I'(had) for
| = e, u, t. The Apg(l) are the forward-backward asymmetries Apg(/) = 3ALA;.
In this relationship

2uraf
Ar V2 + a2
f f

(4.148)
withay = I3y and vy = I3 5 — 2Q.f§% as the axial-vector and vector Zf f cou-
plings. The effective electroweak mixing angle is written s'}% = sin’ @;ff.

In Table 4.1 are shown comparisons of numerous observables between the SM
and experiment. The last column gives the “pull”, which is the number of standard
deviations by which the experimental value differs relative to the SM prediction.
The overall fit is an impressive success for the SM since no pull is even as much as
two standard deviations.

At higher energy above the Z-pole, LEP2 [146], together with the CDF [147] and
DO [148] collaborations at Fermilab, have determined the W mass from W W~
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production as
My = 80.388 £ 0.063 GeV (4.149)
The top quark has been discovered in 1994 and its mass has an overall mean value
m; = 173.8 & 3.2(stat) &£ 3.9(syst) GeV (4.150)

Lower-energy data in deep-inelastic scattering, atomic parity violation, and
(g — 2), are all fully consistent with the standard model. Deviations from the
SM are conveniently parameterized by oblique parameters. The first of these to be
defined historically [149] was

2
MW

=—— 4.151
M2 e, M) (5

£0

where 6 includes the SM contributions and hence p = 1, by definition. Related to
po is the quantity T [150]

1— -1
TP (4.152)
o

The S parameter is defined through

a(Mz)S  TLY(M3%) — TT55Y(0)
4S%C% N M%

(4.153)

where the “new” superscript means to include only new physics contributions. An
overall fit gives [145]

S =-027+0.12 (4.154)

T =0.00+0.15 (4.155)

These ranges of S and T are a severe constraint on the forms of new physics al-
lowed. For example, although low-energy supersymmetry is allowed, most techni-
color models give too positive a value for S and are excluded.

4.7
Higgs Boson

The only particle in the standard model remaining to be discovered is the Higgs
boson. In the minimal standard the expected mass range is [145]

114.4 GeV < My < 194 GeV (4.156)
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where the lower bound is a direct experimental limit from the combined LEP ex-
periments at the four detectors ALEPH, DELPHI, L3 and OPAL.

The upper bound in (4.156) comes from comparison of radiative corrections to
the standard model with precision electroweak data. The entire range of Higgs
mass allowed by (4.156) would be accessible to the LHC expected to be commis-
sioned at CERN in 2008 with pp collisions at center of mass energy 14 TeV and
design luminosity 103* cm =2 s~ 1.

Of course, once discovered, it would be useful to construct a Higgs factory: for
example, a muon collider running continuously at the direct-channel Higgs boson
resonance.

4.8
Quark Flavor Mixing and CP Violation

The gauge group of the standard model is SUB3)¢ x SU(2), x U(1)y broken at
the weak scale to SU(3)¢ x U(1)y. Under the standard group the first generation
transforms as

QL=<“> Jip,dp; LL=<”i> et (4.157)
d/, ¢ Jr

and the second (c, s, v, u) and third (¢, b, v;, T) generations are assigned simi-
larly.
Quarks acquire mass from the vacuum expectation value (VEV) of a complex

SU(2)r doublet of scalar ¢ = (‘(’;g) giving rise to up and down quark mass matri-
ces:

MU) =2[(6°);  MD)=2r[{¢°) (4.158)

which are arbitrary matrices that may, without loss of generality, be chosen to be
Hermitian. The matrices M (U) and M (D) of Eq. (4.158) are defined so that the
Yukawa terms give, for example, Q7 M (U)ug + hermitian conjugate and can be
diagonalized by a biunitary transformation:

KWU)LMU)K (U)g' = diag(m,, m., m;) (4.159)

K(D).M(D)K (D)5' = diag(ma, my, my) (4.160)

These mass eigenstates do not coincide with the gauge eigenstates of Eq. (4.157)
and hence the charged W couple to the left-handed mass eigenstates through the
3 x 3 CKM (Cabibbo-Kobayashi-Maskawa) matrix Vcxwm, defined by

Ve = K(U) LK (D);! (4.161)
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This is a 3 x 3 unitary matrix that would in general have nine real parameters.
However, the five relative phases of the six quark flavors can be removed to leave
just four parameters, comprising three mixing angles and a phase. This KM phase
underlies the KM mechanism of CP violation.

With N generations and hence an N x N mixing matrix there are N(N — 1)/2
mixing angles and (N — 1)? parameters in the generalized CKM matrix. The num-
ber of CP violating phases is therefore (N —1)2 — N(N —1)/2 = (N — 1)(N —2)/2.
This is zero for N = 2, one for N = 3, three for N = 4, and so on. In particular,
as Kobayashi and Maskawa [151] pointed out, with three generations there is auto-
matically this source of CP violation arising from the 3 x 3 mixing matrix. This is
the most conservative approach to CP violation. This source of CP violation is nec-
essarily present in the standard model; the only question was whether it is the only
source of CP violation. When the only observation of CP violation remained in the
neutral kaon system, there was not yet sufficient experimental data to answer this
question definitively. With the data from B factories, a positive answer emerged.

There are various equivalent ways of parameterizing the CKM matrix. That pro-
posed [151] by KM involved writing

cos 6] —sin6y cos 63 —sin@y sin63
VCKM = <sin 01 costy cos by cos by cosbz — sinby sin H3ei5 cos 6 cos B sin B3 + sin 6 cos 93ei8 )
sinf) sinfp  cos 6y sin 6y cos 63 + cos O sin 93ei5 cos 61 sinf sinf3 — cos O cos@3eia
(4.162)
Another useful parametrization [152] writes
1— 122 A A —in)
1,2 2
VoM = —A I—3A AA (4.163)
MAQ-—p—n) —2%A 1

In Eq. (4.163), X is the sine of the Cabibbo angle sin 6; in Eq. (4.162) and CP viola-
tion is proportional to 5. If we write the CKM matrix a third time as

Vud Vus Vub
Vekm = | Veda Ves Veb (4.164)
Vie€ Vis Vi

then the unitarity equation (Verm) Ve = 1 dictates, for example, that
Ve Vad + Vi Ved + Vi Via =0 (4.165)

This relation is conveniently represented as the addition of three Argand vectors to
zero is a unitarity triangle. Dividing out the middle term of Eq. (4.165) and using
the parametrization of Eq. (4.163) leads to the prediction of the standard model
with KM mechanism that the vertices of the unitarity triangle in a p—n plot are
at the origin (0, 0), at (1, 0), and at (p, ). Thus, the area of the unitarity triangle
is proportional to 1 and hence to the amount of CP violation. The measurement
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of the angles and sides of this unitarity triangle were the principal goals of the B
factories (see, e.g., Ref. [153] for a review).

Next we turn to a brief outline of the strong CP problem in the standard model.
(More detailed reviews are available in Refs. [154-156].) The starting observation is
that one may add to the QCD Lagrangian an extra term:

L= qu(iyudp. —m)qy — ®Guvgp_v (4.166)
k

where the sum over k is for the quark flavors and D,, is the partial derivative for
gauged color SU(3)¢. The additional term proportional to ® violates P and CP
symmetries. This term is a total divergence of a gauge noninvariant current but
can contribute because of the existence of classical instanton solutions. It turns out
that chiral transformations can change the value of ® via the color anomaly but
cannot change the combination:

© = O —argdet M(U) — argdet M(D) (4.167)

where det M (U, D) are the determinants of the up and down quark mass matrices,
respectively. Thus ©, which is an invariant under chiral transformations, measures
the violation of CP symmetry by strong interactions. A severe constraint on @ arises
from the neutron electric dipole moment d,, which has been measured to obey
d, < 107%¢ — cm [157, 158]. A calculation of d,, [159, 160] leads to an estimate
that ® < 10719, This fine-tuning of ® is unexplained by the unadorned standard
model and raises a serious difficulty thereto.

A popular approach (which does not necessitate additional fermions) involves the
axion mechanism, which we describe briefly, although since only a relatively nar-
row window remains for the axion mass, and since the mechanism is non unique,
it is well worth looking for alternatives to the axion for solving the strong CP prob-
lem.

In the axion approach, one introduces a color-anomalous global U(1) Peccei—
Quinn symmetry [161, 162] such that different Higgs doublets couple to the up
and down quarks. The effective potential now becomes a function of the two Higgs
fields and @ (x) regarded as a dynamical variable. An analysis then shows that the
potential acquires the form

V = V(H, H) — cos ©® (4.168)

and hence the minimum energy condition relaxes © to zero.

Because a continuous global symmetry is broken spontaneously, there is a
pseudo-Goldstone boson [163, 164] the axion, which acquires a mass through the
color anomaly and instanton effects. The simplest model predicts an axion with
mass of a few times 100 keV, but this particle was ruled out phenomenologically.
Extensions of the axion model [165-168] lead to an axion mass which becomes a
free parameter. Empirics constrain the mass to lie between about a micro-electron
volt and a milli-electron volt, and searches are under way for such an axion.
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In the kaon system, the CP violation parameter €’ /¢, which measures direct CP
violation in the decay amplitude K; — 37 (as opposed to indirect CP violation in
K9 — K9 mixing),

¢ 1 ([KL > ntn l/IKs »> atnT] ) (4.169)

e 6\ [K.— n970)/[K; — 7070]
The value found by KTeV [175] at Fermilab and by NA48 [176] at CERN, both in
1999, averages to the value

6/

=2.1x1073 (4.170)

€
One other limit on CP violation is from the neutron electric dipole moment, for
which the present limit is d, < 6 x 10726 electron-cm. Observation of nonzero
d, and evaluation of the parameters p and 7 in Eq. (4.163) from B decay suggest
strongly that the KM mechanism is responsible for all of the observed CP violation.

4.9
Summary

We have seen how the precision measurements, especially at the Z-pole, brilliantly
confirm the standard electroweak theory. The Higgs boson remains undiscovered
and the most enigmatic of the standard model particles: Is it really an elementary
scalar field or a composite? This should be clarified at the LHC.

Flavor mixing between three families gives a natural mechanism for CP violation
and it remains to be checked empirically whether this is the only source for CP
noninvariance. The strong CP problem is an outstanding difficulty for QCD, as is
the proliferation of parameters in the standard theory.

Going beyond the standard model, for example to grand unification, gives hope
that some of the many parameters may be related, but generally it adds more and
gives rise to the new problem of the “hierarchy”: the huge ratio of the GUT scale to
the weak scale. It is possible that a completely different approach to extending the
SM will be necessary.
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5
Renormalization Group

5.1
Introduction

Here we introduce the renormalization group equations, which are essential for
understanding of quantum chromodynamics (QCD) and grand unification. This
approach was introduced into quantum electrodynamics by Gell-Mann and Low in
1954, then remained somewhat in the background in elementary particle theory
until the 1970s.

The discovery of asymptotic freedom of non-Abelian gauge theories by 't Hooft
in 1972 played a major role in establishing QCD as the generally accepted theory
of strong interactions between quarks, since it provided a natural explanation for
why quarks become weakly coupled at very short distances. Also, it enables us to
explore the short-distance regime by perturbative expansion in a small coupling
constant.

Shortly afterward, in 1974, it was realized by Georgi, Quinn, and Weinberg
that by extrapolating the renormalization group equations to even much shorter
distances, one could speculate on how the strong and electroweak interactions
might unify into a single coupling constant at about 1072 ¢cm. This improved
the understanding of grand unified theories [e.g., the SU(5) theory of Georgi
and Glashow], there remains no empirical support for this level of unifica-
tion.

We first derive the Callan—Symanzik equation, which characterizes the renor-
malization group. Then the 8~ function for Yang—Mills theory will be calculated in
covariant gauge; there follows the conditions for asymptotic freedom. Next, grand
unification of the strong and electroweak interactions is discussed.

To illustrate use of anomalous dimensions, we analyze scaling violations in
deep inelastic lepton—hadron scattering and show the quantitative agreement be-
tween QCD and experiment. Finally, the background field gauge is explained. This
method makes calculations much easier and, consequently, gained popularity.
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5.2
Renormalization Group Equations

The renormalization group involves the manipulation of a deceptively simple dif-
ferential equation leading to surprisingly strong results concerning, for example,
the asymptotic behavior of Green’s functions for large external momenta; the re-
sults apply to the sum of all Feynman diagrams, including every order of per-
turbation theory. For the differential equation to be useful it is necessary that
the quantum field theory have (1) ultraviolet divergences and (2) renormalizabil-
ity.

The renormalization group has a history that goes back to 1953 with the work
of Stiickelberg and Petermann [1], Gell-Mann and Low [2], and Ovsiannikov [3].
A good summary of the results of the 1950s is provided by Bogoliubov and Shirkov
[4, Chap. 8], who also provide citations of the relevant Russian papers.

After more than a decade of quiescence (in particle theory, although not in con-
densed matter theory; see, e.g., Ref. [5]), the experimental observation of approxi-
mate scaling in deep-inelastic electron-nucleon scattering prompted a resurgence
of interest in the renormalization group, in particular the important contributions
of Callan [6, 7] and Symanzik [8-10] in 1970. Also of significance was the introduc-
tion of the operator product expansion by Wilson in 1968 [11].

The first great success of the renormalization group in particle theory, specifically
in gauge field theories, was the discovery by 't Hooft [12], subsequently emphasized
by Politzer [13, 14], and Gross and Wilczek [15-17] that QCD is asymptotically free
and hence can explain the approximate scaling observed experimentally. A Yang—
Mills non-Abelian gauge theory is essential to achieve this result [18, 19]. The as-
ymptotic freedom was, and still is, a dominant reason for the general acceptance of
QCD as the correct theory of strong interactions. A second use for the renormaliza-
tion group came in 1974, when Georgi, Quinn, and Weinberg [20] demonstrated
how strong and electroweak couplings may be unified, hence supporting the SU(5)
model of Georgi and Glashow [21]. Excellent reviews of the renormalization group
in field theory exist [14, 22-28].

Let us first consider the QCD of quarks and gluons. The full quark—gluon vertex,
which includes all connected (and not only the proper or one-particle irreducible)
Feynman diagrams will have contributions of order g, g3, ¢, ... in the renormal-
ized perturbation expansion, corresponding to diagrams such as those in Fig. 5.1.
Let g, be the momentum of the outgoing gluon—Euclidean spacelike (nonexcep-
tional) —g? > u?, where u? > 0 is arbitrary but preassigned. Then one finds that
the leading order-by-order behavior of the full vertex is

o R o) R
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(@ ) ©

Figure 5.1 Corrections to quark—gluon vertex.

and these leading logarithms actually sum to

2
2(.2\ 8
&) = T g7 G-2)

The fact that Eq. (5.1) is a geometric series in g2 In(—g?/u?) would be impossi-
ble to verify by direct calculation of Feynman diagrams but will be an elementary
consequence of the renormalization group equation.

Consider the proper Green’s function '™ (p1, pa, ..., pn) with n external lines
and with naive dimension '™ ~ M? with d = integer. In the limit p} — oo
with the p; p;/,/p? p? held finite, we would at tree level obtain canonical scaling in
terms of such kinematic invariants (having overall dimension d) provided that the
(—p?) all greatly exceed every squared physical mass parameter in the theory. In the
quantum theory, however, this is no longer true since at the regularization stage an
arbitrary scale u must be introduced: It is the mass unit of A in Pauli-Villars reg-
ularization, and it is the corresponding scale in dimensional regularization where
(4 —n)~! < In(A/u). Note that in dimensional regularization we must introduce
w in order to relate the pole in the complex dimension plane to the logarithmic
divergence of the loop-momentum integral, merely on dimensional grounds [d is
dimensionless but A is not]. Thus, in the renormalized Green’s function we expect
that a change in p can be compensated by a change in g and the renormalization
constants Z. If n = na + nr, where ns and np are the numbers of external gluons
and quarks, respectively, the renormalizability of QCD enables us to write

. go, A" go, A\""
r(pi,u,g>=Algnoo[zA<T) zr( 57 ) T iso b (53)

where T'" is the unrenormalized proper Green’s function and g is the bare cou-
pling constant.
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The key observation now is that re simply does not depend on u since p is
introduced only by the regularization procedure. Operate on both sides of Eq. (5.3)
with ud/du to find

A N
W T a9 TPt
ng 0Za ng 0Zf

ZMAZY T (b g, A 5.4
ZA 8,LL ZF aﬂ) A Flu (Pz 80 ) ( )

Hence if we make the definitions

o 9 (g A
ﬁ(g)—Algnoo[uaMg< " )] (5.5)

. a 80, A
V,(g)——Algnoo[uﬁanz( " )} (5.6)

where i = A, F, we arrive at the fundamental equation

9 d
[Mﬁ + ﬂ(g)g +naya(g) +nryr (g)]l”(”f"”")(pi, n.8) =0 (57)

This first-order partial differential equation in two variables x and g is the renor-
malization group equation. Here B(g) is the Callan—Symanzik B-function or,
henceforth, simply the B-function, while the y;(g) are, for reasons to become clear
shortly, the anomalous dimensions. We may say that while renormalization is it-
self technically complicated but conceptually simple, the renormalization group is
technically simple but conceptually subtle. For example Eq. (5.7) yields extraordi-
narily powerful results for partial sums (e.g., leading logarithms) over all orders of
perturbation theory.

Instead of varying p with p; fixed, we wish to make p; — Ap;, but this is easy
since p also sets the scale for p;. We may always write

)\ZPP
A Gpi, p, g) = /L‘U‘(#) (5-8)

where d, as before, is the naive dimension and f is a dimensionless function.
Putting r = In 2, one finds immediately that

I
<M@ o= d>l“("/""”(lpi, n.8) =0 (5:9)

and, hence, substitution into Eq. (5.7) gives

_i i (na,nr) . —
[ o T B(&) 5 + )/(g)}F (Api, 8) =0 (5.10)
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with
y(g) =d+naya(®) +nryr(g) (5-11)

This explains why the y;(g) are named anomalous dimensions, since if 8(g) = 0,
we see that Eq. (5.10) implies that

ranr)  jd+nayatnryr (5.12)

as A — 00, so that scale invariance holds but with the naive dimension d modified
by the y;(g).
When B(g) # 0, we must solve Eq. (5.10). The two independent variables g and

t = InX make this tricky to visualize at first, but a beautiful mechanical analog
makes the solution perspicuous [22]. Consider the equation for p(x, t):

ap ap

o + v(x)g =Lx)p (5.13)
This describes the density p of bacteria moving in a fluid in a pipe where v(x) is
the fluid velocity and L (x) is the illumination determining the rate of reproduction
of the bacteria. To solve Eq. (5.13) is a two-step process: First, we find the position
x'(x,t) at time ¢ of the fluid element that is at x at time ¢ = 0. It satisfies

dx'(x,1) B

7 v(x') (5.14)

with the initial condition x’(x, 0) = x. The solution of the original equation is then

0
p(x, 1) = f(x'(x, —1)) exp[ / di'L(x'(x, t))] (5.15)
—t
where f(x) is the initial density distribution at 7 = 0.

To go from this hydrodynamical-bacteriological analog model to Eq. (5.10) we
merely identify x, ¢, L, p, v — g, —t, —y, I', and B and arrive at the solution

t
C(Api, &) =T(pi. g) eXP[/O dr'y(g(g. t))] (5.16)
where g is the sliding coupling constant, which satisfies
dg(g. 1) .
= 1
7 :163) (5.17)

subject to the boundary condition g(g,0) = g.
We may rewrite Eq. (5.16) as

(5.18)

g 4
F(\pi, g) = F(piyé)EXP[/ dg’y(g)}
8

B(g"
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Provided that g> <« 1, we may calculate y and B in the lowest-order one-loop of
perturbation theory to estimate accurately the exponent in Eq. (5.18). The criterion
g% « 1 replaces the separate conditions

2
P «1 and g ln% <1 (5.19)

necessary in conventional perturbation theory, where large logarithms appear in
each order. Thus the renormalization group enables summation of all leading log-
arithms.

53
QCD Asymptotic Freedom

We now calculate the B-function to one-loop order very explicitly. The principal
interest is QCD with gauge group SU(3) and quarks in the 3 representation. The
calculation will, however, be done for an arbitrary simple gauge group and arbitrary
representations of fermion and scalar fields. We shall also quote from the literature
the corresponding results for two- and three-loops.

Consider first a pure Yang-Mills theory without matter fields, only gluons. For
this theory we calculate the renormalization constants, Z3 corresponding to the
field renormalization of the gluon as well as Z; for the triple—gluon coupling, re-
spectively. With these conventions the gauge coupling is renormalized according
to

732

g = z% 2 (5.20)

since each gluon leg carries a factor Z31/ ? at the three-gluon vertex. Thus the S-
function is given by

= gr 9 Z
BT I YN 2

3/2
3 (5.21)

since the Z; depend only on the ratio A/pu,

Let 243, 2 denote the renormalization constants for the ghost field and the
ghost—gluon vertex, respectively. (Note that 23 was denoted simply by 2 in our
earlier proof of renormalizability.) Then according to the Taylor—Slavnov identify,
one has [29, 30]

Z = Z3<%) (5.22)

and this provides a simpler method, using the usual covariant gauges, of calculat-
ing Z;. Somewhat later we shall exhibit a simpler calculation of the S-function in
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)4 Figure 5.2 Graph contributing to 253.

background field gauge, but here it is useful to calculate these four renormalization
constants up to order g2 (one loop) in a general covariant gauge.

Consider first 23, for which the only graph is Fig. 5.2. The Feynman rules give
for this [here C2(G) is the quadratic Casimir C2(G)dap = ). g Cacd Chedl

80y (G) g2
k4 1674

1(k) (5.23)

with the integral

_ [ d'pk = p)uky (1 =) pupy
1= / (k= p?p? [g‘” P } 24

The first term in brackets gives, using Feynman parameters and dimensional reg-
ularization,

1 4" k2_k
/ d p( p)
0

212
~in k" In A 5.25
x(p2 — 2xk - p + xk?)? a 8 (-23)

The second term of Eq. (5.24) becomes

i /1 dx(1 —x)d" p[(k - p)* — p%k - p] ~ il — a)ﬁ InA (5.26)
0 (p? — 2xk - p + xk?)3 - 2 '

Thus
. 242 3 (24 .
I(k) ~in“k 3735 In A + finite terms (5.27)

and the full diagram becomes

8% (g 203«
- _Z InA+--- 5.28
k2 (471) <2 2>C2(G)n + ( )
whence

2

_ . 8 §_g 4
%_116712(2 2>C2(G)lnA+0(g) (5.29)
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b) Figure 5.3 Graphs contributing to 2.

The ghost—gluon coupling renormalization constant 2] needs evaluation of two
Feynman diagrams corresponding to Fig. 5.3a and b. Figure 5.3a gives an ampli-
tude

—ig3

chabCZ(G)keleﬂ(ka q) (5.30)

where the integral is convergent for the Landau gauge « = 0, and hence the diver-
gence is related to the Feynman gauge o = 1 by

Ip(k.q) ~ ally(k. q) (5.31)

d4
o= [ oA~ 20— )

+ (P +29)egps + (—q + P)sgpe) (5.32)

dxdyd*p
~2 | Genominaon’ P ("2Ps8es T Pegss + pogp)  (5:33)
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where we keep only the divergent terms; note that the Feynman denominator can-
cels in the leading logarithmic divergence, so is not needed explicitly. Dimensional
regularization then gives

3
15~ Ein’zgeﬂ In A (5.34)
and hence the incremental contribution to % is

2
AZ (Fig.5.3a) = M(_ 3a

) A 5.35
1672 2)“ (5:35)

The second diagram for %7, depicted in Fig. 5.3b, gives the contribution

i3

L8
Tk lia K, )C2(G) Coa (5.36)
where the integral in Feynman gauge o = 1 (this diagram also has no logarithmic

divergence in Landau gauge o = 0) is

dyd"p papu
IF =2 | dx—2— 2201 5.37
pma / x(denominator)3 (5:37)
1
= Ein'zg,w In A (5.38)

This provides the incremental contribution

2
A% (Fig. 5.3b) = %G%) InA (5.39)

and hence we arrive at

g2

1672

Zi=1+ C2(G)(—a)In A + O(g*) (5.40)

Finally, we turn to the gauge field renormalization constant Z3 (recall that Z;
will be deduced from the Taylor-Slavnov identity), for which the relevant Feynman
diagrams are shown in Fig. 5.4. Figure 5.4a has a quadratic divergence but no
logarithmic divergence, hence does not contribute to Z3; in terms of dimensional
regularization we state that [ d*p/p*=0.

Turning to Fig. 5.4b we find [bearing in mind the (—1) factor for the ghost loop]
the amplitude

C2(G)g?

it lap®) (5.41)

8ab

where the integral is
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p
k k
(a)
1
=5 (k+p)
//’?\\
/ \

./ \
—0090 00000 —
k ot,a\\ /’o B,b k
\\\i///

+ k-p)
(b)

d*pk k=
Iag(k):/ pk+ pla(k — p)g

(k+ p)?(k — p)?

/ld d"plk + p)alk — p)g
= X
o [p*+2p-kQx—1)+k*?

4 2
~in’1n A<§kakﬁ + ggaﬁkz)

Hence the full diagram gives

—ig2

1672

ab 1 1 2
Cr(G)8 In A gkﬂtkﬂ+gga/3k

Figure 5.4 Graphs contributing to Z3.

(5.42)

(5.43)

(5.44)

(5.45)
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This diagram by itself is not gauge invariant and only becomes so on addition to
Fig. 5.4¢, to which we now turn. Remembering a combinatorial factor of % for the
identical bosons, the amplitude is

2
8
Sab 63 C2(G) 1y (k) (5.46)
with the integral
1/[14—[)1-[ (k + p)TL, (k — p)
2) G+ pRk—pp PETERTR

—k—p —k+p k+p k—p
Ty [ K, ——, Tgse | —k, —=, —5 5.4
aﬁy( > 2 ) ¢ae< > 5 (5:47)

loy (k) =

in which we defined

(1 —a)k,k
My (k) = guy — T“” (5.48)
Capy (P, q,7) = 8ap(q — P)y + 8y (" = @D + 8ya(p —1)p (5:49)
It is convenient to write
Lug(k) = 15, (k) + (1 — ) 15 () + (1 — )2 13 (k) (5.50)
where the superscript F means Feynman gauge o = 1.
The first remark is that 7 has no divergence; to see this, note that
—k—p —k+
Faﬁ)’ <k’ 2 p’ 2 p)(k+p)ﬁ(k_ p)V = _zpll(kzg/wl _kuka)
(5.51)
k+p k-
ose (ke S 552 )bt k= phe =20, (o — k) (552
and hence
12 (k) = —2(kKgpua — kyuko) (K205 — ko) _doury gy
@ (k+ p)*tk — p)*

which is ultraviolet finite and hence does not contribute to Z3.
Next we observe that there are two equal contributions to / DE:; (k), coming from
the (1 —a) terms of the two vector propagators, respectively. Indeed, we may exhibit

this equality (which holds only for the symmetric choice of momenta),
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d*p ~k—p —k+p
Ty k. :
(k+ p)*(k — p) 2 2
k + p k
rwe( k—2L —p)(k + Pk + Psgye

/ d*p ( —k—p —k—i—p)
<k+p)2<k o (6 2

k k
F¢ae< k, ﬂ —p>(k P)y(k — p)sgps (5.54)

by using the symmetry

Lapy(p.q.r) = —Tayp(p.q. 1) (5:55)
and the fact that the integrals satisfy

Log (k) = lag (k) = Ipa (k) = Ipa(—K) (5.56)
since by Lorentz invariance there must always be a decomposition

Lo (k) = f1(K)gag + fo(k*)kaky (5:57)

Thus to compute / O(t;)) (k) we need compute only, say, the left-hand side of Eq. (5.54),
then multiply by 2. Now use for the tensor in the integrand

—k—p —k+
Tug(k, ) = Tapy (k, —+r =t )
k+p k—
Tose(0 LIS N pptht prge 659

and then Feynman parametrization with dimensional regularization gives

' dx xd"p
e _2/ Tag (k 5.59
© o [p2+2p-k@x —1)+k2]3 ag(k, p) (5.59)

~ —in? In Alkgky — k*gug) (5.60)

There remains only the evaluation in Feynman gauge, which needs

—k—p —k+p k+p k—p
lofq}(ks p)zraﬂy<k, ) B ) )rqb&( k, T’T 8p58ye

(5.61)

9, 1, 5 9
_ z Z _Z + = .62
= ga¢< 2k 2[7 ) zpap¢ 2kotk¢ (5.62)
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whence

! dxd"p
2 Jo [p*+2p kQ2x —1)+k2)? Tag

Iy (k) = o (k. ) (>-63)

11 19
~ —inzlnA(?kakd, - z1<2g,1¢> (5.64)
The fact that Eq. (5.64) is not gauge covariant is no surprise: It was known in

advance from Eq. (5.45) for the ghost loop. Combining the logarithmic divergences
from Egs. (5.45), (5.60), and (5.64) now enables us finally to compute

2 13
Zy=1+ %CZ(G) lnA(? - a) +0(g") (5.65)

Together with the expressions for %] and %23 in Egs. (5.40) and (5.29), we may now
use the identity of Eq. (5.22) to derive

2 13 3
Z = 1§”2 [<? —a) + () — <§ - %)} (5.66)

2
— 1+ 506 A<% - 3—“) +0(g% (5.67)

167 2

Direct calculation of the graphs for Z; depicted in Fig. 5.5 gives the same answer.
For pure Yang—Mills theory, the g-function follows from Eq. (5.21) as

5 3/2
P =8 5mn 21 (5-68)

g2 \ 11
(16 ) C2(G) + 0(2) (5.69)

The negative sign is the crucial signal for asymptotic freedom—the origin g = 0
is now an ultraviolet fixed point of the renormalization group—and, as we shall
see, leads to an explanation of the weak coupling between quarks observed at high
energies. The result of this calculation was known to 't Hooft in 1972 [12].

We now add fermion (spin-1 5) and scalar matter fields, which will contribute pos-
itively to B, and hence the question is: How much matter may we include before
the origin g = 0 switches from ultraviolet to infrared fixed point and asymptotic
freedom is lost?

First consider the spin-% loop of Fig. 5.6, which gives

T(R)(S“b6—laﬁ (k) (5.70)
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Figure 5.6 Fermion loop diagram.

with

d4
top ) = [ =L Tk = v (5.71)



5.3 QCD Asymptotic Freedom

and the index T'(R) for an arbitrary representation R of the gauge group G is given
by

Tt (T*(R)T?(R)) = 6T (R) (5.72)

Here the T%(R) are generators of G written in the d(R) x d(R) basis, with d(R)
the dimensionality of R.
The integral is

dl‘lp
p? —2xk - p + xk?

1
Ioyp (k) = 4/ dx
0

- (kapp + kpPa — 8apk - P — 2Papp + P*8ap) (5.73)

N 8im?

o

In A (kakg — k> gap) (5.74)

Combining this with Eq. (5.70), we find a contribution for Dirac four-component
fermions in representation R:

2

AZ = AZy=— 1§n2 (§>T(R) In A (5.75)

The fact that AZ; = AZ3 (since AZ] = AZ3 = 0) is an example of a Ward-
Takahashi identity [31, 32], as in QED.

For scalar particles, the diagrams are shown in Fig. 5.7. The amplitude for
Fig. 5.7a is quadratically divergent and gives no contribution to Z3. Figure 5.7b
gives

—g* 8T (R) Lop (k) (5.76)
with
I (k)—fld d'p (k — 2p)o(k — 2p) 5.77
B =) P 2k - px + xk2)? Pla ps (-77)
2- 2 2
~ Sim (kakp) — K gap In A (5.78)
Hence
g2 (2
AZ =AZy=—5_(Z)T(R)InA 5.
1 3 16712(3) (R)In (5.79)

as the contribution from complex scalars in representation R.
Thus we have

g2

7= 14 17 3«
= 1672

8 2
1nA[Cz(G)<F - 7) ~ 37 (Rp) ~ gT(Rc)] (5.80)
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(b) Figure 5.7 Scalar loop diagrams.

8
1672

13 8 2
Zz =1+ lnA|:C2(G)<? — a) - gT(RD) - ET(RC)] (5.81)

and hence

) 7
) 7,

B = (5.82)

__g U @) = 27 Ro) = 27(Re) 5.83
T ten2[3 ° 30T >83)
where the subscripts D and C refer to Dirac fermions and complex scalars, respec-
tively. For Weyl fermions or for real scalars, the contribution would be halved; that
is,
g’

_ & U6 2rre) - L1 5.84
'3__16712[? 26) = 3T(Rw) — ¢ (R)i| (5.84)

where the subscripts W and R refer to Weyl and real, respectively.

Note that although Z; and Z3 are gauge dependent, 8 is not; this is true to all
orders of perturbation theory [33, 34]. Also note that for any irreducible represen-
tation, we may identify the index as

T(R) = M (5.85)

where C»(R) is the quadratic Casimir, d(R) is the dimension, and r is the dimen-
sion of the group [r = N2 — 1 for SU(N)].
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Let us first consider QCD for which G = SU(3), C2(G) = 3, and T(Ry) = Ny,
the number of quark flavors. In lowest order,

3
g 2

which is negative for Ny < 16, showing that we may add up to 16 quark flavors
without losing asymptotic freedom. The calculation has been extended to two loops
[35, 36] and to three-loops [37-39], with the result [39]

3 5
g 2 g 38
= _(1-=Zn;) - —=(1020- Ny
p 16712( 3 f) (16n2)2< 3 f)

7

g 2857 5033 325 , 9

- - —N :
(16n2)3< 5 3 Ny + s Ny +0(g") (5.87)

Another interesting case is supersymmetric Yang—Mills theory, with a chiral mat-
ter superfield in the adjoint representation. From Eq. (5.84) we then have at lowest
order

g C(G)

P="Ten? 6

[22 — 4v(M) — v(R)] (5.88)

where v(M) and v(R) are the numbers of Majorana fermions and real scalars,
respectively. The gauge supermultiplet contains (for unextended N = 1 super-
symmetry) one Majorana fermion, while each chiral superfield contains one Majo-
rana fermion and two real scalars. Thus for N = 1 and n chiral superfields,

g CG)
1672 6

B=— (18 — 6n) (5.89)
which vanishes for n = 3. This was noticed by Ferrara and Zumino [40] and by
Salam and Strathdee [41], who all wondered about higher loops. The two-loop result
for N — 1 supersymmetry was computed by Jones [42], with the result

3 5
—g” C2(G) 8 2
=—— 18 — 6n) — Cr(G)“(6 — 10, 4, 5.90
P= e g (860~ (o3 C(G (6~ 10n+4m) (5.90)
which fails to vanish for n = 3. In the final set of parentheses, the —10n is

from gauge couplings and the +4n is from Yukawa couplings for vanishing super-
potential. Hence this fails to generalize. However, a more geometrical theory is
N = 4 extended supersymmetric Yang—Mills, where in Eq. (5.88) one has v(M) =
4 and v(R) = 6, so that 8 vanishes at one loop. In two-loops, the Yukawa couplings
give 8n rather than 4n with n = 3 in Eq. (5.90), and hence the two-loop S-function
vanishes, too [43, 44]. In fact, at three-loops [45, 46], the B-function remains zero. It
has even been shown [47] that N = 4 extended supersymmetric Yang-Mills theory
is finite to all orders of perturbation theory. In N = 2 extended supersymmetric
Yang—Mills, if the one-loop B-function vanishes the theory is finite to all orders [48].
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For the N = 1 case (the most phenomenologically interesting because it allows chi-
ral fermions) vanishing of the one-loop B-function implies two-loop finiteness [49,
50]; for this A/ = 1 case, however, the finiteness does not persist, in general, at the
three-loop level [51, 52].

5.4
Grand Unification

As already mentioned, the first triumph for the renormalization group applied to
particle theory was the explanation of approximate scaling using QCD. Chronolog-
ically, second application involved grand unification [20].

Consider the low-energy (< 100 GeV) phenomenological gauge group

SUB) x [SUQ) x U(D)] (5.91)

with gauge couplings g; (i), i = 3,2, 1, in an obvious notation. We may take the
phenomenological values at some 1 ~ 100 GeV, say, then study how they evolve
according to the renormalization group, which gives at lowest one-loop order

d
— () = b g’ 5.92
udﬂg(u) & () (5.92)
with, for SU(N),
b 1 11N 2T(R) 503
= 16n2| 3 37 W (5:93)

where we include Weyl fermions but ignore scalars. Thus we have, for SU(N),
T(Ry =N) = % Each quark-lepton family has four triplets of color SU(3) and
four doublets of electro weak SU(2), giving

1 2
by=———(11=ZN; 5.94
3 167r2< 3 f) (5:94)

1 22 2
by — — N, 5.95
: 167t2< 33 f) (5-99)

Since in a grand unifying group, G, the contribution of a complete irreducible
fermion representation of G to the vacuum polarization will be the same for any
gauge particle of G, the equality visible in Egs. (5.94) and (5.95) is already sugges-
tive of

SUB3) x [SUQ) x U)] c G (5.96)

such that each quark-lepton family forms one or more complete irreducible repre-
sentations of G.
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Suppose that we define weak hypercharge ¥ by Q = T3 + Y; then T (Ry) for the
corresponding U(1)y will be given by the eigenvalue Y. In fact, the normalization
of the U(1) generator is more arbitrary, so we write Q = 73 + CY. Each family has
six states with ¥ = é, three each with ¥ = —% and +%, two with ¥ = —%, and one
with Y = +1. Thus

b = ! 2N = 5.97
"7 en? 3732 G37)
This suggests C? = % as the appropriate identification for grand unification.

Indeed, taking G = SU(5) and each family as (10 4+ 5), it is immediate to check
that since Tr(T32) =Tr(Y?) = % and Tr(73Y) = 0, then

Tr(Q%) = Tr(T3 + CY)* = %(1 +C?) = g (5.98)

since in the defining representation Q = (—% —% —% 0 +1), correspond-

ingto5=(dy dy d3 v, e"),forexample. Thus we see that

11
by=b — — 5.99
2=b1- 5 (5-99)
11
by =b; — 5.100
PTU T qen? ( )

At the unification mass M the three couplings g; (1) (i = 1, 2, 3) become equal:
g1(M) = g2(M) = g3(M) = g6(M) (5.101)

Thus, the unification enables us to determine the electroweak mixing angle
sin® Gy evaluated at mass M. In the notation of Weinberg [53], who denotes the
gauge couplings of SU(2); and U(1)y as g and g/, respectively, the electroweak
mixing angle is

g2 (w

. B s — 102
g2 (w) + 8" () (5-102)

sin? Ow (1) =
Here we have acknowledged the fact that Ow (1) is dependent on the energy scale by
virtue of the renormalization group. We now observe that g = g, while ¢’ = g;/C,
and hence that

1 1
14+C2 7 2Tr(Q?)

sin® Oy (M) = (5.103)

and, in particular, sin? Oy (M) = %21 for SU(5), where C? = %
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Provided that the g; (1) remain sufficiently small so that perturbation theory is
reliable, we may solve Eq. (5.92) to give, for u < M (we follow Ref. [20] precisely
here),

_ B M
872 () = g5 > (M) + 2b; In " (5.104)

Assuming that only complete representations of G make up the light fermions
(masses m < 100 GeV) and that there are no fermions with masses in the “desert”
energy region 100 GeV < m < M, we may use Egs. (5.99) and (5.100) for the entire
interpolation between 100 GeV and M. Defining the sliding electric charge of the
electron by

(1) = g3 () sin® Oy (1) (5.105)

we find by straightforward algebra that

c? 1 1+C? 1 1+C?
= — — (5.106)

giw) g g (W g

M 2 2
:21n;[b1C +by —b3(1+C?)] (5.107)
and

Cla1() ™7 — 20 7*] = e *[1 = (1 4 C?) sin® 6w ()] (5.108)
=2C% (b1 — by) ln% (5.109)

Substitution of (b; — b2) and (b; — b3) from Egs. (5.99) and (5.100) then gives the
final formulas for M and sin? Oy () as follows:

M 2472 1 14 C?
In— = ~|5— - - (5.110)
wo 1IHA+3C7) [er(w)  g3(w)
1 2C2%e% ()
-2
0 = 1 5.111
S oW 0 = +3CZ>[ 53(n)? } —
For g3(u) consider the one-loop QCD formula
2 12
oy = BE) _ z (5.112)

d4r (33 —2Ny)In(u2/A?)

The value of A, the QCD scale, needs to be determined phenomenologically. Be-
cause of precocious scaling, we know that for u> = 2 GeV? the parameter o /7
which governs the convergence of perturbation theory must be small (< 0.3); on
the other hand, perturbation theory must break down at the charge radius of; say,
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the proton r, = 0.8 f or > = 0.3 GeV, so here o /7 > 0.3. Putting Ny = 4, this
gives the allowed range

200 MeV < A < 600 MeV (5.113)

Analyses favor a value A ~ 200 MeV (see, e.g. Ref. [54]). Let us take 1 = 100 GeV
as our low-energy scale, sufficiently close to the mass of the weak gauge bosons
W= and Z°. Then for A = 200 MeV, o, (1) = 0.12, and g3(u)*> = 1.51.

Next consider e(u)?. In Ref. [20], Georgi, Quinn, and Weinberg used simply
e(w)?/4r = a~' = (137.036)7!, but as pointed out in Refs. [55] and [56], this
value is too low since it also runs with increasing energy. The appropriate formula
is, for o (1) = e(u)? /47,

2 % 1
1 -1 2
— __z In — + — 5.114
o (W=« 3 7 Qf nmf+6n ( )

where the sum is over all fermions, leptons, and quarks with my < u (a color
factor of 3 is necessary for quarks) and Q is the fermion’s electric charge. For
u = 100 GeV this gives @ ! (1) ~ 128 (see also Rev. [57]), e(w)? = 0.10.

We are now ready to substitute into Eqgs. (5.110) and (5.111) with the results, for
SU(5), that

M =7 x 10" GeV (5.115)

sin® By = 0.203 (5.116)

In SU(5) [21] there are superheavy-gauge bosons with mass M that mediate pro-
ton decay. By dimensional considerations we may estimate

1 M 1
Tp = ————= = 1.1 x 10°" years (5.117)
g (M)2 My,
with a large uncertainty (at least an order of magnitude) due to the long extrap-
olation in energy and the occurrence of M to the fourth power. The values in
Egs. (5.116) and (5.117) are now excluded by experiment.

5.5
Scaling Violations

Returning now to QCD, the significance of asymptotic freedom is that the origin in
coupling constant space g = 0 becomes an ultra violet fixed point of the renormal-
ization group. Consider B as a function of g and the possible behaviors exhibited
in Fig. 5.8. Bearing in mind that 8 = pdg/du, we see that in Fig. 5.8a the value
g1 is approached by g for increasing u provided that we start from 0 < g < g.
Similarly, g3 is approached from g, < g < gs4 and g5 from g4 < g < oo. Thus
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Figure 5.8 Some possible behaviors of
(© B(®).

g1, g3, and g5 in Fig. 5.8a are ultraviolet fixed point. Conversely, g = 0, g2, and
g4 in Fig. 5.8a are infrared fixed points approached by g(u) for decreasing u. The
general picture is clear: If the slope B'(g) is positive at 8 = 0, there is an infrared
fixed point; if B is negative at 8 = 0, there is an ultraviolet fixed point.

In Fig. 5.8b the origin is an ultraviolet fixed point, and any g such that0 < g < g
decreases toward zero at high energy (i.e., asymptotic freedom). At low energies, g
increases to ge.

The situation of QCD is depicted in Fig. 5.8¢c, where the origin is asymptoti-
cally free (as we have proved above for 16 flavors) and at low energy the coupling
eventually becomes infinite. Such low-energy behavior has not been proven but is
expected since it yields color confinement, and strongly supported by lattice calcu-
lations.
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What is so physically compelling about the asymptotic freedom of QCD? We
have derived in Eq. (5.16) that Green’s functions transform under scaling p; — Ap;
according to

t
LCGp.g) =T(p.3) CXP[/O v(8(g. 1)) dt’] (5.118)

Keeping at lowest order 8 = —bg® and y = cg?, we then see that

2 g
g (t) = —————— 5.119
g (=1 g ( )
where g = g(0) and hence the exponential factor in Eq. (5.118) becomes
tar 2\ ¢/2b
exp cg2/ SR (5.120)
o 1+2bg%t g2
~ (Inn)/? (5.121)

so that we have logarithmic corrections to scaling. Because of this, high-energy
processes give a unique testing ground for perturbative QCD.
The processes that have been checked against QCD predictions include:

1. Electron-positron annihilation, particularly the total cross section and produc-
tion of jets.

2. Deep-inelastic lepton-hadron scattering, particularly scaling violations.

3. Hadron-hadron scattering, particularly large transverse momentum processes
and lepton pair production.

4. Decays of heavy quarkonium systems.

We shall presently concentrate on inclusive lepton—hadron scattering,
I(pp) + N(p) = I'(pr) + X (px) (5.122)

since it will sufficiently illustrate use of both the 8 and y (anomalous dimension)
functions. Following tradition, we define ¢ = py — p; and Q% = —¢? as the “space-
like squared mass” of the exchanged vector boson, be it any of the four electroweak
intermediaries y, W%, or Z°. We also define v = (p - ¢)/My. In the laboratory
frame where the target nucleon is at rest, v = E’ — E is the energy transfer.

As indicated in Fig. 5.9, the squared matrix element is written L, W,,,, where
L, refers to the well-established leptonic part while W,,, is expressed in terms of
three structure functions W; (v, 0?) as follows:

1 .
Wy = E/d‘*zezq.z(m[m(z),Jv(o)]|p) (5.123)
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=LY Wy
do ~ 2

Figure 5.9 Squared matrix element for lepton—nucleon scattering.

qudv 1 P-9q p-9q
=|- + + — - — - W,
< 8uv 7 )1 M[%/ (Pu 42 ‘Iu) <Pu 7 ‘Iv) 2

€ “qb
— et Py, (5.124)
2M2,
The third structure function, W3, contributes only to parity violating effects such
as A-V interference and hence is absent for photon exchange. Indeed, for deep-
inelastic electroproduction, the differential cross section is given by

do dra® E' .20 , 0
——— = ——— | 2W; sin” = + W cos” — (5.125)
dQ%dv ~ MyQ* E 2 2
For charged W exchange (mass My ) the corresponding formulas for v(v) + N —
w(ut) + X are

do*® G 5( M3, )2
dQ*v — 2mMy E \ Q>+ M},
0 0 E+E 0
.<2W151n2§+W2c052§:F L W3sin2§) (5.126)

In Egs. (5.125) and (5.126), € is the scattering angle of the lepton given by Q2 =
4EE'sin%(6/2).

Further kinematic variables that may be useful are x = w™! = Q?/2Myv, y =
v/E,and W2 = (p +¢)* = p)%. Since W2 > Mlz\,, we have that 0 < x < 1. Also,
y is the fraction of the energy transferred to the hadronic system in the laboratory
frame. The deep inelastic regime is defined as that where 0%, Myv, W2 > M3 at
fixed x, and the scaling phenomenon, sometimes termed Bjorken scaling [59-61],
is the experimental observation that in this limit
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Figure 5.10 Handbag diagram.

Wi(v, %) — Fi(x) (5.127)

v 2

——Wa3(v, Q%) = Fa3(x) (5.128)

My
so that the structure functions depend only on the dimensionless ratio x (scaling
variable) of the two available variables. The naive quark—parton model is defined
in this deep inelastic region and is based on the impulse approximation. (For an
excellent introductory review, see, e.g., Ref. [62].) The constituent quarks define an
electromagnetic source

1

- 1
3dJ/,Ld— —5Yus +--- (5.129)

2_
S = quyuu — 3

3
and a charged weak source (neglecting charm and higher flavors)

Jljveak = cos Oty (1 — ys)d + sinOcuy, (1 — ys)s + - - - (5-130)

The dominant process contributing to W,,,, is the handbag diagram of Fig. 5.10 and
gives

FEN =x) " el[q(x) + ()] (5.131)
q

where the quark distribution functions are the expectations of quarks having frac-
tional momentum x to x — 8x; that s,

(N1gqIN} = gn (x) + gn(x) (5.132)

Thus, for the proton one has

. 4 i} 1 -
FP(x) = §x[up(x) +ip(x)] + §x(dp(x) +dp(x)+ - (5.133)
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while for the neutron
. 4 _ 1 -
FP(x) = §x[u,,(x) +in (x)] + §x(d,,(x) +dp(x)) + - (5.134)

From isospin invariance, one expects that

up(x) = dn(x) (5.135)
i1 p(x) = dn(x) (5.136)
dp(x) = un(x) (5.137)
dp(x) = ity (x) (5.138)

For spin-% quarks one can derive the Callan—Gross relation [63] that
F(x) = 2xFy (x) (5.139)

to be compared to F; = 0 for scalar quarks.
For neutrino scattering, one has

F,P(x) = Fy" (x) = 2x[dp(x) +itp(x)] + -+ (5.140)

Fy"(x) = FyP(x) = 2x[up(x) + dp(0)] + - - (5.141)
while

FP(x) = Fy"(x) = 2x[itp (x) — dp(x)] + - -+ (5.142)

FyP(x) = FY"(x) = 2x[dp(x) — up(0)] + - - (5.143)

Clearly, the quark distributions must be normalized such that

1 up(x) _ﬁ_p(x) 2
/ dx dp(x) —dp(x) | =11 (5.144)
0 0

sp(x) —5p(x)

A very important result of the experimental analysis concerns the total fraction of
momentum carried by quarks and antiquarks in the nucleus:

1
2/ dxx[q(x) +Gx)]=1—¢ (5.145)
0
q
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the result is [64-66] that € ~ 0.5; we interpret this as about half the proton mo-
mentum being carried by gluons. There are other important sum rules, such as
the Adler sum rule [67],

1 dx vp vp
/0 E[F2 )+ FKw]=1 (5.146)

following from current algebra assumptions; similar considerations lead to the
Gross-Llewellyn Smith sum rule [68], which states that

1 -
/ dx[F{"(x) + F{"(x)] = —6 (5.147)
0

The usual fractional-charge quarks allow

1
<2< (5.148)
4~ F’
while Han—-Nambu integer charges [69] would have required
F" 1
ﬁ = 3 (5.149)
which seems to be ruled out near x = 1.
Comparison of weak and electromagnetic exchanges dictates that
P — F? = 12(F" - F{") (5.150)
vp vn 18 ep en
E\+F" = ?(FZ + F5") (5.151)

and these strikingly confirm the expectation that the same quark substructure is
probed by the photon and W* bosons.

The quark distribution functions themselves should be calculable from QCD,
perhaps by lattice methods. It is amusing that certain features of the x-dependence
can be understood in terms of Regge poles. Experimental measurements indicate
that Fi(x) ~ 1/x and F>(x) ~ constant as x — 0. A Regge pole will give Fig. 5.11

wi(v, Q%) ~ v f1(Q%) (5.152)

vWa (v, Q%) ~ v f(07) (5.153)

so Bjorken scaling requires that fi ~ (Q%)® and fi ~ (Q%)'%, whereupon
Fi ~ x~® and F> ~ x'7%. Thus phenomenology suggests that @ = 1 near x ~ 0;
this is reasonable and says that the quark sea of ¢¢ pairs dominates at small x
since it is flavor singlet and experiences Pomeron (¢ = 1) exchange. (Such a sepa-
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Y

Figure 5.11 Regge pole interpretation of x dependen-
cies.

ration of diffractive sea and normal Regge valence quarks was used in, for example,
Ref. [70].)

This completes a brief overview of the naive model with exact scaling. Perturba-
tive QCD makes no claim to calculate the x-dependence; the point at issue is that
Bjorken scaling is strict only for 0> — oo and, in fact, the scaling functions do
exhibit some departure and do depend on Q%: F;(x, Q%) (i = 1,2, 3). Asymptotic
freedom not only underwrites the scaling limit but allows calculation of the scaling
violations [i.e., the logarithmic Q2 dependence of F; (x, 0?)].

The point is that QCD insists that in addition to the diagram of Fig. 5.12a, there
are the inevitable corrections of Fig. 5.12b and higher orders. Even though, as it
will turn out, we can presently check these QCD corrections quantitatively only at
a 10% level, we should recall that the nature of the Q> — oo limit already uniquely
distinguishes QCD as the correct theory [19].

To apply the renormalization group to the deep Euclidean region, it is convenient
to use the operator product expansion [11] on the light cone [71-74]. The Fourier
transform

1 ,
Wiw = 1 /d4z e (plJf () (0| p) (5.154)

is dominated, when |¢g2| — oo by the neighborhood of z> ~ 0. We wish to predict,
in particular, the momentum dependence of moments of structure functions in the
form

1
/ dx x" 2 F>(x, 0%) = C,(Q?)(N|0"|N) (5.155)
0

where the large Q2 dependence of C,, will be determined by QCD and the renor-
malization, while the matrix element is related to the quark distribution functions
to be fitted to experiment. The C,, and O" are often called [11] Wilson coefficients
and Wilson operators, respectively. For z2 & 0 we thus write

A@R)BO) >~ > CM) a2y -+ 21, O 71 (0) (5.156)
in
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iy

(a)

i iy by

(b) Figure 5.12 QCD corrections to parton model.

where the sum is over spin (n) and operator types (/). The operators are symmetric
and traceless in the indices . As z2 — 0, the Wilson coefficients behave as

1\ @atdp+n—do)/2
or) ~ (_) (5.157)

250\ 72

where dy, dp, and dy are the naive dimensions. For given A and B the strongest
singularity on the light cone will be from the term in Eq. (5.156) of minimum twist
(r) defined by the difference of dimension and spin:
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To give examples, for a scalar field ¢ the following operators have twist T = 1:
¢, 0,6, 000 (5.159)

Of course, these are irrelevant to deep-inelastic scattering where the fields are
quarks v and gluons A, and the lowest twist is T = 2 for the two types of operator,

OF

1]- A
= [wy,“ Dy, ---Dy, ( 1“)1& +- permutationsi| (5.160)
n!

1
oy = ;(Fam D,,Dy; -+ Dy, Fap, + - - - permutations) (5.161)

where in O} the A, matrix is in flavor space, and its replacement by 1 is the flavor-
singlet case. For flavor nonsinglet there is only one type of operator (OF), while for
flavor singlet there are two (OF and Oy). As we shall see, the consequent operator
mixing makes moments of the flavor-singlet structure functions somewhat more
complicated to analyze.

The first step is to go into momentum space by the Fourier transform (suppress-
ing two obvious Lorentz indices):

/ d*ze' " (p|J ()7 (0)|p)

2“02/& ) 2 21 - 2 (PO ) (5.162)
e .
nn
=3 (0) "4 s+ 4, CL(QP)PI QL M | ) (5.163)
in

Next we expand the matrix element of the Wilson operator according to
(p| Qﬁmtzwun Ip) = A? (pm ph2 ... phn — mnguzm;M cewphn ) (5.164)

where trace terms are subtracted to make the tensor symmetric and traceless, and
hence of definite spin. In terms of the scaling variable x = (Q?/2p - q), this gives
an expansion

_ _pyam?
> o)A + 0<x M@) (5.165)
in

To calculate the scaling violations at leading order, one will omit both (1) the trace
terms, which give quark mass effects, and (2) higher-twist © > 4 operators, which

give m?/ Q? corrections that are more challenging to calculate.
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Now any physically measurable quantity must satisfy a renormalization group
equation to exhibit independence of the scheme chosen. In particular, the matrix
elements must satisfy

3 3
(“a_ +B— +2y¢><¢|(JJ)I¢) =0 (5.166)
% g

where |¢) may be any basic state of QCD (i.e., either a quark or a gluon state). In
Eq. (5.166) we substituted the anomalous dimension y; = 0. It follows that for
each O!' we must have

( 2 82 4 )c"(Q—2)<¢|0”|¢>—0 (5.167)
Pouw o T )52 () P '

since each O} has a different and independent tensor structure. But the matrix
element in Eq. (5.167) is itself a physically measurable quantity corresponding to a
parton distribution function and hence

3 F)
(“a_ + B +2V¢~|—7/0.">(¢>|O,~"|¢) =0 (5.168)
2 ag !

and it follows that

9 ; 0? )
— —yor |C! 0 5.169
( au ﬂ yo> (M g(u) ( )

The method to calculate yqr is already evident from Eq. (5.168) since if we normal-
ize at p> = —u? such that

@loflg) =1 (p* =—u?) (5.170)

and then radiative corrections give for the leading logarithmic correction

(@lOr1g) =1+ 2b”1n<|p ') +0(gY (5.171)
w?

we have from Eq. (5.168)
vor =28°b}] — 2y (5.172)
The solution of the renormalization group equation for C}', Eq. (5.169), is given by

Qz s 1/21n Q2 /12

CHl ——)=C!l,g ex f dt'yon|g(t") } 5.173
1<Mz’ng)> F(1.8(w%) P{ A vor[g]}  (5.173)

where the exponential sums the leading-logarithmic corrections to all orders of
perturbation theory, as usual.
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If there is more than one operator O with the same Lorentz structure and inter-
nal quantum numbers, the O are not separately multiplicatively renormalizable.
Then we must replace Eq. (5.169) by the matrix equation

. 0 0 n n Q2 _
S0 (g +#5) = 7)1 () =0 5174

J

and the matrix y;; must be diagonalized before solving, as in Eq. (5.173) for the
mixed operators. For the leading twist t = 2 flavor-nonsinglet case, there is
only one operator type, given in Eq. (5.160), so we can solve immediately as in
Eq. (5.173).

Going back to Eq. (5.165), we explain now why it is the moments of structure
functions for which the Q? dependence is most directly provided by the renor-
malization group. From Egs. (5.162) through (5.165) we have that the transition
T-matrix for virtual Compton scattering has the leading-order expansion

T(x. 0% = ZC{‘(Q—2>x_”Al'-‘ (5.175)

2
i u=, g(w)

In the complex x-plane, T is analytic apart from the physical cut along the real axis
for —1 < x < +1. Encircling this cut by a Cauchy contour C gives

2
dxx"*T(x, Q%) =) Cf'<7Q )A’? 5.176
x " 0) =~ \utgw) 6170

2mi ol
Shrinking C to the physical cut gives the discontinuity formula required and by an
obvious generalization of the optical theorem one obtains for a generic structure
function F(x, %)

1 Q2
/ dxx"72F(x, Q%) = ZC["<7>A? (5.177)

0 w2, g(1)

as promised earlier. Here F may be x F|, F, or x F3. Adopting the convenient short-

hand that

(F(2?)) =/ldxxHF(x, 0’ (5.178)

0

and using Eq. (5.173), we see that, normalizing to some Q% = 03, we have

1/21n 02/

(F(0%), = (F(@), exo| -

dt'yor (8(1h) (5.179)
/21n Q3 /u? '

In lowest order, 8 = —bg> and Yor = Cr'g?, and hence
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(F(QM))n [as(QSqC?’ 12 (5.180)
(F(QD)n  Las(@?) '
— exp(—a's) (5.181)
where we used
1
oy = W (5.182)
and defined
2 /A2
_ n MQ/AT) (5.183)

~ " in(g2/A?)

ol Yor Yor
al == 2 T (5.184)
2b  2bg?  8mwhag

We can delay no longer calculation of at least the flavor-nonsinglet anomalous di-
mension for the operator O} of twist 2 given in Eq. (5.160). In particular, we wish
to calculate y /. for the matrix element of O’ between fermion (quark) states and
then compute yor by using Eq. (5.172). To accomplish this, we need the Feynman
rules for the insertion of O%; these are indicated in Fig. 5.13, where A, is an ar-
bitrary fixed four-vector. Let Z = Z(A/u, g) be the multiplicative renormalization
constant for O%; then the anomalous dimension is

9 A 9 A
Yon = ph— an(—) = an(—) (5.185)
F I M, 8 d(nA) ", g

The relevant Feynman diagrams are shown in Fig. 5.14. Let us for clarity write
Z =14 (c1 +c2+ ¢3)In A 4 two-loops (5.186)

where ¢y, ¢z, and c3 refer, respectively, to the contributions of Fig. 5.14a through c.
To proceed with the calculation, we first state and prove by induction the follow-
ing identity:
1 N

ﬁ koMlkMZ "'an

2
= [ [l Zpairs Suina8pspa * parun (N €VED) (5-187)

0 (n odd)

Here the integral is over the three-dimensional surface of a unit four-hyper-sphere.
For n odd, k, — —k, merely interchanges hyperhemispheres but changes the
overall sign. Hence the integral vanishes.
For n even, let us denote the correct normalization of the right-hand side by N (n);
it is then required to prove by induction that N (n) = 2/(n + 2)!!
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OF
k k
A"
Oy
P14 Pz,b
p3a
1

Figure 5.13 Feynman rules for insertion of opera-
tor O

—T*R)up Ay 4 ;:"0—2 (A-pyY (Apy)"

(a) ® ()

Figure 5.14 Feynman diagrams used to compute anomalous dimension of O..

Forn = 0, N(0) = 1 (surface area). Also by inspection N(2) = % (contraction
with g"]/‘z) and N(4) = 2—14 (contraction with g"]“2g1‘3“4).

Suppose that the required result is correct for N (n), then consider N (n 4 2). The
sum over pairs now has v(n + 2) terms, where

vin+2)=m+ DHv(n) (5.188)
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as can be seen from counting pairs

-G)) - Cam— 5 5.189
lmn)_'(2)(i 2 )"'<2)(n/2n = (5.189)

Now consider the expression for (n+2) and contract with gi»+1#»+2_There are v(n)
terms containing g, 4,,, and hence giving a factor of 4; the other nv(n) terms do
not contain g, ,,,, and give a factor of 1. Thus

N@m) = @4 +n)N@n+2) (5.190)

But we are assuming that N (n) = 2/(n+2)!! and Eq. (5.190) then gives N(n+2) =
2/(n + 4. Since the formula is correct for n = 0, it is true for all even n. Q.E.D.
The Feynman rules for Fig. 5.14a give the amplitude

1 n—1
porrsul O YubRPYu (5.191)

d*p
)
ig”C2(R) / 7
@m)* p*(p
where Tr[T%(R)T#(R)] = 8°¥C»(R) and we shall work in Feynman gauge (a = 1)
since at lowest order the anomalous dimension is gauge independent.
Hence

d*p a1 PR =2(p- AP
2f AP G — e

(A k)" A A ~ 2ig2C2(R)/ (

(5.192)

in which it is understood to mean the log divergence of the right-hand integral is
to be taken.
Now differentiate Eq. (5.192) (n — 1) times with respect to k,, by acting with

dn—]

Dflfzmenfl — 5193
n-l dke,dke, - - - dke,_, ( )

On the left-hand side,
Dy (A K" N == DA A, - A, (5.194)

while on the right-hand side the log divergence is from

1 PeiPey - * Peyy
Dy |———~2n -2 ————"—
O T P

The right-hand side of Eq. (5.192) is, therefore, after rotating to Euclidean space,

(5.195)

g2Ca(R)As Asy -+ As, I A2 —2)!!

dQ

. Wﬁ&] 1352 e ﬁ&,,,l (A - 2135” Yen ﬁen AJ,,)ﬁE[ ﬁfz e ﬁé,,,] (5196)
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Now using the identity, Eq. (5.187), enables us to evaluate this integral to find
(choosing A% = 0 is most convenient)

20, (R)Ag, A, -~ Ag. (InA)(2n — 2)u2”2¢
8 2 3128 Sn—1 . (27[)4
R Y S A | S 5.197)
2nl! 2n +2)!! :
and hence
Ay 2
=ty QRS (5.198)

2 nn+1)

Next we compute ¢, from Fig. 5.14b. Again in Feynman gauge (¢ = 1) we find that

(A k)" AIn A ~ —ig?Cy(R)

dl’ VupAMA
@m)* p2(p — k)2

Z(A pY (A k)2 (5.199)

Using A? = 0 we may rewrite ApA = 2AA - p. Now act with D,,_; of Eq. (5.193)
on both sides of Eq. (5.199). As before, the left-hand side uses Eq. (5.194). The
right-hand side is

n-2 n—2—j

A , (A - k)2

A JDn_ ~~ Z
sz(j)( PV Du1 =3

—g*Ca(R)24 f (5.200)

@2r )4
Now use, for the log divergent piece,

D

1y (A K27 (n - 1) (n—j—2)!2j+2!
nl (p —k)? j+1 (P>
*PePey p6j+1 AEjJrz A€j+3 te Aen,] (5201)

to obtain

(A p) (= 11Q2j +2)!
“ (pH/T! (+D!

. pelpez .. .p5j+lAEj+2 .. .Agn—l

)
g2Ca(R24 / o )4

n—2
= —g2CaRAIMA D Ag -+ Dy Acjpy Deyy (1 = DI+ 2N
j=0

1 A A N A
: W / dSeps, - - Dsjy1Per - Pejyy (5.202)
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and, using identity (5.187), this becomes

—g? n2 2In A
57 CRAA - Dy (0= 1)! ,Z:(:)(ZJ N (5.203)
and hence
asC2(R) o 2
_ =z 5.204
¢ o ]Z:;J. (5.204)

It is easy to show that the graph of Fig. 5.14c gives the same result ¢3 = ¢, and
hence from Egs. (5.186), (5.198), and (5.204),

asCr(R) 2 "1
- _ 4 - 5.205
Yoy 2 [ w1 ;]] (5-205)

For the dimension y [,
YiF = Yoy +2vF (5.206)

But we have

3 A
=———InZ 5.20
" dImA F(u,g> 5207

and from Fig. 5.15 (evaluated for the Abelian case of quantum electrodynamics in
Chapter 3),

Zr=1-2CR)InA (5.208)
47
whence
asC2(R) 2 "1
W = 1— 43y = 5.209
Yoy 2 [ n(n+1)+ jX:;j ( )

is the anomalous dimension to be used for the nonsinglet moments in Eq. (5.180).
We defer a detailed phenomenology but it is irresistible to show two of the early

figures that exemplify the excellent qualitative support for perturbative QCD from

experimental data. Present 2008 data more strongly confirm this support.

Figure 5.15 Graph giving anomalous dimension yf.
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Figure 5.16 Logarithmic Q2 dependence of structure function moments. (Data from Ref. [75].)

In Eq. (5.180) the nonsinglet structure function may be taken as x F; V. Then ac-
cording to Eq. (5.180), a plot of the nth moment (x F3), raised to the power (—1/a,)
should be linear in In Q2. Experimental support for such logarithmic dependence
of the scaling violations is shown in Fig. 5.16.

Further, we may compare the QCD prediction for the relative slopes of the differ-
ent moments since if we write Eq. (5.209) as

aCy(R)
)/On =

y ) (5.210)

we find that §(3) = 4.166, §(4) = 5.233, 8(5) = 6.066, 5(6) = 6.752, and §(7) =
7.335. Thus from the basic formula (5.181) we see that

dIn(Fys(0*))n _m
dIn(Fys(0H))y  8(n')

(5.211)
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Figure 5.17 Perkins plot checks n dependence of anomalous dimension of O.. (From Ref. [64].)

The resulting log-log plots are shown in Fig. 5.17. There is excellent qualita-
tive agreement with the three ratios §(6)/8(4) = 1.290, §(5)/8(3) = 1.456, and
8(7)/8(3) = 1.760. Figure 5.17 depicts a Perkins plot after an Oxford member of
the collaboration.

The scaling violations offer good qualitative confirmation of QCD. Recall that
quantum electrodynamics is confirmed to an accuracy of 1 in 10° at order o in the
electron anomalous magnetic moment (1 in 10° in the magnetic moment itself);
here QCD is tested at a 10% level. Nevertheless, the results are so encouraging
and positive that in grand unification we shall assume QCD. Also, as we shall see,
although scaling violations are a most important test, there are other independent
checks of the theory.

To study flavor-singlet moments we need (in an obvious notation) y3 ., ¥y, iy
as well as v/, and then the matrix

F 1%

YEr VFF

( e ) (5.212)
Yvv Yyy

237



238

5 Renormalization Group

must be diagonalized to obtain simple predictions which are again supported by
experimental data (e.g., Ref. [64]).

The anomalous dimensions were first computed by Gross and Wilczek [16, 17]
and independently by Georgi and Politzer [76]. The origin of the various terms in,
for example, Eq. (5.209) was a little mysterious when we computed the Feynman
graphs. A more intuitive approach, based on parton (quark and gluon) splitting
functions, was presented, for example, in an article by Altarelli and Parisi [77].

5.6
Background Field Method

Returning to formal considerations, we now introduce a procedure for quantiza-
tion which keeps explicit gauge invariance. Normally, the classical Lagrangian is
constructed to be gauge invariant, but on quantization the explicit gauge invari-
ance is lost in the Feynman rules because of the necessity to add gauge fixing
and Faddeev-Popov ghost terms. The background field method maintains explicit
gauge invariance at the quantum level and hence is simpler both conceptually and
technically. Here we shall introduce it only because of its technical superiority and
lasting importance.

Historically, the method was introduced by DeWitt [78, 79], then by Honerkamp
(80, 81], and was made popular by 't Hooft [82]. It is now being widely exploited
[83-92] including its use in grand unification [88, 90], gravity [78, 79, 82, 91], and
supergravity (e.g., Ref. [92]).

Here we shall derive the Feynman rules, then merely exemplify the method by
calculating the B-function of the renormalization group. We follow closely the clear
presentation of Abbott [87].

Let us begin with a nongauge theory of a scalar field ® for which we write the
generating functional

Z[J] =/D<I>exp[i<$[d>]+/d4xj-<b>] (5.213)

The generating functional W[J] for connected diagrams is
W[J] = —ilnZ[J] (5.214)

The effective action is then

N®)=Ww[J]—J @ (5.215)
14

d=— (5.216)
8J

®(¢) generates the proper, one-particle-irreducible diagrams.



5.6 Background Field Method
Now let us decompose
®=B+¢ (5.217)

and quantize ¢ while leaving the background field B unquantized. We generalize
the definitions above to

Z[j, B] :fD¢exp{i<S[B+¢]+/d4xJ-d))} (5.218)
W(J,Bl=iln Z[J, B] (5.219)
T(¢.Bl=#1J.Bl—J ¢ (5.220)
4
b=~ (5.221)

Why do this? The magic begins to appear when we substitute Eq. (5.217) into
Eq. (5.218) to find that

Z1J, Bl = Z[J]exp(—iJ - B) (5.222)
and hence
wWI(J,Bl=W[J]—-J-B (5.223)

From Egs. (5.216), (5.221), and (5.223) we deduce that

b=b_B (5.224)
and substitution into Eq. (5.220) gives

T'[$, Bl =T[4 + B] (5.225)

This is an important result, especially the special case worth writing as a new equa-
tion

(¢ =0, B] = T'[B] (5.226)

Thus the normal effective action I'(B) where B would be quantized can be com-
puted by summing all vacuum graphs (no external ¢ lines) in the presence of the
background B. This is already quite remarkable.

The two approaches are now:

1. Treat B exactly and find the exact ¢ propagator in the presence of B. This is
possible only for very simple B.

2. Treat B perturbatively. Here we use normal ¢ propagators and introduce B only
on the external lines.
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The second approach is used here.
In a gauge theory, we can use this procedure provided that we make a sufficiently
clever choice of gauge. We write

Z[J, B] = / DA det.#* exp{iS[B + Al - fd‘*x(%g G+ - A)}
(5.227)
The appropriate (background) gauge is
G = 0,A% +gC"B) A, (5.228)

This is the covariant derivative, with respect to B, acting on Af. Now consider the
infinitesimal transformation (u¢ = gauge function)

e |

8BY = —C*"uPBS + ga,Lu" (5.229)

818 =—cul e (5.230)
_ be, b

8AY = —CUP A, (5.231)

It is not difficult to see that this leaves Z°[J, B] of Eq. (5.227) invariant. First, J - A
is invariant since

JA=J-u]-(A-u"A) (5.232)
=] A+ 0w (5.233)

Next, since
8(Bj + Af) = —u"(B+A) + éauu (5.234)

is a gauge transformation, S[B + A] is invariant. Because of the choice, Eq. (5.228),
the adjoint rotation, Eq. (5.231), leaves ¢“ invariant. For similar reasons, the
Faddeev-Popov determinant det .#“" is invariant.

Hence Z[J, B] is invariant. Making the steps

W1J, Bl = —In Z[J, B] (5.235)
T, Bl=WI[J,Bl—J o (5.236)
= (5.237)

8J



5.6 Background Field Method
one finds that, in background field gauge, the effective action
[« =0, B] = I'[B] (5.238)
is gauge invariant.
To compute this gauge-invariant action, we need to establish the Feynman rules

to compute all 1PI diagrams with B appearing only on external lines. The Faddeev—
Popov ghosts term can be computed from Egs. (5.228), (5.229), and (5.231): as

%ab _ g% — D(Sab _ géucacb(Bc + AC)
8141’ 13 1
+gC¥BG3, + g2CoC Be (B + A%) (5-239)
and thence
Fepe = cat pgab b (5.240)

The internal propagators and totally internal vertices are given by the old Feynman
rules of Fig. 2.6. These must now be augmented by the external vertices displayed
in Fig. 5.18.

This completes quantization, so let us discuss renormalization, which is our
main concern. It is actually redundant to renormalize

! =NZch (5.241)

AY = JZ4A%, (5.242)

since each internal propagator carries a +/Z at each end due to field renormaliza-
tion and a 1/Z from propagator renormalization. We do need

8 =12Z,8r (5.243)
B =+/ZpBgr (5.244)

But Z, and Zp have the simple relation
ZoVZg =1 (5.245)
as can be seen immediately by renormalization of the gauge-invariant quantity
F{, = 0,B — 3,B% + gC*" B} B (5.246)

From Eq. (5.243) we have that

9 9 d
—e=0=Z,u— —Z 5.247
Maﬂg guaMgR+gRM3M ¢ ( )
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Figure 5.18 Feynman rules in background field gauge. These
rules involving external By fields augment the rules given in
Fig. 2.6.

and hence, as usual,

3 3
B= Hg8R = —8RIG InZ, (5.248)

But because of Eq. (5.245), this becomes

1 d
= — —InZp = 5.249
B ZgR'uau B = &RYB ( )
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where yp is the anomalous dimension of B.
Let us use dimensional regularization, defining dimension d = (4 — 2§) and
expand:

0 ()
Zo=143 2
i=l1

(5.250)

Since, in a generic dimension, we must redefine g — ;f‘s g, we see that (now we
replace gg simply by g from here on)

d
nw—g=—-8g+8 (5.251)
ou

Substitution of Eq. (5.250) into Eq. (5.249) gives

d >, zW
2Zpyp = o [1 + ; (5 } (5.252)
Now use Eq. (5.251) to replace
U— =B— —68— (5.253)
to discover that, by considering the coefficient of § -

I\, 29 G+
2— zZy =— Z 5.254
ﬂ( 8 8g) B 8 dg B ( )

In particular, since Zg)) =1, we have

1,9
— g2 7 5.255
B 2g af B ( )

This sets up the calculation of 8 in a simple form since once we evaluate the coef-
ficient ¢ in

(Y 4o
Zp=1+ 5(4;:) +0(g%) (5.256)
it follows that
-8t (8 5
p=E (L) +o) (5.257)

To find ¢, only two diagrams are necessary, as shown in Fig. 5.19. Let us write

(=0+0 (5.258)
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Figure 5.19 Feynman diagrams needed to compute one-loop B-function in background gauge.

where ¢; and ¢, are the contributions, respectively, from Fig. 5.19a and b.
To compute ¢; the amplitude corresponding to Fig. 5.19a is

d*p 1 4i 4i

Qm)* 16 (k+ p)? (k —

2\ 1 d*p papp
a7 ) 72 ] (k+ p)*(k — p)?

)2 gzcacdcbdcpapﬂ

= (SabCz(G)( (5.259)

The integral is

/1 d*p pupp
dx
0o [p*P42p-k@x —1)+ k2P
1
= inzlnA/ dx [kakﬂ(Zx - D22
0
1
+ 58— — 1) + k2)<—2>] (5.260)

2
= —inzg(kzgaﬂ — kakp) (5.261)
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and hence
2
&1 =302(G) (5.262)

Finally, Fig. 5.19b gives the amplitude (remembering a factor % for the identical

particles!). We put o = 1 for simplicity; this diagram is separately gauge invariant.

2
1
(%) 502G k) (5.263)

1! dxd*p
(k) = 5 2 272
2Jo [p*=2p-kQ2x —1) + k7]

Fuw(k, p) (5.264)

Tuvk, p) = [8u8(=2K)y + 8y (D) + 8y (2K)g]

- [8v5(2K)e + gse(—p)v + gev (—2k)5]2p58ye (5.265)
= 4(2kyuky = 2k> v — pupy) (5.266)
Hence
5 10\, ,
Liw(k) = =2(ir*In A) 3 (k*guv — kuky) (5.267)
and
20
L= =CAG) (5.268)

The one-loop formula for the B-function is thus

3

B = —%CQ(G) +0(g°) (5.269)
in agreement with Eq. (5.69). Note that only two-point functions were needed, in
contrast to the earlier derivation in Section 5.3. Also, it is more agreeable to see
the gauge invariance of each diagram here than the more inelegant restoration of
gauge invariance by combination of different Feynman diagrams. The procedure
has been continued to two loops (see Abbott [87]), and there the technical advan-
tages become even more apparent.

5.7
Summary

We have seen already here very remarkable consequences of the renormalization
group. It enables us to sum up, to all orders of perturbation theory, the leading log-
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arithms from computation of only the logarithmic divergence of a one-loop graph.
At first sight, this appears paradoxical since it seems that information is being cre-
ated from nowhere. But it is crucial that a renormalizable theory is such that once
we compute Z at one loop, we control the leading divergences at all orders, so
renormalizability itself correlates every order of perturbation theory. We may say
that the “disease” of ultraviolet divergences is being converted into a virtue.

Asymptotic freedom identifies QCD as the unique theory of strong interactions,
as well as placing a curious constraint on the number of quark flavors. Fortunately,
this constraint appears to be comfortably satisfied at least in the energy region
presently accessible experimentally it may well change at LHC energy. Further, we
have seen how QCD predicts logarithmic scaling violations, and for the moments
of the flavor-nonsinglet structure functions, these are qualitatively in agreement
with experiment.

Grand unification is likewise underwritten by the renormalization group and it
further supports the idea that a group such as the SU(5) or SO(10) could eventu-
ally unify strong and electroweak interactions, if the desert hypothesis is partially
correct.

Finally, we have noted the technical advantage of using the background field
method to compute the quantities appearing in the renormalization group equa-
tion.
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6
Quantum Chromodynamics

6.1
Introduction

Here we treat quantum chromodynamics (hereafter QCD), the universally accepted
theory of strong interactions. We discuss the limitations of perturbative techniques,
especially the arbitrariness of the renormalization scheme. As an application we
discuss the total annihilation cross section of electron and positron. Two and three
jet processes in this annihilation present good agreement with perturbative calcu-
lations, at least at a one per mil level.

For nonperturbative calculations, we first treat instantons and show how they
solve one problem, that of the fourth (or ninth) axial current and its missing Gold-
stone boson. Instantons create another problem of why strong interactions con-
serve CP to an accuracy of at least 1 in 10°.

Expansion in 1/N, where N is the generic number of colors, leads to successful
qualitative explanations of phenomenological selection rules and of the absence of
exotic mesons. Remarkably, baryons appear as topological solitons (Skyrmions) in
chiral pion theories.

The most powerful quantitative method for handling nonperturbative QCD is
on a space-time lattice which leads to automatic quark confinement at large dis-
tances. Monte Carlo simulations connect this strong coupling regime smoothly to
the scaling regime at weak coupling and lead to quantitative estimates of the string
tension, the interquark force, and glueball and hadron masses. Comparison with
experiment works well within the (a few %) errors.

6.2
Renormalization Schemes

QCD is the non-Abelian gauge theory based on an unbroken gauge group SU(3)
with an octet of gluons as gauge bosons. Quarks are in the defining three-
dimensional representation, and antiquarks in the conjugate representation. QCD
is hence an extremely simple gauge field theory in the sense of specifying the clas-
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sical Lagrangian density. The task of showing that QCD correctly describes the
wealth of data on hadronic processes is, however, far from simple.

The QCD theory was first proposed in the early 1970s [1-4], although the idea
of gauging color had been mentioned in 1966 by Nambu [5]. Key ingredients are,
of course, the quarks, which were first suggested by Gell-Mann [6] and Zweig [7]
(reprinted in Ref. [8]). Also, the color concept arose from the conflict of spin and
statistics in the quark wavefunctions for the lowest-lying baryon states [9, 10]. But
really it was the proof of renormalizability of Yang—Mills theory [10] and the estab-
lishment of the property of asymptotic freedom [11, 12] which led to the general
acceptance of QCD.

Unlike the situation for quantum electrodynamics (QED) over 20 years earlier,
there is no simple static property comparable to the Lamb shift [13] or anomalous
moment [14, 15] in QED, so precise checks of QCD remain elusive beyond the
0,1% level. Our first task is to address the perturbation expansion of QCD and to
illustrate the successes and limitations thereof.

Much of the initial preparation has been done by the discussion of dimensional
regularization (Chapter 3) and of the renormalization group equations for QCD
(Chapter 5). From the latter discussion, we could arrive at a running coupling con-
stant os (Q2?) with

_ 127
© (33 -2Ny)In(Q?/A?)

a;(0%) (6.1)
by using just the one-loop formula for the renormalization group S-function, that
is, the first term of the series

3 5

B = —i—8n2(33—2Nf) - 766;7(306—38Nf)+--- (6.2)
We asserted in Chapter 5 that the scale A in Eq. (6.1) must be determined phe-
nomenologically. Actually, the evaluation of A is quite complicated and always in-
volves specification of the renormalization scheme, as we shall discuss; further,
the phenomenological evaluation of A necessitates theoretical computation up to
at least two loops in all cases—one-loop comparison carries sufficient ambiguity to
be meaningless.

Nevertheless, it makes good sense to write an “improved” perturbation expan-
sion [16, 17] for QCD where the expansion parameter is taken to be the running
coupling a; (Q?) rather than an energy-independent constant. This is more impor-
tant in QCD than in QED because in the latter there is a natural choice (Q? = 0) for
definition of the coupling constant. Also, a5 > «, so the loop corrections in QCD
are intrinsically much larger: only for large Q2 is a;(Q%) <« 1 and perturbation
theory reliable, but then we must use the Q2-dependent a,(Q?).

The dependence of the expansion coefficients in the QCD improved perturba-
tion series on the choice of renormalization scheme creates a situation with no
well-defined answer because the series itself is not convergent. Nevertheless, one
criterion in choosing a scheme is that of fastest apparent convergence (i.e., the



6.2 Renormalization Schemes

scheme where the first one or two coefficients appear most rapidly decreasing).
But let us illustrate some renormalization schemes explicitly for the case of the
eTe™ annihilation, specifically for the ratio

R— o(ete™ — hadrons) 63
T o(etem > putupo) (63)

The simplest renormalization scheme [18] is that of minimal subtraction (MS),
which employs dimensional regularization of Feynman integrals and simply sub-
tracts the divergence associated with a pole in the generic complex dimension
plane. For example, if dimensional regularization gives the gamma function
I'(2 — n/2), where n is the generic dimension, we renormalize by subtracting the

pole
n 2
r(2—-)- (6.4)
2 4—n

An alternative to this [19] (see also Ref. [20]) is modified minimal subtraction (MS),
which subtracts from the finite part certain transcendental constants which are
inevitably present in the dimensional regularization approach. Note that

rd
I'(z) = % (6.5)
= % +T'(1) + 0(2) (6.6)
= é —y+0(@) (6.7)

where y is the Euler-Mascheroni constant y = 0.5772, defined by

11 1
= lim (1+-+5+-——1 6.8
Y meoo( tit3to np) (6-8)

Also, the procedure of writing

d"k
/ ) (6.9)

means that one is arriving at a factor

72 1

Qm* T @n)? (©19)

which is really, in generic dimension, corrected by

1
@A) 1/D0=4 _ 1 4 E(n —4)Indw +--- (6.11)
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and this means that a natural subtraction (MS) to replace Eq. (6.4) (MS) is

n 2
r(z—z) ~ = ty—Indn (6.12)
We shall see shortly how use of Eq. (6.12) (MS) rather than Eq. (6.4) (MS) affects
the apparent convergence of the QCD perturbation expansion of R in Eq. (6.3).
Changing from MS to MS also changes the value of the scale parameters Ays to
Ajs in a way that we shall compute; this also changes the value of the coupling
constant ozs(QZ).

Before proceeding, let us note how dimensional regularization introduces an ar-
bitrary scale (u) into the theory. When we cut off momentum integrals, this is
obvious; using dimensional regularization it is slightly more subtle and arises be-
cause the coupling constant g (which is dimensionless in n = 4) has dimension
M©E=m/2 g0 we must redefine

g — gum/2 (6.13)

if g is to remain dimensionless. This is how the arbitrary mass scale p enters in
dimensional regularization.

Let us now proceed to discuss the calculation of the electron—positron annihila-
tion cross-section. Consider e (p1) + e~ (p2) — X, where X has total momentum
g = (p1 + p2) and the squared center of mass energy is s = ¢> (Fig. 6.1). The
relevant amplitude is

2

2
Alete™ > X) = T 0(p1. 0)yuu(pa. 02)(X17,,10) (6.14)

where J,, is the electromagnetic current for quarks,

Ju ) Qrdrvudy (6.15)
f

summed over the quark flavors. The ete™ cross section is given by

Figure 6.1 Electron—positron annihilation.
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o= ofete” - X) (6.16)
X
87a? 454 v *
=3 lw > @r)*s*(p1 + p2 — (X177 (0)]0) (X|J*(0)[0) (6.17)
X

where the leptonic piece is

1 *
b = 7 2 9(p1, o) y(p2, o)[0(p1, o) v (pa, 02)] (6.18)
01,02
1
= 5 TP1vubon) (6.19)
1 2
= 5lanav = 4’gur = (p1 = P2)u(P1 = P2),] (6.20)

where we have neglected the electron mass. The quark part of Eq. (6.17) can be
related by unitarity to the imaginary part of the photon propagator; we may write

0" =" (2m)*8* (p1 + p2 — @) (017, (0)|X) (0] J, (0)| X)* (6.21)
X
= / d*xe"(0][ 1. (x), J,(0)]]0) (6.22)
= 2Im ™’ (6.23)
where
) =i [ dxe O (1,0 .) 0 (624)

Conservation of J,, dictates that
" (q) = (—g"’q* + q"¢")1(q) (6.25)

In leading order (“zero loop”) we may compute I1°(¢) from Fig. 6.2 and find that
1
mn®g) = —3 2 6.26
mM(g) = - ; 07 (6.26)

The cross section is therefore

4ma?
0=—-73 > 0% (6.27)
-
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Figure 6.2 Vacuum polarization.

Figure 6.3 Radiative corrections.

The process ete™ — ™ has cross section

_ _ 47
olete” - putu™) = " (6.28)
and hence
o o 2
R=3Y"014+a/% “) 4 6.29
Zf Q.f[ tai +“2(ﬂ + (6.29)

At the next order we must calculate the diagrams of Fig. 6.3, and this gives [16, 17]
ar =1 (6.30)

by a calculation similar to that in QED [21]. The two-loop calculation is less trivial
and involves the diagrams of Fig. 6.4; here the dependence on renormalization
scheme becomes obvious. The result is [22, 23]

— 33 —2ny
ay(MS) = ax(MS) + (Indm — y)T

= 7.35— 0.44n (6.31)

11

— 2 365
ar(MS) = [§§(3) - E]nf +—- —11¢03)

24
=198 —0.11n; (6.32)

where ny is the number of quark flavors. Setting ny = 4, for example, gives
ax(MS) = +5.6 and ap(MS) = +1.52, so that the MS scheme gives greater ap-
parent convergence in Eq. (6.29) that does the MS scheme.
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(BO @
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Figure 6.4 Two-loop corrections.

We can compute the corresponding changes in the scale A and the coupling
strength «. The renormalization group B function to two loops is
pE e
=——=033-2ny) — —— (153 -19 6.33
P= gg3 @3 200 ~ gl ") (6:33)

and solving dg/d In u = —B gives a formula

_ 127
(33 —2ny)In(g2/A2)

(0%

_ 2 2
'[1_ 165 — 19n; Inln(Q?/A )} (6.34)

(33 —2ny)? In(Q?/A?)
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Since R in Eq. (6.29) is a physical quantity, it is obvious that Ays # ajg. In fact,
one finds immediately that

127 (Indw — y)

= Q5 — 6.35
M NS T (33 = 20 ) in(q/ AP (6:35)

This change can be absorbed into the scale A by putting
Aggg = Ayse(/2047=7) (6.36)

Here the multiplicative factor is about 2.6, so the value of the QCD scale, like
a;(Q?), depends significantly on the renormalization scheme. Also, it is clear that
a two-loop calculation is necessary to distinguish between schemes: At one-loop
order the different A and o, may be interchanged, the error being only of higher
order.

The experimental situation for R is shown in Fig. 6.5. The agreement with QCD
is impressive, although the experimental errors are too large to allow confirmation
of the higher-order corrections.

There is an infinite number of possible renormalization schemes, in addition
to MS and MS. A third example is the momentum subtraction scheme (MOM)
[24-27]. Here the three-gluon vertex is defined to be ¢ when all three gluons satisfy
p? = n?. Working in Landau gauge gives in Eq. (6.29) [26]

a;(MOM) = 0.74n s — 4.64 (6.37)

which gives, for ny = 4, a2(MOM) = —1.68, so that the apparent convergence
is no better than for the MS scheme. The MOM scheme is more similar to the

6 i T ] l’ T Ll T 1 L
N e

4 |- M
» *f*f*ﬂhw tof

AN { {
2:-I|Jl|¢||||h|||",. i i

i i H
1 2 3 4 5 6 780910
Ecy (GeV)

Figure 6.5 Experimental data on
o(eTe™ — hadrons)/o(ete™ — utu™). [After Particle Data
Group, Rev. Mod. Phys. 56, S64 (1984).]
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procedure normally used in QED but is gauge dependent and hence somewhat
less convenient than MS.

Although we have chosen to focus on e*e™ annihilation, the choice of renor-
malization scheme similarly affects the perturbation expansion for all physical
processes. (For a review, see, for example, Ref. [28].)

One may ask whether there is some principle to select an optimal renormaliza-
tion scheme? One suggestion [29] which has aroused interest [30-37] is that one
should choose a scheme which is least sensitive to the choice of scheme. The argu-
ment is that the sum of the perturbative series is independent of the scheme, and
hence the best approximations should also be.

This suggestion assumes (unjustifiably, see below) that the perturbation expan-
sion is summable. In QED, the radius of convergence of the perturbation expan-
sion of Green’s functions

Gl@) =) a" (6.38)

n

is known to be zero by Dyson’s argument [38], which points out that for all ¢ < 0,
the vacuum would be unstable under electron—positron pair creation. This is be-
cause a virtual pair created with sufficiently small separation may become real by
separating to larger distance. Thus the radius of convergence of Eq. (6.38) vanishes.

In QCD we may not apply Dyson’s argument directly. Instead, we may usefully
construct

G@=Y" ;’—”' fo ~ o ary dt (6.39)

= / T f(ta)dt (6.40)
0

where, in Eq. (6.39), we used the integral representation of I'(n + 1) = nl. In
Eq. (6.40), f (x) is the Borel transform with expansion

an
foy=) —x" (6.41)
m n

!
The radius of convergence of the series for G(«) in Eq. (6.38) is given by R:
1 . |
= = Jim_ sup(lax| /") (6.42)
while that for f(x) is R:

1/n

An

7 = Jm, sup

(6.43)
n!

From Egs. (6.42) and (6.43) it follows that for R > 0 then R’ = co. Conversely, any
singularity in the Borel plane implies that R = 0 (see, e.g., Ref. [39]).
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In a quantum field theory, the Borel analysis can be related to the existence of
finite action solutions to the classical field equations, as shown first by Lipatov
[40] and expounded by others [41-45]. Consider a Green’s function [here ¢ (x) is a
generic field of arbitrary spin, etc.]

[D¢] —S[o] -
OIT (p(x1) -+~ P(x2))10) = /1D e/w";(fg{m ¢ ) (6.44)

We may scale out the coupling strength () and rewrite the numerator N(«) by
making use of

a / Y ar 8(at — S[p]) =1 (6.45)
0
in the form
N@ =« / h dtF(at)e™ (6.46)
0

where the Borel transform F(z) is
F(z) = /[D¢]5(Z — Slzl)¢(x1) - - - ¢ (xn) (6.47)
Where are the singularities, if any, of Eq. (6.47)? Consider the similar integral
/dyl dyy---dynd(z = f(y1.y2++ ) = /{r do|Vf|™! (6.48)

where the surface o is where f(y) = z. The result diverges if anywhere on o there
is a point at which

0
|Vf|2=2’a—;

which implies that df/dy; = 0 for all i. Similarly Eq. (6.47) is singular if for some
S[¢] = z there is a point satisfying

2
=0 (6.49)

oSlg) _

= 6.50
96(0) (©.50)

for all x. But Eq. (6.50) is just the classical field equation in Euclidean space. Thus,
if there is a finite action classical solution, it renders the Borel transform singu-
lar and implies that the original perturbation expansion converges nowhere. QCD
possesses finite action classical solutions, and hence its perturbation expansion has
zero radius of convergence.

From this result it emerges that there is no unique way to choose a renormaliza-
tion scheme. One must be more pragmatic (as, e.g., Llewellyn Smith [28] is) and
check the apparent convergence physical process by physical process.
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Figure 6.6 Three-jet diagrams.

6.3
Jets in Electron—Positron Annihilation

We have already discussed the total electron—positron annihilation cross section,
and now we wish to examine the possible final states in more detail. For example,
to zeroth orders in QCD we may consider Fig. 6.6a, where a quark—-antiquark pair
is produced. Assuming that these quarks somehow change to hadrons, we may
naively expect [46—48] from a parton model picture [49, 50] that the final state will
contain back-to-back two-jet structures. This was strikingly confirmed experimen-
tally at SLAC in 1975 [51] (see also Refs. [52] and [53]), with an angular distribution
(see below) confirming the spin-% nature of the quarks produced.

In a perturbation expansion we encounter at next order the diagrams depicted in
Fig. 6.6b through d. These diagrams exhibit two types of singular behavior: infrared
divergences associated with the masslessness of the gluon, and mass singularities
associated with the masslessness of the final-state quarks. Such singularities are fa-
miliar in quantum electrodynamics [54-57] and necessitate suitable averaging over
accessible states (see especially Kinoshita [56], and Lee and Nauenberg [57]). In the
present case we must take care in combining Fig. 6.6b with Fig. 6.6¢ and d because
when one of the three final particles is near the kinematic boundary—either with
very low energy or nearly collinear with one of the other two particles—the event is
really a two-jet, rather than a three-jet, configuration. The theory reflects this phys-
ical fact and yields sensible nonsingular answers only when a correct averaging is
made.

Three-jet events were first discussed by Ellis, Gaillard, and Ross [58] and by
DeGrand, Ng, and Tye [59]. The handling of mass singularities was explained in
the work of Sterman and Weinberg [60]; there are several further theoretical analy-
ses [61-66]. Three jet events were discovered experimentally (see below) at DESY
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in 1979 [67-70], and provided compelling evidence for the physical existence of the
gluon.

Our present discussion follows most closely that of Ref. [71], to which we refer
for further details. Let the four-momenta be defined by e (q) + e (¢") — q(p) +
gp)+gk).letQ,=@+q¢)y=@+p +k,ands = Q2. The zeroth-order
process corresponding to Fig. 6.6a gives the squared matrix element

1
|m|2 = Sizl;wH;w (651)

where for massless unpolarized leptons

1 e
v = 7 D_{0ljule™e™) (Ol juleteT ) (6.52)
S,
2
!

in which the shorthand notation is
(A, B)p.v = (A,qu + AUB/J. - gp.vA - B) (6'54)

This follows because

1 4 4
b = ZTr<”“ﬁ””E> (6.53)
Similarly,
g
Hy,, = E(p, P (6.56)

where e is the electric charge for the quark flavor f. Using

(A, B)1w(C, D)y =2[(A- C)(B- D)+ (A- D)(B - C)] (6.57)
gives
€2€2
im|? = 4—15‘{(1 +cos?0) (6.58)

where 6 is the center-of-mass scattering angle. Hence

1
do = ngn—S/cﬂp dAp'\m|Ps* Q- p-p) (6.59)

d 2 N2
<d_?2>0 = Z—S(l + cos? ) Z(%) (6.60)

fie
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47 o? ef 2
= — 6.61
0= T3 ;( e > (¢.61)

These are the results for the zeroth-order cross sections.

Now consider Fig. 6.6¢ and d. We shall calculate the three-jet cross section at
lowest nontrivial order in «j, then obtain the two-jet cross section by subtraction
from the known total cross section; at order iy we may clearly not produce more
than three jets in the final state. Care will be necessary to separate those pieces of
Fig. 6.6¢ and d which are so near the kinematic boundary that they will appear as
two-jet events.

For these new diagrams, [,,, is as in Eq. (6.53), but now we have

Huv = ) (qglJ,10) (qgglJu10)* (6.62)

ef

where 1,, is the polarization vector of the gluon. The relevant color summation is
then

1

Tr(A%2“ADLY) = 2_kot"t“8”b Tr(1927) (6.63)
8

= EzﬂzU (6.64)

Using this, one finds for the sum of the two diagrams, the Dirac trace

__ 1 N2 R L,
Huw = 8 popgko ;efg b [p[/p-k(erk)y" y“p/-k(p HW}

<o (6.65)

1 1
‘|:Vu—(ﬁ+k)f—f -
p-k p

In the notation of Eq. (6.54), this becomes, using ), 1,,t, = —g,

2 2 2{ p~[7/ / /
Hy = —— 3" 5 | — = [2(p, Py + (ks p + 1)
. pop(,)k();fg - P+ Gt P

+ PP+ — (P, Puv]

1
podl

+ [(p, p/ + k)uv - (p/, p/),uv]} (6.66)

1
p -k
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The squared matrix element is given by

1 2
|m|2 = (m) l;wH;w (667)

where Q% = (2E)? is the center-of-mass energy. Using Eq. (6.57) and identities
such as (Q - q) = (Q - ¢’), one obtains

SRS — z{ﬂ%ﬂ o
+20p )P q) =20k @)k q) +(Q - 9)(Q - b)]

1
+ ﬁ[(Q Q@ -p)=2(p-)p-q) =200 - D" - ¢"]

—+

1
2 Q-0 P =200 -9)(p-a)=200"- -q/)]} (6.68)

Let us take again the center-of-mass system in which
q=(E,@; ¢ =(E,—q (6.69)

p=o.p. P =(pp) k=kok (6.70)

and define the variables x, y, and z by

Po P ko
=2 =P =2 6.71
x=7 y=7 =7 (6.71)
satisfying
X+y+z=2 (6.72)

The differential cross section for the process e~ (¢) +e*(¢") — q(p)+q(p’) +gk)
is given by

1 \2
do = ”(W) / im?d>pd’p d*ks*(p + p' +k — Q) (6.73)
and it can be shown by straightforward manipulations that

2, g x?+y? er\?
do = —a*°—dxdy—————— -~ 6.74
CT 3 4 y(l—x)(l—y)zf: e (6.74)

When we consider a jet cross section, we must acknowledge that we shall not know
which of the jets arises from ¢, ¢, and g. Let the jets be numbered 1, 2, and 3 and
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let us define more symmetrically the variables

_pwo
E

_ P
E

_ o

X
! E

) X2 ) X3 (6.75)
where p;, is the momentum of the ith jet. Since x4 x> + x3 = 2, we may plot each
three-jet event (six times) within a triangular Dalitz plot: an equilateral triangle of
perpendicular height (Fig. 6.7) equal to 2. All points actually lie in the inscribed
triangle ABC. We may restrict attention to the region x; < x» < x3 which is the

triangle AOD, also shown in Fig. 6.7b. The three-jet cross section is now

4 2 e
dosjer = ﬁazf—n dxydx> Z(%)
f

[ X2 4 x2 3 43 X +xf ]
I-xDd=-x) (A-x)d-x3) A—=-x3)d—x1)

(6.76)

X1

Figure 6.7 Dalitz plot.
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On the line AD, x3 = 1 and the second and third terms in Eq. (6.76) become
singular. Regions (i) and (ii) of Fig. 6.7b reflect these kinematic boundary regions
for two situations in which the event will appear as only two jets rather than three
jets. These are:

(i) Two of the final momenta are within small angle < 26.
(i) One of the final particles has energy less than the small value 2¢ E, where
€ < 1, and the angle between the other two particles is between (7 —§) and 7.

To obtain the three-jet cross section we must integrate Eq. (6.76) over the Dalitz
plot, excluding regions (i) and (ii). To establish these excluded regions, consider
the three three-momenta of the jets pi, p2, and p3 adding to zero in the center of
mass and width |p3| > [pz2| > |pi|. The angles between their directions satisfy
012 + 023 + 031 = 7. From the cosine rule

x% = x12 + x% + 2x1x2 cos 612 (6.77)

and x; + x + x3 = 2, one finds that

V) [1—x3
—_— = [ — 6.78
sin B X110 ( )

and cyclic permutations thereof.
In region (ii) we need to have x; < 2¢ and 0 < (;m — 63) < 8. Putting 1 — x3 =
¢ < 1 and assuming that 2¢ < §, this boundary corresponds to ¢ (x; — ¢) < 82/4.
In region (i) we require simply 61, < 28, and since Eq. (6.76) gives

.1 / ¢
sin 59]2 = m (679)

this corresponds to ¢ < x;(1 — x1)82.
Integration of the differential cross-section equation (6.74) over the Dalitz plot
excluding these two-jet regions eventually gives

2

_ 1 g 472 — 21 er\?
(et = —a— [(3 +41In2€)Ins + T] Z(f) (6.80)
f

Now at this order O(g?), we know that
3(total) = o (2-jet) + o (3-jet) (6.81)

In Section 6.2 we have seen that

2

2 N2
o (total) = % Z(%) (1 + f? 4o ) (6.82)

f
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and hence by subtraction we arrive at the formula [60]

49 iy = (22 | & G+4lne)l sy 215 6.83
Het) = - ne)ln .
a"’ i), 32 6 (6.83)

with (do/dQ)o given by Eq. (6.60). Of course, the important theoretical point is
that the infrared singularities associated with the massless gluon, and the mass
singularities associated with massless quarks, have canceled in the final expres-
sions (6.80) and (6.83) because we have correctly averaged the final states.

From Eq. (6.83) we see that the angular distribution (1 4 cos?6) of Eq. (6.60)
holds also for the two-jet events. The experimental verification of this at SLAC [51]
gave strong support for the spin-half nature of quarks. The jettiness of events was
measured by determining the sphericity S defined by [51, 58, 72]

302 P1)min
2% p}

where the sum is over final hadrons i with three momenta of magnitude P;. The
jet axis is varied so that the sum of transverse squared momenta, relative to the
chosen axis, is minimized. For an isotropic event, S = 1, whereas for perfect jets,
S=0.

It turns out that, theoretically, S is infrared divergent and a more advantageous
criterion for jettiness is to use spherocity S, defined by [73]

ANZ/S 1\ 2
S = (—) <—Z' 'PL’> (6.85)
0 Zi | pil min
This has the same range of values 1 > §’ > 0 as S but is free of mass singularities.
Another possibility is the thrust T, defined by [74]

S (6.84)

T — 2037 Pli)max
Zi |pil

where the numerator sum is over all particles in one hemisphere. This is simi-
larly suitable for perturbative calculations; it varies between T = %(isotropy) and
T = 1(perfect jets). Thrust is often employed by experimentalists: Fig. 6.8 displays
a typical three-jet result at PETRA. As already mentioned, the clear observation of
such three-jet final states supports the QCD analysis; the dashed line in Fig. 6.8 is
from the quark-antiquark-gluon model we have been discussing.

(6.86)

6.4
Instantons

We have already mentioned how the existence of finite action classical solutions
leads to zero radius of convergence of the QCD perturbation expansion.
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90°
Thrust
0° 17 180°
(@) 270°
90°
Thrust
0° 180°
®
Figure 6.8 Examples of jet data compared to
theoretical QCD prediction (dashed line). [Af-
ter D.P. Barber et al., Phys. Rev. Lett. 43, 830
(®) 270° (1979) ]

Here we consider the instanton classical solution [75] and discuss how it solves
one important problem, the U(1) problem, yet creates another serious difficulty,
the strong CP problem.

Let us first state the U(1) problem. The Lagrangian for QCD with # ; flavors is

ng
1 .
Lqcp = = Fio iy + > akih — Mg (6.87)
k=1
where k runs over k = u,d, s, .... Hadronic symmetries such as electric charge,

Heisenberg isospin, and flavor SU(3) act only on this flavor label since hadrons
are all color singlets. If we consider just two flavors, ny = 2 and k = u, d, then in
the limit of massless quarks Lgcp possesses the chiral symmetry SU(2) x SU(2),
since regarding (u, d) as an SU(2) doublet we may make separate rotations of g,
and grp in

abar = qreParr + axrParr (6.88)

This SU(2) x SU(2) is close to being an exact symmetry of the strong interactions.
The diagonal SU(2) isospin subgroup is a symmetry broken by M, # My, but
since My, My, (Mg — M,) < Aqcp, it is manifest as an almost exact symmetry of
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Gluon Figure 6.9 Color triangle anomaly in 9y, -13-

strong interactions. The remainder of the group is a Nambu-Goldstone symmetry
with three massless Goldstone bosons, the pseudoscalar pions 7% and 7°. The
smallness of the pion mass compared to all other hadron masses reveals how good
a symmetry SU(2) x SU(2) is. It underlies the success of current algebra and PCAC
computations in the 1960s.

The Lqcp has two other global U(1) symmetries. One is the vectorial one asso-
ciated with conservation of

Ju =" Gkvudr (6.89)
k

which is simply the baryon number which is exactly conserved in QCD. The second
(problematic) one is associated with the current

I Z Gk Yuysqk (6.90)
k

corresponding to the chiral transformation
g — €V (6.91)

This U(1) symmetry must either be a manifest symmetry, in which case all mas-
sive hadrons should be parity-doubled—clearly not true in nature—or it is broken
spontaneously, leading to a fourth pseudoscalar Goldstone boson, 7. Then, why is
the 7 at about 550 MeV when the pion is only 140 MeV? Weinberg [76] showed
that one would expect M,, < +/3M;, from standard estimates of Goldstone boson
masses. One can generalize to ny = 3 and SU(3) x SU(3) and make similar argu-
ments, but this larger symmetry is more badly broken and it is more perspicuous
to focus on the excellent SU(2) x SU(2) symmetry. The “U(1) problem,” then, is
that the # mass is too much larger than the 7 mass.

The first step to solution of the U(1) problem is to observe that there is a color
anomaly in 9, J,f from the triangle diagram of Fig. 6.9. The standard calculation
(see Chapter 3) gives
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2
n
Iy = - S T (Fu ) (6.92)
where
1
Fuv = 5 €uvap Fap (6.93)

But we may use

Tt (Fv F ) = 0Ky, (6.94)

2
Ky = 26100 Tr(A\,BaAﬁ - gigAuAaAﬁ> (6.95)

[we are using matrix notation F,, = F/jfv T¢and A, = AﬁT“, where Tr(T*T?) =
%8‘”’ ,eg, T4 = %k" for Gell-Mann matrices] to define a gauge-dependent current

2
5 5 Nr8
Au=In— g 7 Ku (6.96)

which remains conserved. We may write
0 = /d3x do 5o / K-ds (6.97)
s

and provided that K falls off sufficiently rapidly for the background fields, Q° is
still conserved and the U(1) problem persists. The anomaly alone is insufficient.

The U(1) problem was first resolved by 't Hooft [77, 78], who considered the
change in Q° between the distant past and distant future according to

AQ° = / dxo Q> = / d*x 9,7, (6.98)
gny
=5 / d*x Tr(Fpup Fuv) (6.99)

The key point is that there exist pure gauge configurations—instantons—such that
A Q> is nonzero. Hence, Q> is not a conserved charge and the extra Goldstone
state is eliminated; in other words, because of instantons, the n mass is not con-
strained by Goldstone boson mass formula to be less than +/3 times the pion mass,
after all.

To exhibit the instanton configuration, it is sufficient to study a pure SU(2) Yang-
Mills theory. The reason is that the considerations of topological mappings for
SU(2) generalize with no essential change to the SU(3) of QCD. The instantons
are classical solutions in Euclidean space, but correspond to a quantum mechani-
cal tunneling phenomenon in Minkowski space.
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Topologically, as we shall explain, the group SU(2) is the three-sphere S3; that is,
a three-dimensional sphere where the surface of the Earth is a two-sphere S,. From
Eq. (6.97) we are interested in the mappings of the group on another three-sphere
S3 at infinity in Euclidean four-space. The relevant homotopy group is

M3(SUQ)) =2 (6.100)

where Z is the set of all integers. There is a topological charge, or Pontryagin in-

dex, v, defined by

2

V= ﬁ / Te(Fpy F ) d*x (6.101)

so that in Eq. (6.97),
AQ% =2nyv (6.102)

Why is SU(2) topologically the same as S3? The general SU(2) matrix may be
written

g=a+ib-g (6.103)
with
a+bP=1 (6.104)

which defines an 3. At infinity we want F,, to vanish asymptotically, so A, must
become a gauge transform of A, = 0, that is,

Ap(x) == —é(aﬂﬂ)ﬁ" (6.105)

For (x) the simplest S3 — S3 map is
QO =1 (6.106)
More interesting is

Q) (y) = MFT1X0 (6.107)
r

belonging to the more general class
QW x) = (V)" (6.108)

Substitution of Eq. (6.105) into Eq. (6.101) using Egs. (6.94) and (6.95) gives

1

V= mewﬁyfs 3, Tr(3.20 e "y, 007" (6.109)
1
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integrated over S3.
Let us evaluate this for Q1) (x) of Eq. (6.107). Now

Q-1 _ X4 X0 (6.110)
r

We may take a unit hypersphere and since by hyperspherical symmetry the inte-
grand in Eq. (6.109) is constant, we evaluate it at one point: x4 = 1, x = 0, where
the index u = 4. Hence at this point

Q7! = —io; (6.111)
Also,
R Tr(3;20719;QQ 7' 9 QQ ") = 6i Tr(o10003) = 12 (6.112)

The hyperspheric area is 272, so that Eq. (6.109) gives v = 1 for the winding num-
ber. For combinations 2 = €, the corresponding v = v; + v, for the transfor-
mations of, for example, Eq. (6.108).

Let us be more explicit for the simplest v = 1 instanton case. As r — 00, we
need

Ay — —=(3,20)Q0! (6.113)
g

and straightforward algebra gives

2
A% — = Rany (6.114)
8 r
where we use the symbol [78]
€ij 1<p, v<3
Nawv = § —0av H =4 (6.115)

+oap v=4

Now Eq. (6.114) is singular at = 0 and is hence unacceptable as it stands. So we
try the hyperspherically symmetric ansatz

2
A% = gn“’:;x“ [0 (6.116)

where f(oco) =1 and f(0) = 0.
For guidance in finding f(r), consider the fact that

/ d*x Tr(Fuy — Fun)* =0 (6.117)
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which means that the energy satisfies
E = /d4x Tr(Fyuy Fy) > 877 7| (6.118)
This lower bound is saturated if the configuration is self-dual
Fuv=F (6.119)
and for this case, the classical equations of motion are satisfied since the energy is

stationary. Substitution of the ansatz equation (6.116) in the self-duality condition,
Eq. (6.119), gives

rf’=2f(1~f) (6.120)
with solution
2
fr) = 17 (6.121)
giving the one-instanton formula
2 NapvXv
Al = — 6.122
n g r2 + pZ ( )

This really has five parameters: four for the position chosen here as x, = 0 and
one for the size parameter p. For multi-instanton configurations, the number of
parameters becomes (8v — 3) since each instanton has a position (4), size (1), and
gauge orientation (3), but the overall gauge choice (3), unlike the relative choices,
has no physical significance. Such more general configurations have been analyzed
extensively (e.g., Refs. [79-83]).

Having solved the U(1) problem by instantons, we now discuss the strong CP
problem created by instantons. We have a complicated vacuum structure with can-
didate vacua |v), in all of which F,, = 0. The gauge transformation QW (x) has a
corresponding unitary operator 7, which takes

Th) = v+ 1) (6.123)
Now T' commutes with the Hamiltonian H since it is a gauge transformation. Since

T is unitary, its eigenvalues are e "% (0 < # < 27). The true vacuum eigenstates
are hence the #-vacua [77, 84, 85]

o) = > e"v) (6.124)

T10) = e~%|0) (6.125)
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As we shall see, the parameter 6 can have physical significance despite its absence
from the defining QCD Lagrangian.
In the 6-basis, the vacuum persistence amplitude is diagonal:

O'1e™H10) = 50 —6) Y (| |n) (6.126)

n,n’
We may write a path integral formulation in Euclidean space as
0'1e" 110y = 56 — 0')1(H) (6.127)

where

1(0) = Ze‘i"(’/DA,L exp(—/d4xL> (6.128)

= / DA, exp[— / d*x(L + AL)] (6.129)
i0
AL = s Tr(Fuy Fo) (6.130)

This promotes 6 to a parameter in the Lagrangian; the fact that AL is a total deriv-
ative does not render it irrelevant because of the nontrivial instanton contribution
to surface terms.

Now, AL violates time reversal T and parity P invariances (the action of charge
conjugation C is trivial since gluons are self-conjugate). In particular, it breaks the
symmetry of CP. If the quarks (or at least one quark) had been massless, we could
have made a chiral rotation on the massless quarks(s),
ioys

qr — €V (6.131)

leading to a change in the action of
88 = —a / d*x(3,77) (6.132)

which means that
88 =2nsa (6.133)

Thus we may arrange « such that §§ = —6, which means that CP is conserved by
strong interactions.
But if all quarks are massive, we must consider
1 _ _ i
& == Tr(FuF) + ahax — G Mugr — 7677 T FuvF ) (6.134)
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Now any chiral rotation such as Eq. (6.131) will alter the mass matrix phase, but in
the diagonal basis,

—qklmilqx (6.135)
the mass matrix must be real. We may then define 6 by
6 =6 —argdet M (6.136)

and are left with some 6, which leads to strong CP violation. The most sensitive
limit is from the neutron electric dipole moment d, < 1072° electron-cm which
requires that [86, 87]

6 <1010 (6.137)

This is the strong CP problem: Why is 6 is QCD so small?

One logical possibility is that m, = 0, but we have seen (Chapter 4) that one
seems to require m, >~ 4.5 MeV phenomenologically, zero being quite out of accord
with the analysis of pseudoscalar Goldstone boson masses.

What appears to be necessary is to arrange, as first suggested by Peccei and
Quinn [88, 89], that the combined QCD and electroweak theory possess a color-
anomalous global U(1)pq axial symmetry, even for all quarks massive. This can
allow § = 0, restoring strong CP conservation. The simplest such model is to take
two Higgs doublets, which give masses separately to up and down quarks. In the
notation of Chapter 4, we write the Yukawa terms

> (Chdmidrung + Tihudmid2dnr) +hc.+ V@1, ¢2) (6.138)

m,n

and hence impose, including on V(¢1, ¢2), the U(1)pq symmetry

ug — e yp (6.139a)
dr — ¢%dg (6.139b)
¢1 — ¥ (6.140)
pare ¢y (6.141)

This color-anomalous symmetry allows one to rotate # back to zero at an absolute
minimum of V [88, 89]. The ¢ and ¢, develop vacuum values

() ()

(NN _( o
(¢2)—<(¢?>>— (Vd/ﬁ> (6.143)
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such that V2 + V? = V2, with V = 271/4G~1/2 ~ 248 GeV, giving the normal W+
and Z° masses.

There is a problem, however, with this simple model: the spontaneous breaking
of U(1)pq implies the existence of a pseudo-Goldstone boson—the axion—with
a mass of a few 100 keV [90, 91] with prescribed couplings to fermions and to
photons; such an axion has been excluded experimentally.

Fortunately, there are several ways to alter the axion properties [92-96] while
solving the strong CP problem. In Ref. [95], for example, the Peccei-Quinn model
described above is extended to include one additional color and electroweak singlet
scalar ¢, which does not couple to fermions but is introduced into V (¢, ¢, ¢)
such that there is symmetry as in Egs. (139) through (6.141), together with

¢ —> e (6.144)

If it is arranged that (¢) = Vg > V, the axion mass can be reduced by the ratio
(V/Vy) and, even more important, its coupling to ordinary matter can simulta-
neously be reduced by (V/Vg). This “invisible axion” is then hard to exclude ex-
perimentally, although its detection has been discussed [97, 98]. Present 2008 data
suggest that, if the axion exists, its mass lies between one microvolt (peV) and one
millivolt (meV).

6.5
1/N Expansion

Because QCD is lacking in expansion parameters—the perturbative expansion in
the coupling constant is very limited in usefulness, as we have seen—it is desir-
able to introduce such a parameter from outside, 't Hooft [99, 100] made a fruitful
suggestion of the use of the parameter 1/N, where N is the number of colors;
one should take the limit N — oo and expand in 1/N around that limit with the
assumption that N = 3 is not too different from N — oo.

Here we shall discuss how the 1/N expansion enables us to understand qualita-
tively certain striking phenomenological features of strong interactions: in particu-
lar, the absence of exotic mesons with structure (¢qgq) compared to the abundance
of (¢gg) meson bound states. Also, we can understand successfully the validity of
the Okubo-Zweig-lizuka (OZI) rule [101-103], which suppresses couplings such
as ¢pm and ¢ NN (Fig. 6.10a and b) relative to, say, prwr and # NN (Fig. 6.11a
and b) because the former diagrams, unlike the latter, involve the annihilation of
a quark-antiquark pair with the same meson (the ¢ meson), resulting in a quark
diagram that is divisible into two pieces unconnected by quark lines. For decay
of heavy charmonium or bottomium mesons, the OZI rule can be attributed to
asymptotic freedom giving small coupling, but for the lighter mesons, the 1/N
expansion provides the simplest explanation.
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N
p YYY
¢ n ¢ YYY
N
(a) b) Figure 6.10 Suppressed couplings.
N
. Yy
1Y ~\ : T
n A 2%
N
(a) (b) Figure 6.11 Allowed couplings.

The QCD theory with N colors involves N Dirac fields ¢ (I < a < N) and
(N? — 1) gluon fields A,%), with A%, = 0. The field strength is

Funs = 0uAv s — AL s + i (AL cAV s — AV cAuSsy) (6.145)

and the Lagrangian is written in the form

L= %[—%Fﬂv“bFﬂvba + V({00 A ) v’ — mzﬁaw“} (6.146)
For convenience the N/g? has been scaled out. Putting A = A’(v/N/g) and
¥ = ¥/ (v/N/g) would reestablish the coupling parameter as g/+/N, which turns
out to be the unique arrangement that makes the 1/N expansion useful. We shall
let N — oo with g?N fixed, with a fixed number (Ny) of flavors. A slightly dif-
ferent limit N — oo, Ny — oo with g>N and g>N fixed has been advocated by
Veneziano [104], but here we shall consider only the 't Hooft limit.

It is useful to keep account of color indices in Feynman graphs by setting up
the double-line [105-107] representation; whereas a quark line has a single index
propagating according to

(Y @) = 85 S(x — y) (6.147)

The gluon propagator has two indices propagating as in

. o1
(AL ()AL a(y) = (aga;, - NS?(SZ)DM(X ) (6.148)
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AV
(@)
AY
)
(©) Figure 6.12 Double-line formalism.

In leading order of the 1/N expansion, we may drop the trace term in Eq. (6.148)
and then, as far as the indices go, the gluon propagator is like a quark-antiquark
pair and hence may be represented by a double line. Some examples of the
double-line representation are given alongside the corresponding Feynman graph
in Fig. 6.12.

Consider first vacuum-persistence Feynman graphs with no external lines. Re-
gard each index loop as the border of a polygon; such polygons are fitted together
to cover a two-dimensional surface by identifying a double-line gluon propagator
with the edge of two polygons. The surface is oriented for SU(N) because of the
quark arrows, so we obtain only spheres with holes and handles, not Klein bot-
tles.

Suppose that this surface associated with a vacuum-persistence graph has V ver-
tices, E edges, and F faces. From the Lagrangian, Eq. (6.146), we see that each
vertex carries an N and each edge contains a 1/N. Each face carries an N because
of the sum over colors in the loop. The power of N is thus given by the Euler
characteristic (x):

NEFV=E — Nx (6.149)

If we regard the oriented surface as a sphere with H handles and B holes (bound-
aries), then y is given by

x=2—-2H—-B (6.150)



6.5 1/N Expansion

This is the standard topological characteristic. To derive these formulas, consider
first a sphere which can be obtained by gluing together two n-sided polygons at
their perimeters, giving E = V = n and two faces F = 2. This has x = 2. Now cut
a hole that changes AF = —1 and AB = +1. To attach a handle, cut two holes in
both n-sided polygons and identify their perimeters; this makes AF = AV = —n
and AF = —2. This then confirms both Egs. (6.149) and (6.150).

The leading vacuum-persistence graphs therefore are going like N2 and have the
“index surface” corresponding to a sphere. Any closed quark loop will generate a
hole in the surface and decrease x; hence the leading graphs contain only gluons,
and are proportional to N2. The leading graphs that involve quarks have one closed
quark loop and go like N, since B = 1.

What is also important is that these leading graphs are all planar; that is, the
Feynman graph can be drawn on a plane surface with no lines crossing. This is
clear because for the N2 gluon graphs we may remove an arbitrary face and project
the remainder of the sphere on a plane to produce a graph with a gluon around the
outside corresponding to the perimeter of the removed face. For the leading quark
graphs, proportional to N, one face is already absent, so we immediately write the
planar graph encircled by the single quark loop.

Let B; be local gauge-invariant operators that have one v and one ¥ (i.e., are
bilinear in the quark fields) and consider a connected Green's function for the
vacuum expectation of a string of m such bilinears. To maintain our 1/N analysis,
we add sources to the action by

S'=S+NY JBi (6.151)

keeping an N in each vertex, including the bilinear insertions, and then the re-
quired Green’s function is obtained from Z(j;), the generating functional for con-
nected graphs by

1 5 m

(B1---Bp) = sz

(6.152)

Ji=0

The leading diagrams are planar and are surrounded by a single quark loop on
which the bilinear insertions sit. From Eq. (6.152) each insertion gives 1/N, so we
have

(By---By)~ N (6.153)

We may introduce gauge-invariant local operator G; made solely from gluons
and deal with them similarly to find that

(Gi-+-Gp) ~ N*™" (6.154)

where the insertions are now anywhere in the planar graph. For a mixture of the
two types of operator, the leading term has one quark loop and goes as

(B1By---BuG1Gy---Gp) ~ NI7m=n (6.155)
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To proceed to phenomenology we assume that QCD confines color for arbitrarily
large N, not only for N = 3.

A meson is created by acting with a B on the vacuum. In fact, because the cou-
plings will be set by 1/+/N, we must renormalize B] = +/N'B; whereupon

(By---B})~ N'=/2m (6.156)

The leading order hence behaves as if B/ were a fundamental field with funda-
mental coupling 1/+/N and as if it were a Born approximation! One can now even
argue that the only singularities at leading order in 1/N are poles, also like a Born
approximation. To show this, consider

(B B) (6.157)

and prove that B) creates only single-meson states. For if B) created, say, two
mesons which are subsequently rescattered by two further bilinears and then an-
nihilated by a fourth bilinear—all of order O (1)—we would have a physical singu-
larity at O(1) in the connected Green'’s function for four bilinears, in contradiction
to Eq. (6.153). For consistency, therefore, B/ creates only single-meson states and
the only singularities are poles like a Born amplitude.

Another point for N — oo is that asymptotic freedom is maintained (actually, it
becomes stronger for fixed N y). Thus the two-point function must behave logarith-
mically at spacelike high energy, and this is impossible unless there are an infinite
number of meson poles; any finite number of poles generates power behavior.

For all of these reasons—the treelike behavior in coupling (1/ +/N) and the mero-
morphy with an infinite number of meson poles—it is often speculated that a string
theory coincides with QCD in the extreme N — oo limit, and that the appropriate
duality we see for strong interactions is because N = 3 approximates N — oo.

The OZI rule can by now be easily understood, at least for mesons. An OZI
forbidden process involves at least two closed quark loops and is hence suppressed
relative to an OZI-allowed process that has contributions from one closed quark
loop. For baryons, the 1/N expansion is more complicated [108, 109] and better
approached from chiral pion models, as we shall see.

Absence of exotic mesons (e.g., g¢g¢) can be seen by noticing that the only way to
make a quadrilinear in quark fields that is gauge invariant (color singlet) is to take
the product of two bilinears which are each color singlet; this is a simple property
of SU(N) for large N. Thus we may put

0(x) = Bj(x)By(x) (6.158)
But now observe that in
(0T ) 0) = (BT (x)B{()(B,T () By (»))
+ (BT () By (0)(By T (1) B ()

+(By" ()BT () B () By(y)) (6.159)
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the third term is suppressed by 1/N compared to the first two terms, which
physically mean independent propagation of two nonexotic mesons. Thus, exotic
mesons are suppressed by 1/N.

All of these attractive observations can be exhibited explicitly in QCD with N —
oo for two space-time dimensions [99, 100] a theory that can be solved almost
completely.

To complete the picture, we discuss the effective chiral meson Lagrangian for
large N QCD and how baryons are solitons (Skyrmions) in this weakly coupled
meson theory.

The point is that while at zero temperature the SU(N ), x SU(Ny)g chiral sym-
metry of QCD for N flavors is realized in the Nambu—Goldstone mode with mass-
less pseudoscalar bosons in an octet for Ny = 3, we expect at high temperature the
realization in the Wigner—-Weyl mode, implying a “chiral” phase transition from
broken to unbroken phase of this symmetry. This may be studied by looking at
QCD from the viewpoint of the Landau theory, precisely analogous to the Landau—
Ginzburg effective theory of superconductivity, which is an effective theory gener-
ated by the BCS microscopic theory.

Of course, calculation of the parameters in the effective theory from the underly-
ing QCD theory is highly nontrivial.

The natural choice of order parameter is the 3 x 3 complex matrix

21
Mij(x) = 3 05 (1 + ys) ¥ () (6.160)

a=1

The simplest Lagrangian for M (x) incorporating the relevant symmetries is
L =aTe(0,MoM")+bTe(M*M) + cTe(MM*MM™)
+dTe(MM*)? + eIndet M (6.161)

The last term violates the axial U(1) symmetry as required by the anomaly

g2

L,R _
I =N G

Tr(Fuv Fuv) (6.162)

and hence the coefficient e is O(1/N). It is the n’ mass term, and hence the n’
mass is of order 1/N relative to the pseudoscalar octet.

To make this clearer we may write M = He!?U, where U is unitary and H is the
M vacuum expectation—determined by the coefficients b, ¢, and d in Eq. (6.161)—
in the Nambu-Goldstone phase. Now ¢ is the n’ field (¢ = Indet M) and the 7¢
pion octet is contained in

(6.163)

Ulx) = exp[w}

Fr

The massless bosons have Lagrangian
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1
L = RFﬁa,LUa,LW (6.164)

1
= Tr(@um07) + 25 Tr (9,20, %) + - (6.165)

b4

where we have exploited the crucial fact that F2 ~ N. To see this, consider the
correlation function

G(x) = (jj| (0)j20) (6.166)

where j 3 = Yy, ys¥ is the axial current. At large distances only the lightest meson
intermediate state survives, giving

G(x) ~ |(]5(0)[0)] e (6.167)

~N (6.168)
because the leading contribution has only one quark loop, as we have seen. Thus
F2 ~ (x| j5@10)) ~ N (6.169)

asrequired, and m, in Eq. (6.167) is N independent. The chiral model of Eq. (6.165)
has been used successfully in strong interactions (e.g., Ref. [110]).

In the large N limit, baryon mass goes like N [108], as can be expected from the
one-gluon exchange energy behaving as %N (N —1) - (g2/N), since the coupling is
g/~/N. This is suggestive of a nonperturbative soliton in the chiral theory whose
coupling is ~ (1/N). However, keeping only the Lagrangian in Eq. (6.161) allows
no static soliton solutions, and one needs higher derivative terms. In 1961, Skyrme
[111] considered the model

2
L= 116% Tr(3, U, U) — ﬁ Te[0,UU*, 8,UU*]’ (6.170)
and showed that this contains topological entities (Skyrmions) which might be
identified with baryons. The value of U(x) tends to a constant for large x in the
broken symmetry phase where SU(3); x SU3)g — SU(3)L+r, so we are, at fixed
time, mapping S3 into SU(3) using 73(SU(3)) = Z, allowing a definition of baryon
number by

B /dx Tr(eijxi UUT0;UUT 0, UUT) (6.171)

2472
The Skyrmion solution with B = 1 has the form
U(x) = exp[iX- o f(r)] (6.172)

with f(r) behaving as in Fig. 6.13, such that f(0) = &, f(c0) = 0.
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Figure 6.13 Behavior of f(r).

Further, more recent examination [112-116] has shown that the Skyrmions are
fermions only for N = odd (e.g., N = 3) [113] and has even given some qualitative
agreements [114] with the baryon spectrum observed.

6.6
Lattice Gauge Theories

Because of the peculiar feature of the color force that it is weak at short distance
and strong at large distance, we need a quite different approach to examine QCD
at low energy. Such an approach is fortunately provided by the lattice method of
regularization suggested in 1974 by Wilson [117]. One treats QCD on a discretized
Euclidean four-space-time, similarly to the statistical treatment of many-body sys-
tems. Confinement is automatic on the lattice, and numerical studies in 1979 by
Creutz [118-120] made very plausible that no phase transition interrupts the con-
nection from strong-coupled confinement to weak-coupled asymptotic freedom.
The numerical studies allow one to relate the QCD scale (A) to the string tension
between quarks, to the mass gap (or glueball mass), and even to hadron masses.
The limit is not now experimental accuracy (as it is for perturbative QCD and ete™
annihilation), but the size and speed of electronic computers. Our treatment will
be a brief overview—detailed reviews are available (e.g., Refs. [121] and [122]).

The continuum formulation we wish to regularize is that in Euclidean space—
time (time r — i) with action S(¢) depending on fields ¢ and certain masses m
and couplings g. The quantum expectation value of observable O(¢) is

(o@)=2"" / DpO(¢)e 5? (6.173)
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where
Z = / Dpe 5@ (6.174)

is the vacuum-persistence amplitude, analogous to the partition function in the
statistical formulation of a thermodynamic system. At the end we may wish to
continue (O(¢)) back to Minkowski space-time.

Consider a hypercubic space-time lattice with sites labeled by n and basis vectors
u (1 < p < 4) of length a, the lattice spacing. Before discussing gauge fields, we
shall warm up with matter fields. The action for free scalars

S = / d4x[%(au¢)2 + %(mquz)] (6.175)
becomes
_ 4 ¢n+u _¢3 m_2 2
S=a ;;(—zaz + ¢n> (6.176)

The lattice sites n = a(ny, na, n3, ng), where n; are integers satisfying —N/2 <
n; < +N/2 on an N* lattice with the identification of n; with (n; + N) for periodic
boundary conditions. N provides an infrared cutoff just as the lattice spacing (a)
provides an ultraviolet cutoff.

The integral in Eq. (6.173) now becomes an ordinary multiple integral according
to

D¢ — ]‘[d% (6.177)

The partition function becomes

M\ 12
Z= / [[dgne™® = (detg) (6.178)

where M is defined by
S = duMpndn (6.179)

To gain familiarity, and to savor the resemblance to solid-state theory, we take the
lattice Fourier transform of any f;, to be

fro =" fae® /N (6.180)
n

with inverse

fy=n" Z fre~2mikunu/N (6.181)
k



Using relations such as
Z FEetn = N4 Z 17 qre®mikn/N
n k
we may rewrite the kinetic energy term in Eq. (6.176) as

at Z(¢:+M¢n+u + ¢:¢n - ¢:l<+lt¢” - ¢:¢n+u)
.

2
a 2wk, \ -~ o
= o Z(z —2c0s = )|¢k|
ko
and hence the full action is

1 ~
S=a'NT'y o MpP
k

2k
Mye=m>+2a72) (1- a
r=m" 4+ 2a M( cosN

Consider now the scalar propagator. It is given by
1 .
— (-1 — —1 2mik-(m—n)/N
(= (471), = s St

Taking the limit N — oo and setting

2wk,

I = aN

1 d*q
aN? Xk: - / 2n)?

Xy = —ay(my, —ny)
gives
+7/a d4q e—iq-x
<¢m¢n> :/ T a2 )
—xja Qm)* M? 4 2a Zu(l —cosqay)
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(6.182)

(6.183)

(6.184)

(6.185)

(6.186)

(6.187)

(6.188)

(6.189)

(6.190)

If we take the lattice spacing to zero, then by expanding the cosine we regain the

continuum propagator from Eq. (6.190).

If we follow the parallel steps for a spin-% field, we encounter what is called
the “fermion-doubling” problem: In fact, on a four-dimensional hypercubic lattice,
a direct treatment leads to 16 replicas of the continuum fermion. Let us see how

this happens and how it has been handled.
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The action for free fermions

S=vy@+my (6.191)

leads to
i . 27k
My =m+ ~ > ypusin =~ (6.192)
"

and to the propagator

(Ym¥n) = f A e (6.193)

T ) e QoA m+(ifa) Y, yu sinagy '

Equation (6.193) for fermions has a problem not shared by Eq. (6.190) for scalars.
If we take the limit a — 0 in Eq. (6.193), there are contributions from the integral
end point. To proceed we put ¢, = ¢, — 7/a and rewrite (for each dimension)

+m/a +m/2a +m/a
/ dq, = / dq, + / dg, (6.194)

—n/a —1/2a —n/a

Each piece of the integration region gives a free fermion propagator in the con-
tinuum limit, so we have 2* = 16 “favors” of fermion. Clearly, this is intimately
related to the fact that the field equation is first order rather than second order. It
may also be understood in terms of the triangle anomaly—a single chiral fermion
gives an anomaly in the continuum theory which must be canceled in the lattice
version, where the ultraviolet divergence is regulated; the lattice achieves this by
generating pairs of fermions with opposite chirality [123]. Only one pair would be
necessary for this, however, and the large number 16 is due to the choice of a hy-
percubic lattice; a minimum of two flavors has also been deduced by Nielsen and
Ninomiya considering a general lattice [124].

To avoid this species doubling, the most common procedure is due to Wilson
[125], who modified the action to give

i r
My = — i — 1-— 6.195
v =m + P XM: Yusinaq, + p ;( cosaqy) ( )

Here r is a free parameter. For g, near zero the extra term is of the order of the
lattice spacing and does not affect the continuum limit. For g, near =/a the new
term leads to

. 2r
i + (m + ;) (6.196)

and so acts like a mass term (2r/a). This breaks chiral symmetry even whenm = 0
and hence raises a problem in studying chiral properties of QCD. One may also try
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to remove the large ¢, components by distributing different spinor components
on different lattice sites, making effectively smaller sublattices [126, 127].

Now consider a pure Yang—Mills theory with gauge group G. When we recall that
quantities such as

¢t (x + dx)els S Hita dxu gy (i) (6.197)

are locally gauge invariant in the continuum theory, it is natural to think of gauge
transformations as transport operators and to associate independent matrices U;;
belonging to G with each link of the lattice between nearest-neighbor sites.

The link is oriented and we clearly need

L

Uji = U (6.198)
Under a gauge transformation, the matter fields transform as

¢ — Gidi (6.199)
while for the transport operators,

Uij = GiU;;G7' (6.200)

so that q&f Uji¢i is gauge invariant.
Now consider a path (y) through the lattice iy — i — - — iy. The correspond-
ing transport operator

Uj = Usyin, Userines - Unis (6.201)
transforms as

Uj > GiyU;G; ' (6.202)
In particular, consider a closed path (1) with operator U,, which transforms as

Up — G, U, G} (6.203)
This means that the trace of U, is gauge invariant:

Wi, = Tr(Uy) (6.204)

This is called a Wilson loop [117].

The field strength tensor F, of the continuum theory corresponds to a curl and
hence a line integral around a small closed contour. Thus consider the path around
an elementary square or plaquette (P) of the hypercubic lattice

Up = U;i, Ui,iy Uisi, Uiy, (6.205)
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For SU(N) we define the lattice action for a plaquette as

1 1
Sp=—|1——T(U
P g2|: N T( P)j|

and the action for the full finite lattice is then

S=YSp
P

The continuum limit of the classical action is easily seen to be

1
S = / d*x (—ZF;fUF;jU)

For example, with SU(2), we may write
. a0
Uji =exp ngMTa
=1 cosfj; +io - n;j Sil’l@j,'
where
1
0ji = Ega|Aﬁ|

Similarly for the plaquette

JOZ
Up = exp igaFZ‘UT

= 1cosfOp +io -npsinfp

where

Op = 1gaz’F""

2 v
For the plaquette action we take
! 1 ! 0 ! 1 ! Tr(Up)

—|1—=cos =—=|1--Tr

g2 2 P g2 4 P
and then in the sum of Eq. (6.207) replace

at Z — /a’4x

to obtain Eq. (6.208) as the continuum limit.
There are three remarks concerning the lattice S:

(6.206)

(6.207)

(6.208)

(6.209)

(6.210)

(6.211)

(6.212)

(6.213)

(6.214)

(6.215)

(6.216)
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Figure 6.14 Wilson loop.

=

1. The action regularized by the lattice is gauge invariant, and because it involves
a finite sum, no gauge fixing is necessary. On the lattice we can forget about, for
example, Faddeev—Popov ghosts.

2. Because the basic dynamical variables are finite group elements (U;;), we may
equally consider discrete gauge groups. Indeed, the study of, for example,
Zn gauge groups has played a significant role in the history of this subject
[128, 129].

3. The choice of hypercubic lattice is only for convenience but is almost universally
used in applications. The idea of a lattice with random sites [130-132] has been
proposed with a view to retaining perhaps more of the rotational and Lorentz
symmetry properties which are exact in the continuum.

Our next topic is the strong-coupling expansions of the lattice gauge theory. Let
us consider SU(N) with matter fields (quarks) in the defining representation, and
consider the vacuum expectation of a Wilson loop, W,. We take the quarks as ex-
ternal sources ¥ (x) and consider the quantity

(¥ )Ty ()T OT Y (), (6.217)

corresponding to creation of a quark-antiquark pair later annihilating at x
(Fig. 6.14). When we quantize we make the weighted average of the Wilson loop
operator Wj:

Wy = exp[ig/ Au(x) dSH] (6.218)
Y
which on the lattice is a sum of the form

exp[Z(:l:)Oi j] (6.219)
Y

This sign is (£) according to the direction of each link. Inserting in the discretized
version of Eq. (6.173) with the action S given by Eq. (6.207), we have

+
W) =271 1‘[/ d6;j exp[i > (0 + é Z(l - %cosepﬂ (6.220)
ij T 14 P
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\/Q

< Y

Figure 6.15 Tiling of Wilson loop.

Z= ]_[/ d@,]exp[ Z(l—%cosep)] (6.221)
P

Now expand [Z(W,)] in powers of (1/g%)
o0
=> wh ()™ (6.222)
The zeroth-order term is
0 +m
WO = ]‘[/ do;; exp[i Z(i@ij)] (6.223)
ij U y

which vanishes since

+
/ dx exp(£ix) =0 (6.224)
-7

The next term (k = 1) will also vanish by periodicity unless A is precisely a single
plaquette. It is clear that the first nonvanishing term will be where we may “tile” the
Wilson loop with elementary plaquettes (Fig. 6.15). This occurs when k = A/a?,
A being the minimal area enclosed by the path 2; all the interior links cancel in
this term because they each occur twice, once in each direction. This we find that

2
(Wa) ~ eXp<— A lanzg ) (6.225)

This area law is the signal for confinement due to a linear potential. Consider a
rectangular loop A; then for a linear potential, we expect an action ~ KRT, where
K is the string tension, parallel to that of string models (e.g., Ref. [133]).

Higher terms in 1/g? correspond to different evolutions of the “string” for a
given path y where the area of the “world sheet” is nonminimal. For large g2, there-
fore, we have a confining theory, and we may picture the field lines between quark
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and antiquark bunched together into a confining string rather than a Maxwellian
inverse-square distribution.
For the continuum limit of Eq. (6.225), we need to keep

In g2

a2

= constant (6.226)

to avoid a singularity, but this requirement is inconsistent with the g > 1 as-
sumption already made. Thus we cannot take the continuum limit after making
the strong-coupling expansion.

This is actually very fortunate because the confining picture we have reached
in the strong-coupling expansion on the lattice holds for the Abelian case like
QED and we know that QED does not confine electrons! Thus, the whole issue
of whether QCD confines hinges on whether we can connect smoothly between
the strong-coupling regime and the scaling regime of weak coupling. There must
be no intervening phase transition. There must be one is QED. These were the
speculations of Wilson [114], who provided, however, no supporting evidence in
1974. Such evidence came later from Monte Carlo simulations, which attempt to
connect the strong-coupling regime to the scaling regime.

Let us discuss the continuum limit of the quantum theory. As a — 0, the cou-
pling must be renormalized in a very specific way. First and foremost, the limit
must correspond to a scaling critical point as follows. Let g; by physical observ-
ables with dimension (—d;) in length. Then

q=a""fi(g) (6.227)

g =a®fg) (6.228)

and so on. For correlation lengths /;,
ly =afi(g) (6.229)

ay = af(g) (6.230)

and so on. Putting a — 0 will not give a meaningful limit unless all f;(g) — oo
(d; > 0) or — 0 (d; < 0). It is not obvious that this is possible; it requires g to
approach a critical point g = gy asa — 0.

Introducing a mass scale Ay associated with the lattice regularization, we may
set

1
a=+f@® (6.231)

and f(g) must set, by universal scaling, all the f;(g) according to

£i®) ~ai(f(9)" (6.232)
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This can be seen from the fact that

1/d;
a(g) ~ q; """ fi(9)' (6.233)
foralli, as g — gcr. Also,
g = ¢ A (6.234)

The function f(g) follows from our knowledge that

d
—aﬁ =+Bi1g’ + g’ + 0(g) (6.235)

where B and B, are the one- and two-loop B-function coefficients derived in Chap-
ter 5. For SU(3),

g = L 6.236
"7 T6n2 (6.236)
py = 102 6.237
> 7 (622 (6.237)

To two loops the solution of Eq. (6.235) is easily seen to be
Ara) = f(g) = exp| — 28,)P/21 6.238
(Ara) = f(g) p( 2ﬁ]g2>(g B1) (6.238)

The lattice scale A, can be related to the scale A evaluated phenomenologically in
deeply inelastic scattering [134, 135]. Note that the correct relation between g and
a is not at all as suggested by Eq. (6.226), where we interchanged strong-coupling
and continuum limits.

There remains the problem of connecting up the strong-coupling and scaling
regions. This cannot be done analytically. Also, it cannot be done exactly even for a
10* lattice, for example, because even with gauge group Z,, the number of links is
40,000 (number of links = d x number of sites in d dimensions), and the number
of terms in the partition function is

240.000 ~ 58 x 102041 (6.239)

It will never be possible to add this number of terms exactly! Thus we must ap-
proximate by a stochastic procedure which selects a large sample of configurations
with probability distribution proportional to exp(—S); the exact quantum average
in Eq. (6.173) is approximated by averages taken over the large sample of configu-
rations. This is called a Monte Carlo simulation because it involves selection of a
random number in a fashion similar to that of a roulette wheel.

In a Monte Carlo simulation, one begins with some configuration C" and gen-
erates by some procedure configurations C®, ..., C®) such that as k grows, the
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probability approaches exp[—S(C)]. If after ng steps we are sufficiently near the
limit, a quantum average may be approximated by

no+n

== Y o(®) (6.240)

k=ngp+1

Let p(C — C’) be the transition probability matrix. Then the Boltzmann distri-
bution exp[—S(C)] must be an eigenvector of this matrix. A sufficient (but not
necessary) condition for this is detailed balance

p(C = C) S

T irE (6.241)
If we use the stochastic property
Y opCc-ch=1 (6.242)
C/
it follows from Eq. (6.241) that
> eSOpc - ) =5 (6.243)

c

as required.
The detailed procedure most frequently used is that of Metropolis et al. [136].
One starts with some symmetric distribution

po(C — C) = po(C' — C) (6.244)
and considers a change to C’ from C by it, with the corresponding change in action

A(S) = S(C") — S(C) (6.245)
A random number (r) is chosen (roulette wheel) between 0 and 1. Then of r < 25,
the change in configuration is accepted; otherwise, it is rejected. That is, the new
configuration is accepted with conditional probability e=25. If AS is negative, the
change is always accepted.
This algorithm satisfies the detailed balance condition since

p(C —C')  po(C— C) _xq 5@
= (4 = —
p(C"— C)  po(C'— C) eSO

(6.246)

Using the Metropolis procedure, one systematically upgrades each link U;; through
the lattice (one “iteration”). It often saves time to upgrade each link several times
since the rejection rate is high; this is the improved Metropolis algorithm. An infi-
nite number of upgrades per link is the heat bath method, but this is usually too
slow. A large number of iterations is made until the relevant quantum average is
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stabilized. The simplest and perhaps most fundamental calculation is of the string
tension. Considering (R x T') rectangular Wilson loops, one may calculate [120]
W(R, TYWR—-1,T - 1)

x=1In (6.247)
WR-1,T)W(R.T — 1)

which cancels all perimeters and constant pieces in the action, leaving only the
string tension x in the strong-coupled domain. More generally,

W(R, T) — exp[—Eo(R)T] (6.248)

where T — oo, where Eo(R) is the minimum energy state, and hence

2 dEp(R)
s=a"———

24
dR (6.249)

gives the force between quarks for all R.

In this way, one can examine whether there is a phase transition between strong
and weak coupling. By successively heating up, starting from temperature zero (all
Uij = 1), then cooling down from infinite temperature (all U;; = random), the
appearance of hysteresis signals a phase transition. In 1979, Creutz [118] showed
convincingly that whereas SU(2) in d = 5 dimensions and SO(2) in d = 4 dimen-
sions did show hysteresis, SU(2) in d = 4 did not. Instead, the d = 4 SU(2) case
showed no structure except a rapid crossover from strong to weak coupling. These
results are shown in Fig. 6.16. The lattice size used there was an amazingly small
5*ford =4and 4° ford = 5.

A next step [119, 120] was to relate the string tension at strong coupling known
from Regge slopes to be about (400 MeV)? [or (14 tons)?] to the scale A, and hence
[134, 135] to Ajg. The result was Ay >~ 200 £ 35 MeV, in agreement with the
value derived from perturbative calculations of scaling in semihadronic processes.

Many efforts have been made (e.g., Refs. [137-141]) to establish the mass gap of
pure QCD (i.e., the lightest glueball mass). This involves studying the correlation
function

G(x) ={0x)00) - {0w)0WO) (6.250)

x = coe™ M (6.251)

for appropriate local operators O (x), where m is the lightest glueball mass. Results
suggest that m is around 1.5 GeV.

Finally, and most significantly, since the experimental data are the best quality,
there are the hadron masses [141-146]. Again one studies correlation functions
such as Eq. (6.250) where the local operator is, for example, O (x) = &(x)yut/f(x)
for a vector meson. In such computations, virtual quark loops are difficult to handle
and often ignored. Nevertheless, the results for meson and baryon masses (with
quark masses as input) agree with experiment to within a few percent.
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Figure 6.16 (a) SU(2) ind = 5; (b) SU(2) ind = 4; (c) SO(2)
in d = 4. [After M. Creutz, Phys. Rev. Lett. 43, 554 (1979).]

6.7
Summary

There remains no doubt that QCD is the correct fundamental theory of strong
interactions up to energies of 100 GeV. The frustration is in finding a single pre-
diction that is reliable to better than 0,1% accuracy. To some extent we have been
spoiled by the spectacular success of QED, where (g — 2) agrees to 1 partin 10'°.

Nature has nevertheless been generous to the theorist since the asymptotically
free regime of perturbative QCD sets in at very low scales Q% > (2 GeV)Z. Also,
lattice QCD with very small lattices having only 10* sites (or even less) works better
than one might reasonably expect.
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It may be some time before extremly high precision comparison of QCD to ex-
periment becomes commonplace. One needs more accurate and higher-energy ex-
perimental data and much larger and faster electronic computers to improve on
estimations of hadron masses and other static properties.

The area of “hadronic physics” is now a large research field. Although not ger-
mane to discovering new fundamental laws of physics, it is comparable to nuclear
physics. The role of protons and neutrons in the nuclei are replaced in it by the
next level: quarks and gluons as constituents of mesons and baryons.
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7
Model Building

7.1
Introduction

In the first edition, it seemed logical at that time (1986) to include a final chapter
on the subject of grand unification. That idea was first proposed in the 1970s and
became very popular in the first half of the 1980s. Since the principal prediction
of grand unification, proton decay, remains unconfirmed, I have decided to step
back in the final chapter of the second edition and look first at what puzzles are
presented by the standard model, then give examples of motivated and testable
models that address some of the issues. For this third edition, I have extended this
further to include an additional chapter, Chapter 8, on model building.

In Section 7.2 the questions posed by the theory are listed; this provides a work-
sheet for the model builder aiming to go beyond the established theory. We then
present four illustrative examples which may inspire the reader to try to make fur-
ther examples and perhaps find the correct high-energy theory. It should be obvious
that more data are needed at present (2008) to discriminate between possibilities
and the LHC will likely provide these. In Section 7.3 the left-right model is dis-
cussed based on the notion that parity may be restored as a symmetry at high
energy. In Section 7.4 we describe chiral color theory, where the strong interac-
tion QCD undergoes a spontaneous breaking analogous to that of the electroweak
theory. In Section 7.5 a possible explanation for the occurrence of three families
is offered by the 331-model. In Section 7.6 we use inspiration from the duality
between string theory and field theory to study the possibility that the strong and
electroweak interactions become conformal at TeV energies. This last topic is dis-
cussed more fully in Chapter 8.

7.2
Puzzles of the Standard Model

The standard strong/electroweak theory (SM) has successfully fit all reproducible
data. The model was built in the 1960s by Glashow [1] Salam [2], and Weinberg [3].
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It was shown to be renormalizable by 't Hooft in 1971 [4]. Its experimental verifi-
cation was already in excellent shape by the time of the 1978 Tokyo Conference [5].
The W and Z° were discovered in 1983. From 1983 until the present there have
been various ambulances to chase, where data disagreed with the SM, but further
data analysis has so far always rescued the SM.

Nevertheless, the SM has its own shortcomings and incompleteness, which moti-
vate model-building “beyond the SM.” A good starting point is to examine critically
the large number of parameters that must be fit phenomenologically in the SM.

The gauge sector of the SM is based on the group

SUB)c x SUR)L x U(l)y (7.1)

and includes 12 gauge bosons with 24 helicity states.
The fermions occur in the three families taking massless neutrinos

(o ()
<C> ELsL (V“) L (7.3)
S/L nJr

<;)LZ_L5L (?)L‘EL (7.4)

It requires 45 fields to describe these fermions. The scalars are in the complex
doublet

ot
(%) 79

with four fields. The total number of fields in the SM is therefore 73. Perturbatively,
the baryon and lepton numbers B and L are conserved and the neutrino masses
are vanishing M (v;) = 0.

As a model builders’ worksheet, we can list the 19 parameters of the SM:

Coupling constants
Higgs sector
Total

6 Quark masses

3 Lepton masses
3 Mixing angles 6;
1 Phaseé

1 QCD®

3

2

9

s

The first 12 parameters may be addressed by horizontal symmetries, the next two
are associated with models of CP violation, and the three couplings can be related,
for example, in grand unification. The two Higgs parameters—the Higgs mass and
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the magnitude of its quartic self-coupling (which sets the size of the weak scale)—
need an even bigger theoretical framework.
There are other questions unanswered in the SM framework, such as:

Why are there three families?

Why use SU(3) x SU(2) x U(1)?

Why are there the particular fermion representations?
Is the Higgs boson elementary?

e

Model building beyond the SM is simultaneously:

1. Trivial mathematically in the sense that the rules for building renormalizable
gauge field theories have been well known since 1971.

2. Impossible physically since in the absence of experimental data departing from
the SM, how can one discriminate between models?

Supersymmetry. The most popular model beyond the SM in unquestionably su-
persymmetry. Its motivation is to ameliorate (not solve) the gauge hierarchy prob-
lem—that, assuming a desert up to ~10'® GeV, nothing stabilizes the ratio
(Mw /Mgut)? ~ 10728, It is clearly testable by the prediction of a large number
of particles with masses below 1 TeV.

The models described here have their motivation outside supersymmetry. But
any renormalizable gauge theory can be promoted to an N = 1 globally supersym-
metric theory. The motivation for supersymmetry arises at present from mathe-
matical physics and not from phenomenology.

It does seem on aesthetic grounds that supersymmetry is likely to be used by
nature in its fundamental theory. The question is at what scale and how super-
symmetry is broken. It may, for example, be broken at the Planck scale, as in some
versions of supergravity and superstrings.

7.3
Left-Right Model

One of the simplest and most attractive extensions of the SM, also one of the oldest
[6-8], is the left-right model. It has two principal motivations: (1) to restore parity
at high energies and (2) to replace the assignment of weak hypercharge by the
assignment of the more familiar quantity (B — L), where B and L are baryon
number and lepton number.

The left-right model (sometimes called the Pati-Salam model) has definite testa-
bility. It predicts nonzero neutrino masses m(v;) # 0. It predicts certain AB = 2
processes such as NN — pions. Also, there are AL # 0 processes, such as neutri-
noless double beta decay (88)oy.
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The fundamental theory is assumed to be parity symmetric. The electroweak
gauge group is promoted from

SUQ2).L x U(l)y (7.6)
to
SU(2)L X SU(Z)R X U(I)B_L (77)

The usual relation between electric charge Q and SU(2),

Y
Q=T+ (7.8)
becomes
B—-L
Q=T+ Dr+—5— (7.9)

as can be seen easily by writing

W Ly o5 ) o (Tt 7.10
d),2" —\ 1) B-L (7.10)
R 3 TR + 25

Similarly,

N 1 0 T + B-L
e/r 2 —1 Tsr + ==
So we need to gauge the quantity (B — L) rather than the more perplexing weak

hypercharge Y.
The symmetry is broken in the stages

SU@)L x SUQ)g x U(1)p_ x P (7.12)
Mre, SUQ@)L x SUQ)z x U gy (7.13)
M,
2R, SU@), x Uy (7.14)
Mw
—=5 U)o (7.15)

It is often assumed that Mp = My, If there is a range where Mp > p > My,,
within it gy, # gog but W, and Wg remain massless.
A minimal Higgs sector contains the scalars

AL(1,0,42)  Ag(0,1,42)  @(4, 1.0 (7.16)

For a range of parameters, this gives a P-violating minimum.
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For phenomenology, precision tests of the SM require that M(Wg) and M(Zg)
be greater than 500 GeV. These lower bounds come from analysis of

pp— ptu +X (7.17)
B = e Doy (7.18)
n— pe v, (7.19)
and so on.

(V — A) theory was prompted by m(v) = 0 and ys invariance. The presence of
(V + A) is linked to m(v) # 0 by seesaw formulas such as

2

me
mv), ~ MWr) (7.20)

The Ny state is necessary in the left-right model, just as in an SO(10) GUT.
It is natural to expect AL # 0 Majorana masses and related processes such as
neutrinoless double beta decay (88)¢,, which has AL =2, AB = 0.
Looking again at the formula
B—-L
Q=T+ Dr+—5— (7.21)
and bearing in mind that for E > My, one has Alz; = 0 while always AQ =0,
we see that the fact that Alzg is integer implies that |A(B — L)| is a multiple of 2.
Thus we expect not only processes with AL = 2 and AB = 0 as in the (88)oy
already considered, but also processes with AL = 0 and AB = 2. To understand
these baryon-number violating processes, it is instructive to consider partial unifi-
cation to the group

SUM@)c x SUQR)L x SUQ)x (7.22)

[the Pati-Salam group, a subgroup of SO(10)]. Here the SU(4)¢, where the lepton
number is the “fourth” color, is broken to SU(3)¢ x U(1)p—r. The B violating
processes are then seen to be, for example, NN oscillations and processes such as
NN — n's, induced by introducing a new scale of a few PeV. This multi-PeV scale
is consistent with nucleon stability because the relevant operator is dimension 10
rather than dimension 6 as in SU(5) GUTs.

In summary, the key features of the left-right model are:

1. Nonvanishing m(v) might be interpreted as evidence for the L— R extension of
the SM.
2. AB =2, AL = 0 processes are expected, as are (88)o,, and so on.
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7.4
Chiral Color

There is a marked asymmetry in the SM between the strong color interactions,
which are described by an unbroken SU(3) gauge group, and the electroweak in-
teractions, described by a gauge group SU(2) x U(1) broken spontaneously at a few
hundred GeV (the weak scale) to the electromagnetic U(1).

Chiral color [9, 10] is a model where the strong interactions are more similar to
the electroweak interactions. The chiral color gauge group is SUB3); x SU(3)g,
broken at some scale (the simplest choice is the weak scale, although this is not
essential) to the diagonal subgroup color SU(3).

In this case quantum chromodynamics is a relic of a spontaneous breakdown
of a larger gauge group, and the breakdown leads to the existence of many new
fundamental particles, including especially the axigluon. The axigluon is a spin-1
massive particle which should weigh several hundred GeV and be visible as a jet—jet
resonance at hadron colliders. The fermion representation must be free of triangle
anomalies (see Chapter 3), and this requires the existence of additional fermions.
Aside from the familiar anomalies of the standard model there are potential new
anomalies of the form [SUB).]® — [SU@)z]®, and Q[SUB)L]* — Q[SUB)r]*.
These anomalies can be avoided by a variety of tricks in which the SU(3) x SU(3)
assignments of quarks are juggled and in which fermions with exotic color quan-
tum number are introduced.

In Ref. [9] a list of anomaly-free fermion representations was presented and re-
produced here. The list of five cases was intended to be illustrative but not exhaus-
tive. The five models are very different from one another. However, there are three
common threads: the necessary existence of more than three families of quarks
and leptons, a massive octet of spin-1 hadrons (the axigluons) which are strongly
coupled to quarks, and a rich spectrum of scalar mesons required for symmetry
breaking.

Mark I. Here we simply let two of the four families transform under SU(3),, the
other two under SU(3) g. Unlike the subsequent models, in Mark I the anomalies
are trivially canceled. Specifying the transformation behavior of left-handed chiral
fermions under [SU3) ., SU(3), 0], we have four colored weak doublets:

2[(3,1,3) + (3. 1 =5)] +2[(1.3, 3) + (1.3, =3)] (7.23)

eight colored singlets which complete four quark families:

2(3.1,-3) +2[(3. 1. §) +2[(1.3.-3) +2(1.3. §)]] (7.24)

and four charged leptons and their neutrinos.
This model is not chiral. The axigluon couples to

(Yt + Eype + dyud + 5yus) — ({yut + hyuh + byb + Iy, l) (7.25)
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where the fourth family includes a h(igh) and l(ow) quark. Mass mixing leads to
axigluon couplings to flavor-changing neutral currents. The angle ¢ connecting
the lighter two families to the heavier ones must be small. GIM violation in the ds
and cu systems is ~ ¢*, while in the bs and bd systems it is ~ ¢?.

A minimal set of scalar mesons includes ¢(1, 1, 2), which can give mass to all
quarks and leptons, and ¢ (3, 3, 2), which breaks chiral color and provides mixing
between the heavier and lighter quark families.

Mark Il. This model involves three conventional fermion families, an extra Q = %
quark, and an SU(3) sextet fermion or quix. There are three colored weak doublets:

3G, 1,5) + (3.1, -3)] (7.26)
eight colored weak singlets:

4(1,3,-3) +3(1,3,+4) + (3. 1, 3) (7.27)
a weak singlet quix:

(6, 1,-3)+ (1,6, %) (7.28)

and three charged leptons and their neutrinos.

The quix plays an essential role for anomaly cancellation. The couplings of the
axigluon are flavor-diagonal. However, the high quark is primarily a weak singlet, so
that flavor violation in the uc sector can be mediated by the Z°. Such GIM violation
is suppressed by ¢*, where ¢ measures the mass mixing of the high quark with the
u and c quarks. (Alternatively, GIM can be guaranteed by taking the quix to have
0= —% and by assigning to the high quark the anomaly-canceling charge of — ?
This possibility may be too ugly to be taken seriously.)

In the scalar meson sector, two ¢ (3, 3, 2) are required, one with charges Q = 0, 1
and one with charges Q = 0, —1. In addition, there must be a ¢(1, 1, 2) to provide
lepton masses and a ¢ (3, 3, 1) to give mass to the odd up quark. The quix can obtain
its mass from a neutral ¢ (6, 6) of scalar mesons, or through one-loop diagrams
involving VEVless ¢ (3, 1, 2) and ¢(3, 1, 1) scalar mesons. The latter possibility is
more attractive since it presents a possible mechanism for quix decay.

Mark Ill. This is a four-family model with a quix involving four colored weak dou-
blets:

4(3.1.3)+ (3. 1.-3)] (7.29)
eight colored weak singlets:

4(1,3,-3) +3(L3,+3) + (3. 1. 4) (7.30)
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a weak singlet quix
(6.1.—-3)+ (1.6. %) (7.31)

and four charged leptons and their neutrinos.

Couplings of the axigluon yield flavor-changing effects in the dsb sector since
one of the 0 = —% quarks (presumably low) is treated differently from the others.
It is suppressed by ¢*, where ¢ is a measure of the mass mixing of low with its
lighter cousins. The scalar mesons needed are the same as for Mark II except that
a ¢ (3,3, 1) multiplet is not required.

Mark IV. This model involves fermions that transform under both SU(3) factors.
There are four colored weak doublets:

43 1,3)+6.1,-3)] (7.32)
eight colored weak singlets:

41,3, 1) +2(1.3,-%) +2(3,1, - %) (7.33)
two dichromatic fermion multiplets:

2(3,3,0) (7.34)

and four charged leptons and their neutrinos.

The axigluon can produce flavor violation in the uc sector. The amplitude for
uc <> ¢u mixing is suppressed by ¢* where ¢ is a measure of mass mixing between
heavy and light Q = % quarks.

Two scalar ¢ (3, 3, 2) multiplets with different charges and a ¢ (1, 1, 2) suffice to
give mass to all ordinary quarks and leptons. A ¢(3, 3, 1) which develops a VEV
will give masses to the exotic fermions. In particular, the color singlet in each (3, 3)
of fermions obtains just twice the mass as the corresponding color octet or quait.
Additional scalar multiplets [such as a ¢ (3, 1, 1)] will permit the eventual decay of
the quait, should this be necessary or desirable.

Mark V. This model is for the hard-core GIM addict. It involves five standard fam-
ilies and two species of exotic colored fermions. There are five colored weak dou-
blets:

5[3.1.3) + (3.1, —3)] (7.35)
ten colored weak singlets;

5(1,3.-3) +5(1.3. ) (7.36)
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(6. 1,-3)+ (1,6, %) (7.37)
a dichromatic fermion multiplet:
(3,3,0) (7.38)

and five charged leptons and their neutrinos.

For this model, GIM is sacrosanct for all Yukawa couplings of the axigluons,
the Z°, and the scalar mesons of the Higgs sector, which must include just about
all the multiplets mentioned in Marks I through IV. It is possible [10] to make a
unified version of Mark V, using the group SU(4)°.

In chiral color many new particles are predicted. The axigluon affects the cal-
culations of upsilon decay [11] and the radiative corrections to e*e™ annihilation
[12]. In particular, the axigluon should be visible in di-jet distributions at hadron
colliders as well as in a Jacobian peak for single jet cross sections [13]. At present
the lower bound [14, 15] on the axigluon mass is about 1 TeV. This implies that the
scale of breaking of chiral color must be higher than the weak scale.

7.5
Three Families and the 331 Model

The motivation for the 331 model lies in the explanation of three families. It testa-
bility arises from the prediction of new particles, particularly the bilepton.

In the SM each family separately cancels the triangle anomaly. A possible rea-
son for three families is that in an extension of the SM, the extended families are
anomalous but there is interfamily cancellation.

The three families must enter asymmetrically to set up the (+1 +1 —2) type of
anomaly cancellation. If we assume first that two families are treated symmetrically
(sequentially), then the —2 may be expected to arise from

Q(M))
=2 7.39
( Q(d) 7-3)
This is how it happens in the 331 model.
Take the gauge group
SUB)c x SUB)L x U(l)y (7.40)

and from it the standard SU(2), is contained in SU(3); while U(1)y is contained
in both SU3); and U(1)y.

305



306| 7 Model Building

The first family is assigned:

u
d | iLd.Dy (7.41)
D/
which involves a 3; of S(3); with X = —% (in general, the X charge equals the
electric charge of the central component of any SU(3),, triplet) and three SU(3),,

singlets.
Similarly, the second family is assigned:

( |

where again the 37 has X = —3.
The third family is assigned differently from the first and second:

T
t TLITLI;L (7.43)
b L

Here the nontrivial SU(3). representation is a 3, with X = +%.
In this 331 model, the leptons are treated more democratically, being assigned to
three 3;’s of SU(3), all with X = 0:

ot wt o+
(vg) (vﬂ) (v,) (7.44)
e n- T

In this arrangement of quarks and leptons, all anomalies cancel. Nontrivial inter-
family cancellations take place for (31)3, (31)2X, and X3. The number of families
must be a multiple of three, and indeed equal to three if one wishes to avoid the
“superfamily” problem, created by having a nontrivial multiple of the three fami-
lies.

The Higgs sector contains:

thh &« o

) crLsLSL (7.42)
L

Triplets: ¢%(X = +1) ¢'*(X =0) ¢"*(X =—1) (7.45)

Sextet:  S*#(X = 0) (7.46)

The breaking of SU(3), to SU(2),, gives rise to five massive gauge bosons by the
Higgs mechanism. One is a Z’ and the other four fall into two doublets under
SU(2) 1, the bileptons (Y ~~, ¥ ™) and their charge conjugates (Y, Y1).

The scale U at which the symmetry SU3);, x U(l)x — SU®2)r x U(Dx
breaks has an upper bound for the following reason: The embedding needs
sin® 0w (Mz) < . But sin?6y(Mz) > 0.23 and increases through 0.25 at
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1 ~ 3 TeV. So U must be appreciably below this to avoid a Landau pole gx — oc.
This implies that M(Y~~,Y7), M(Q) < 1 TeV.

The heavy exotic quarks can be sought in the same way as top quarks were.
The bilepton can be seen in eTe™ scattering in the backward direction and, most
strikingly, in the direct channel of e e~ scattering, where it appears as a sharp peak
in the cross section.

Bileptons were predicted earlier in an SU(15) grand unification scheme [16].
This unification has the motivation of avoiding proton decay and is testable by the
prediction of weak-scale leptoquarks. However, the 331 model has more elegance,
particularly with regard to anomaly cancellation.

The lower mass limit on the bilepton comes from polarized muon decay [17, 18]
and from muonium-antimuonium conversion searches. At the time of writing
(1999), the best limit comes from the latter experiment [19] and is M(Y™) >
850 GeV.

7.6
Conformality Constraints

The gauge hierarchy problem is a theory-generated problem of the very small ratio
MW)/Mcur ~ 10714, which typically arises in grand unified models. Of course,
if grand unification can be avoided, there is no hierarchy—the problem is nullified.
This is the situation in the conformality approach discussed in this section.

Until the late 1990s it was believed that a gauge theory in d = four space-time
dimensions could be conformal only in the presence of supersymmetry. For ex-
ample, N' = 4 supersymmetric SU(N) Yang—Mills theory was shown in 1983 [20]
to be conformal for all finite N. The idea [21] that an A/ = 0 nonsupersymmetric
gauge theory could be conformal, and include the standard model, followed the
demonstration [22] of field-string duality. Although the field-string duality was de-
rived only for the N — oo limit, the fact that the conformality was already known
to survive to finite N in some (supersymmetric) cases led one to expect it to survive
to finite N in new examples, especially some without supersymmetry.

With such conformality as a guide to extending the standard model, the gauge
couplings cease to run above the conformality scale (here assumed to be a few
TeV) and there is no grand unification or gauge hierarchy problem. This is the
motivation for conformality, together with the aesthetic appeal of the absence of
infinite renormalization. The testability of conformality arises from the prediction
of many new particles, both fermions and scalars, at the TeV scale and producible
at the next generation of colliders.

Until 1997 there was no reason to believe that conformal fixed points exist in
gauge theories without supersymmetry in four space-time dimensions. Then it
was pointed out [22] that compactification of a 10-dimensional type IIB superstring
on a manifold (AdS)s x S is of special interest in this regard; here (AdS)s is five-
dimensional anti-DeSitter space and $° is a five-sphere. On the four-dimensional
surface of (AdS)s exists a gauge field theory with interesting properties. Its gauge
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group is SU(N) and arises from the coalescence of N D3-branes in the manifold.
The isotropy SO(6) ~ SU(4) of the S becomes the R symmetry of N = 4 super-
symmetric Yang—Mills theory. The isometry SO(4, 2) of (AdS)s is related to the con-
formal symmetry of the gauge theory in four dimensions. As already mentioned,
the conformal symmetry of N = 4 gauge theory was known for some time [20].

What is especially interesting is the ability to break supersymmetry by replacing
the manifold by an orbifold, in particular replacing $° by S°/ T, where T is a freely
acting discrete symmetry. The result, easy to derive, is that the breaking of the
N = 4 supersymmetries depends on the embedding of " in the SU(4) isotropy
of % If I' C SU(2), there remains N’ = 2; if I ¢ SU(3), it leaves N = 1;
and if ' ¢ SU(3), the gauge theory has N/ = 0. All such gauge theories, even
without supersymmetry, possess equality of numbers of fermions and bosons, and
this underlies their potential finiteness and, a stronger requirement, high-energy
conformality.

Now we can attempt to identify the content of chiral fermions and scalars in such
theories. Some details of the rules are presented in Refs. [21, 23-26].

The embedding of I" is most simply illustrated for an abelian group Z,. The
action on the coordinates (X, X2, X3) of the three-dimensional complex space C3
in which is the $° can be written in terms of the three integers a; = (aj, a2, a3)
such that the action of Z,, is

C3: (X1, X2, X3) 2> (@ X1, a2 X5, a® X3) (7.47)
with
2mi
o= exp(—) (7.48)
p

The scalar multiplet is in the 6 of SU(4) R symmetry and is transformed by the
Z, transformation:

diag(a‘” ,a®, o am N a2, a“”) (7.49)

together with the gauge transformation

diag(ao, ol a?, @, ot ozs) x o' (7.50)
for the different SU(N); of the gauge group SU(N)?.
What will be relevant are states invariant under a combination of these two trans-
formations. If a; + ap + a3 = 0 (mod p), the matrix

ai
ar (7.51)
as

is in SU(3) and hence N' > 1 is unbroken and this condition must therefore be
avoided if we want A/ = 0.



7.6 Conformality Constraints

If we examine the 4 of SU(4), we find that matter which is invariant under the
combination of the Z,, and an SU(N)? gauge transformation can be deduced sim-
ilarly. It is worth defining the spinor 4 explicitly by A, = (A1, A2, A3, Ag), with
the A, like the a;, defined only mod p. Explicitly, we may define a; = A; + As,

ap = Ay + Az, a3 = Az + Ay, and Ay = —(A] + Ay + A3). In other words,
Al = 3@ —a+a3), Ay = Ya1 + ay — a3), A3 = J(—a; + az + a3), and
Ay =— % (a1 + az + a3). To leave no unbroken supersymmetry we must obviously

require that all A, are nonvanishing. In terms of the g; the condition that we shall
impose is

i=3

> *(a)#0 (mod p) (7.52)

i=I

The Z, group identifies p points in C3. The N converging D-branes approach all
p such points giving a gauge group with p factors:

SU(N) x SU(N) x SU(N) x --- x SU(N) (7.53)

The matter that survives is invariant under a product of a gauge transformation
and a Z, transformation.
For the covering gauge group SU(pN), the transformation is

(l,1,...,l;a,a,...,a;az,az,...,az;...;ocp_l,ozp_l,...,ap_l) (7.54)

with each entry occurring N times.
Under the Z,, transformation for the scalar fields, the 6 of SU(4), the transfor-
mation is

~X = (" a® a®) (7.55)

The result can conveniently by summarized by a quiver diagram [27]. One draws
p points and for each a; one draws a nondirected arrow between all modes i and
i + ay. Each arrow denotes a bifundamental representation such that the resultant
scalar representation is

=~

=3i=

> (Ni. Nitay) (7.56)

k=1 i=1

If a = 0, the bifundamental is to be reinterpreted as an adjoint representation
plus a singlet representation.

For the chiral fermions one must construct the spinor 4 of SU(4). The compo-
nents are the A, given above. The resultant fermion representation follows from
a different quiver diagram. One draws p points and connects with a directed arrow
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the node i to the node i + A,. The fermion representation is then

q=4i=p B
Z Z(Ni, Nita,) (7.57)
g=1i=1

Since all A, # 0, there are no adjoint representations for fermions. This completes
the matter representation of SU(N)?.

The conformality approach is that the gauge particles and the quarks and lep-
tons, together with some yet unseen degrees of freedom, may combine to give a
quantum field theory with nontrivial realization of conformal invariance. In such a
scenario the fact that there are no large mass corrections follows by the condition of
conformal invariance. In other words, 't Hooft’s naturalness condition is satisfied:
namely, in the absence of masses there is an enhanced symmetry that is conformal
invariance. We thus imagine the actual theory to be given by an action

S =S+ / d*x a; 0; (7.58)

where Sy is the Lagrangian for the conformal field theory in question and the O;
are certain operators of dimension less than four, breaking conformal invariance
softly. The «; represent the mass parameters. Their mass dimension is 4 — A,
where A; is the dimension of the field O; at the conformal point. Note that the
breaking should be soft, in order for the idea of conformal invariance to be relevant
for solving the hierarchy problem and the cosmological constant problem. With
conformal invariance the vacuum energy can have only one value, zero, and suffi-
ciently soft breaking should preserve this value. This requires that the operators O;
have dimension less than four.

Let M denote the mass scale determined by the parameters «;. This is the scale
at which the conformal invariance is broken. In other words, for energies E > M
the coupling will not run while they start running for E < M. We will assume that
M is sufficiently near the TeV scale to solve the hierarchy problem using conformal
invariance.

The details of the conformal symmetry breaking are important to study further
because (1) the prediction of dimensionless ratios in the standard model, such as
mass ratios and mixing angles, are predicted before conformal breaking by purely
group theoretical reasoning, since there is no flexibility in the Yukawa and quartic
Higgs couplings, but then depend on the specific pattern assumed for conformal
symmetry breaking, and (2) the cosmological constant is vanishing before con-
formal symmetry breaking and may remain so if the symmetry breaking is suffi-
ciently mild.

We would like to discuss how the SU(3) x SU(2) x U(1) standard model can be
embedded in the conformal theories under discussion. In other words, we consider
some embedding

SUB) x SU2) x U(1) C (X) SUNi) (7.59)

l
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in the set of conformal theories discussed in Section 7.3. Each gauge group of the
standard model may lie in a single SU(Nd;) group or in some diagonal subgroup
of a number of SU(Nd;) gauge groups in the conformal theory. The first fact to
note, independent of the embeddings, is that the matter representations we will
get in this way are severely restricted. This is because in the conformal theories we
have only bifundamental fields (including adjoint fields), and thus any embedding
of the standard model in the conformal theories under discussion will result in
matter in bifundamentals (including adjoints), and no other representation. For
example, we cannot have a matter field transforming according to representation
of the form (8,2) of SU(3) x SU(2). That we can have only fundamental fields or
bifundamental fields is a strong restriction on the matter content of the standard
model, which in fact is satisfied, and we take it as a check (or evidence!) for the
conformal approach to phenomenology. The rigidity of conformal theory in this
regard can be compared to other approaches, where typically we can have various
kinds of representations.

Another fact to note is that there are no U(1) factors in the conformal theories
[having charged U(1) fields is in conflict with conformality], and in particular the
existence of quantization of hypercharge is automatic in our setup, as the U(1) has
to be embedded in some product of SU groups. This is the conformal version of
the analogous statement in the standard scenarios to unification, such as SU(5)
GUT.

This approach is examined in more detail in Chapter 8.

7.7
Summary

The standard model, although exceptionally successful in comparison with all
high-energy data up to energies of 100 GeV, leaves several very fundamental ques-
tions unanswered. We have illustrated model building beyond the standard model
by examples that are motivated by explanation of certain of these puzzling features.

The left-right model leads to the restoration of parity symmetry at high energy.
It also leads to the gauging of the difference (B — L) rather than the more obscure
weak hypercharge. Tests of the left-right model include neutrino masses and the
occurrence of various B and L violating processes.

In chiral color theory, the manner in which the color and electroweak interactions
are treated so differently in the standard model is addressed. In this theory the color
interaction, like the electromagnetic interaction, arises from spontaneous breaking
of a large gauge group; this leads to the prediction of an octet of massive axigluons.

One of the most striking unexplained features of the standard model is surely
the replication, three times, of the fermion families. In the 331 model, this arises
from the cancellation of chiral anomalies between the families. One prediction of
this model is the existence of bileptonic gauge bosons.

Finally, in the conformality approach, which is well motivated by the duality be-
tween string theory and gauge field theory, the standard model is assumed to sim-
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plify and become conformally invariant at multi-TeV energy. This leads to the pre-
diction of new particles in that energy region, as will be discussed in Chapter 8.

Of course, these are only illustrative examples and the real world may be some-

thing not in the list above. Nevertheless, it is a valuable exercise to make attempts
at such model building because the next generation of high-energy colliders will
bring data that may or may not be surprising, depending on how many ideas for
model building have already been explored.
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8
Conformality

8.1
Introduction

By now we have seen that the standard model of particle phenomenology is a gauge
field theory based on the gauge group SUc(3) x SUL(2) x Uy(1) and with three
families of quarks and leptons. The electroweak symmetry SU[ (2) x Uy (1) is spon-
taneously broken by a Higgs mechanism to the electromagnetic symmetry Ugym (1),
leaving one Higgs boson. This model has successfully explained all experimental
data (with the exception of neutrino masses which can be accommodated by exten-
sion). At higher energy than yet explored, the proliferation of parameters (19 with-
out neutrino mass, 28 with) strongly suggests new physics beyond the standard
model.

In this chapter, we discuss such an extension based on four-dimensional confor-
mal invariance at high energy and inspired initially by the duality between gauge
theory and superstring theory.

Such conformality model building is a less explored but equally motivated alter-
native to other directions of model building such as extra dimensions or supersym-
metry.

Particle phenomenology is in an especially exciting time, mainly because of the
anticipated data in a new energy regime expected from the large hadron collider
(LHC), to be commissioned at the CERN Laboratory in 2007. This new data is long
overdue. The superconducting supercollider (SSC) would have provided such data
long ago were it not for its political demise in 1993.

Except for the remarkable experimental data concerning neutrino masses and
mixings which has been obtained since 1998, particle physics has been data starved
for the last 30 years. The standard model invented in the 1960s and 1970s has been
confirmed and reconfirmed. Consequently, theory has ventured into speculative
areas such as string theory, extra dimensions, and supersymmetry. While these
ideas are of great interest and theoretically consistent there is no direct evidence
from experiment for them. Here we describe a more recent, post 1998, direction
known as conformality. First, to set the stage, we shall discuss why the conformality
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approach which is, in our opinion, competitive with the other three approaches,
remained unstudied for the past 20 years up to 1998.

A principal motivation underlying model building, beyond the standard model,
over the last 30 years has been the hierarchy problem, which is a special case of
naturalness. This idea stems from Wilson [1] in the late 1960s. The definition of
naturalness is that a theory should not contain any unexplained very large (or very
small in the inverse) dimensionless numbers. The adjustment needed to achieve
such naturalness violating numbers is called fine tuning. The naturalness situation
can be especially acute in gauge field theories because even after fine tuning at
tree level, i.e., the classical Lagrangian, the fine tuning may need to be repeated
an infinite number of times order-by-order in the loop expansion during the renor-
malization process. While such a theory can be internally consistent it violates nat-
uralness. Thus naturalness is not only an aesthetic criterion but one which the vast
majority of the community feel must be imposed on any acceptable extension of
the standard model; ironically, one exception is Wilson himself [2].

When the standard model of Glashow [3] was rendered renormalizable by ap-
pending the Higgs mechanism [4, 5] it was soon realized that it fell into trou-
ble with naturalness, specifically through the hierarchy problem. In particular, the
scalar propagator has quadratically divergent radiative corrections which imply that
a bare Higgs mass m3; will be corrected by an amount A%/m3,, where A is the cut
off scale corresponding to new physics. Unlike logarithmic divergences, which can
be absorbed in the usual renormalization process, the quadratic divergences create
an unacceptable fine tuning: for example, if the cut off is at the conventional grand
unification scale A ~ 10!% GeV and my ~ 100 GeV, we are confronted with a
preposterous degree of fine tuning to one part in 1028,

As already noted, this hierarchy problem was stated most forcefully by Wilson
who said, in private discussions, that scalar fields are forbidden in gauge field the-
ories. Between the late 1960s and 1974, it was widely recognized that the scalar
fields of the standard model created this serious hierarchy problem but no one
knew what to do about it.

The next big progress to the hierarchy problem came in 1974 with the inven-
tion [6] of supersymmetry. This led to the minimally supersymmetric standard
model (MSSM) which elegantly answered Wilson’s objection since quadratic di-
vergences are cancelled between bosons and fermions, with only logarithmic di-
vergences surviving. Further it was proved [7, 8] that the MSSM and straightfor-
ward generalizations were the unique way to proceed. Not surprisingly, the MSSM
immediately became overwhelmingly popular. It has been estimated [9] that there
are 35,000 papers existing on supersymmetry, more than an average of 1000 pa-
pers per year since its inception. This approach continued to seem “unique” until
1998. Since the MSSM has over 100 free parameters, many possibilities needed to
be investigated and exclusion plots constructed. During this period, two properties
beyond naturalness rendered the MSSM even more appealing: an improvement in
unification properties and a candidate for cosmological dark matter.

Before jumping to 1998, it is necessary to mention an unconnected develop-
ment in 1983 which was the study of Yang-Mills theory with extended N' = 4
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supersymmetry (the MSSM has N/ = 1 supersymmetry). This remarkable theory,
though phenomenologically quite unrealistic as it allows no chiral fermions and all
matter fields are in adjoint representations, is finite [10-12] to all orders of pertur-
bation theory and conformally invariant. Between 1983 and 1997, the relationship
between the A/ = 4 gauge theory and either string theory, also believed to be finite,
or the standard model remained unclear.

The perspective changed in 1997-1998 initially through the insight of Malda-
cena [13], who showed a duality between N = 4 gauge theory and the superstring
in ten space-time dimensions. Further the ' = 4 supersymmetry can be broken
by orbifolding down to N' = 0 models with no supersymmetry at all. It was conjec-
tured [14] by one of the authors in 1998 that such nonsupersymmetric orbifolded
models can be finite and conformally invariant, hence the name conformality.

Conformality models have been investigated far less completely than supersym-
metric ones but it is already clear that supersymmetry is “not as unique” as previ-
ously believed. No-go theorems can have not only explicit assumptions which need
to be violated to avoid the theorem but unconscious implicit assumptions which
require further progress even to appreciate: in 1975 the implicit assumption was
that the gauge group is simple, or if semisimple may be regarded as a product of
theories each with a simple gauge group. Naturalness, by cancellation of quadratic
divergences, accurate unification, and a dark matter candidate exist in conformal-
ity.

It becomes therefore a concern that the design of the LHC has been influenced by
the requirement of testing the MSSM. The LHC merits an investment of theoretical
work to check if the LHC is adequately designed to test conformality which now
seems equally as likely as supersymmetry, although we fully expect the detectors
ATLAS and CMS to be sufficiently all purpose to capture any physics beyond the
standard model at the TeV scale.

8.2
Quiver Gauge Theories

Quiver gauge theories possess a gauge group which is generically a product of
U(N;) factors with matter fields in bifundamental representations. They have been
studied in the physics literature since the 1980s where they were used in compos-
ite model building. They have attracted much renewed attention because of their
natural appearance in the duality between superstrings and gauge theories.

The best known such duality gives rise to a highly supersymmetric (N = 4)
gauge theory with a single SU(N) gauge group with matter in adjoint represen-
tations. In this case one can drop with impunity the U(1) of U(N) because the
matter fields are uncharged under it. In the quiver theories with less supersymme-
try (M < 2) it is usually necessary to keep such U(1)s.

Quiver gauge theories are tailor-made for particle physics model building. While
an SU(N) gauge theory is typically anomalous in for arbitrary choice of fermions,
choosing the fermions to lie in a quiver insures anomaly cancellation. Further-

315



316

8 Conformality

more, the fermions in a quiver arrange themselves in bifundamental representa-
tions of the product gauge group. This nicely coincides with the fact that all known
fundamental fermions are in bifundamental, fundamental, or singlet representa-
tions of the gauge group. The study of quiver gauge theories goes back to the ear-
liest days of gauge theories and the standard model. Other notable early examples
are the Pati-Salam model and the trinification model. A vast literature exists on this
subject, but we will concentrate on post AdS/CFT conjecture quiver gauge theory
work.

Starting from AdSs x S° we only have an SU(N) NV = 4 supersymmetric gauge
theory. In order to break SUSY and generate a quiver gauge theory there are sev-
eral options open to us. Orbifolds [15-18], conifolds [19-23], and orientifolds [24—
29] have all played a part in building quiver gauge theories. Since our focus is
quiver gauge theories in general, but via orbifolding of AdSs x M> in particular,
we will not discuss the other options in detail but should point out that orbifold-
ing from the eleven-dimensional M theory point of view has also an active area of
research [30-35]. Furthermore, we are interested in orbifolds where the manifold
M? is the five sphere S°. There are other possible choices for M? of relevance to
model building [36, 37] but we will not explore these here either. In building mod-
els from orbifolded AdSs x S, it is often convenient to break the quiver gauge
group to the trinification [38] group SU(3)? or to the Pati-Salam [39-41] group
SU4) x SU(2) x SU(2), but there are again other possibilities, including more
complicated intermediate groups like the quartification [42-47] symmetry SU(3)*
that treats quarks and leptons on an equal footing.

It is important to note that although the duality with superstrings is a signifi-
cant guide to such model building, and it is desirable to have a string dual to give
more confidence in consistency, we shall focus on the gauge theory description in
the approach to particle phenomenology, as there are perfectly good quiver gauge
theories that have yet to be derived from string duality.

The simplest superstring-gauge duality arises from the compactification of a
type-IIB superstring on the cleverly chosen manifold

AdSs x 87

which yields an N/ = 4 supersymmetry which is an especially interesting gauge
theory that has been intensively studied and possesses remarkable properties of
finiteness and conformal invariance for all values of N in its SU(N) gauge group.
By “conformality,” we shall mean conformal invariance at high energy, also for
finite N.

For phenomenological purposes, N' = 4 is too much supersymmetry. Fortu-
nately, it is possible to break supersymmetries and hence approach more nearly
the real world, with less or no supersymmetry in a conformality theory.

By factoring out a discrete (either Abelian or non-Abelian) group and composing
an orbifold

/T
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one may break N = 4 supersymmetry to N’ = 2, 1, or 0. Of special interest is the
N =0 case.
We may take an Abelian I' = Z,, (non-Abelian cases will also be considered in
this review) which identifies p points in a complex three-dimensional space Cs.
The rules for breaking the A = 4 supersymmetry are:

— If T can be embedded in an SU(2) of the original SU(4) R-symmetry, then
rcsu@ = W~N=2

— If T can be embedded in an SU(3) but not an SU(2) of the original SU(4)
R-symmetry, then

rcsu@ = WN=1

— If ' can be embedded in the SU(4) but not an SU(3) of the original SU(4)
R-symmetry, then

rcsu4 = WN=0

In fact to specify the embedding of I' = Z, we need to identify three integers
(a1, a2, a3):

z
C3:(X1, X2, X3) =5 (0" X1, 0™ X, a® X3)

(2ni>
a =exp|l —
p

The Z, discrete group identifies p points in C3. The N converging D3-branes meet
on all p copies, giving a gauge group: U(N) x U(N) x --- x U(N), p times. The
matter (spin-1/2 and spin-0) which survives is invariant under a product of a gauge
transformation and a Z, transformation.

There is a convenient diagrammatic way to find the result from a “quiver.” One

with

draws p points and arrows for ay, a2, as.
An example for Zs and a; = (1, 3, 0) as shown in Fig. 8.1.

For a general case, the scalar representation contains the bifundamental scalars

3
D (Ni, Nita)

k=1i=1

Note that by definition a bifundamental representation transforms as a fundamen-
tal (N;) under U(N); and simultaneously as an antifundamental (N i+q,) under
U(N )i:tak .
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Figure 8.1 Fermion quiver diagram.

Be @

x Figure 8.2 Scalar quiver diagram.

For fermions, one must first construct the 4 of R-parity SU(4), isomorphic to the
isometry SO(6) of the $3. From the ax = (a1, a2, a3) one constructs the 4-spinor
Ay = (A1, Ay, A3, Ay):

1
Al = 5(611 + ax + az)

1
A = — — —
2=3 (a1 —az — a3)

1
Az = 5(—611 +az —az)

1
Ay = 5(—611 —ax+a3)

These transform as exp(% A,) and the invariants may again be derived (by a dif-
ferent diagram). An example of a fermion quiver with p = 5 is shown above in
Fig. 8.2.



8.3 Conformality Phenomenology

Note that these lines are oriented, as is necessary to accommodate chiral fermi-
ons. Specifying the four A, is equivalent (there is a constraint that the four add to
zero, mod p) to fixing the three a; and group theoretically is more fundamental.

In general, the fermion representation contains the bifundamentals

4 p
ZE:ZE:(AL»]V1+AH

n=1i=1

When one of the A,s is zero, it signifies a degenerate case of a bifundamental
comprised of adjoint and singlet representations of one U(N).

To summarize the orbifold construction, first we select a discrete subgroup I" of
the SO(6) ~ SU(4) isometry of S> with which to form the orbifold AdSs x S°/T.
As discussed above, the replacement of $3 by $3/ I reduces the supersymmetry to
N =0, 1, or 2 from the initial V' = 4, depending on how I' is embedded in the
isometry of S°. The cases of interest here are N’ = 0 and N’ = 1 SUSY, where I’
embeds irreducibly in the SU(4) isometry or in an SU(3) subgroup of the SU(4)
isometry, respectively. It means to achieve ' = 0 we embed rep(I') — 4 of SU(4)
as 4 = (r), where r is a nontrivial four-dimensional representation of I'; for A" = 1
we embed rep(I') — 4 of SU(4) as 4 = (1, 1), where 1 is the trivial irreducible
representation (irrep) of I' and r is a nontrivial three-dimensional representation
of I'.

83
Conformality Phenomenology

In attempting to go beyond the standard model, one outstanding issue is the hier-
archy between GUT scale and weak scale which is 14 orders of magnitude. Why do
these two very different scales exist? Also, how is this hierarchy of scales stabilized
under quantum corrections? Supersymmetry answers the second question but not
the first.

The idea is to approach hierarchy problem by conformality at a TeV scale. We will
show how this is possible including explicit examples containing standard model
states.

In some sense conformality provides more rigid constraints than supersymme-
try. It can predict additional states at TeV scale, while there can be far fewer initial
parameters in conformality models than in SUSY models. Conformality also pro-
vides a new approach to gauge coupling unification. It confronts naturalness and
provides cancellation of quadratic divergences. The requirements of anomaly can-
cellations can lead to conformality of U(1) couplings.

There is a viable dark matter candidate, and proton decay can be consistent with
experiment.

What is the physical intuition and picture underlying conformality? Consider
going to an energy scale higher than the weak scale, for example at the TeV scale.

319



320

8 Conformality

Quark and lepton masses, QCD and weak scales small compared to TeV scale.
They may be approximated by zero. The theory is then classically conformally in-
variant though not at the quantum level because the standard model has nonvan-
ishing renormalization group beta functions and anomalous dimensions. So this
suggests that we add degrees of freedom to yield a gauge field theory with con-
formal invariance. There will be 't Hooft’s naturalness since the zero mass limit
increases symmetry to conformal symmetry.

We have no full understanding of how four-dimensional conformal symmetry
can be broken spontaneously so breaking softly by relevant operators is a first step.
The theory is assumed to be given by the action

S=So+ / d*xa; 0; (8.1)

where Sy is the action for the conformal theory and the O; are operators with di-
mension below four (i.e., relevant) which break conformal invariance softly.

The mass parameters «; have mass dimension 4— A;, where A; is the dimension
of O; at the conformal point.

Let M be the scale set by the parameters «; and hence the scale at which confor-
mal invariance is broken. Then for £ > M the couplings will not run while they
start running for £ < M. To solve the hierarchy problem we assume M is near the
TeV scale.

Consider embedding the standard model gauge group according to

SU@B) x SUR) x U(1) C ®U(Nd,-)

l

Each gauge group of the SM can lie entirely in a SU(Nd;) or in a diagonal sub-
group of a number thereof.

Only bifundamentals (including adjoints) are possible. This implies no (8, 2),
(3, 3), etc. A conformality restriction which is new and satisfied in Nature! The fact
that the standard model has matter fields all of which can be accommodated as
bifundamentals is experimental evidence for conformality.

No U(1) factor can be conformal in perturbation theory and so hypercharge is
quantized through its incorporation in a non-Abelian gauge group. This is the “con-
formality” equivalent to the GUT charge quantization condition in, e.g., SU(5). It
can explain the neutrality of the hydrogen atom. While these are postdictions, the
predictions of the theory are new particles, perhaps at a low mass scale, filling out
bifundamental representations of the gauge group that restore conformal invari-
ance. The next section will begin our study of known quiver gauge theories from
orbifolded AdS® x S°.
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Table 8.1 All Abelian quiver theories with A" = 0 from Z; to Z7

P Am a; scal bfds scal adjs chir frms SM
1 2 (1111) (000) 0 6 No No
2 3 (1122) (001) 2 4 No No
3 4 (2222) (000) 0 6 No No
4 4 (1133) (002) 2 4 No No
5 4 (1223) (011) 4 2 No No
6 4 (1111) (222) 6 0 Yes No
7 5 (1144) (002) 2 4 No No
8 5 (2233) (001) 2 4 No No
9 5 (1234) (012) 4 2 No No
10 5 (1112) (222) 6 0 Yes No
11 5 (2224) (111) 6 0 Yes No
12 6 (3333) (000) 0 6 No No
13 6 (2244) (002) 2 4 No No
14 6 (1155) (002) 2 4 No No
15 6 (1245) (013) 4 2 No No
16 6 (2334) (011) 4 2 No No
17 6 (1113) (222) 6 0 Yes No
18 6 (2235) (112) 6 0 Yes No
19 6 (1122) (233) 6 0 Yes No
20 7 (1166) (002) 2 4 No No
21 7 (3344) (001) 2 4 No No
2 7 (1256) (013) 4 2 No No
23 7 (1346) (023) 4 2 No No
24 7 (1355) (113) 6 0 No No
25 7 (1114) (222) 6 0 Yes No
26 7 (1222) (333) 6 0 Yes No
27 7 (2444) (111) 6 0 Yes No
28 7 (1123) (223) 6 0 Yes Yes
29 7 (1355) (113) 6 0 Yes Yes
30 7 (1445) (113) 6 0 Yes Yes
8.4

Tabulation of the Simplest Abelian Quivers

We consider the compactification of the type-IIB superstring on the orbifold
AdSs x S3/T, where I' is an Abelian group I' = Z,, of the order p with elements
exp(2riA/p),0 < A < (p — 1). Results for p < 7 are in Table 8.1.
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The resultant quiver gauge theory has N residual supersymmetries with N' =
2, 1, 0 depending on the details of the embedding of I in the SU(4) group which
is the isotropy of the $°. This embedding is specified by the four integers A,
1 <m < 4with

ZAm=0modp
m

which characterize the transformation of the components of the defining repre-
sentation of SU(4). We are here interested in the nonsupersymmetric case N' = 0
which occurs if and only if all four A,, are nonvanishing.

8.5
Chiral Fermions

The gauge group is U(N)”. The fermions are all in the bifundamental representa-
tions

m=4 j=p

> D (N Njia,) (8.2)

m=1 j=1

which are manifestly nonsupersymmetric because no fermions are in adjoint rep-
resentations of the gauge group. Scalars appear in representations

3i=p

( .]:l:al (83)
1 j=1

i

i

in which the six integers (a;, —a;) characterize the transformation of the anti-
symmetric second-rank tensor representation of SU(4). The a; are given by a; =
(A2 + A3), a0 = (A3 + Ay), and a3 = (A; + A2).

It is possible for one or more of the a; to vanish in which case the correspond-
ing scalar representation in the summation in Eq. (8.3) is to be interpreted as an
adjoint representation of one particular U(N) ;. One may therefore have zero, two,
four, or all six of the scalar representations, in Eq. (8.3), in such adjoints. One pur-
pose of the present article is to investigate how the renormalization properties and
occurrence of quadratic divergences depend on the distribution of scalars into bi-
fundamental and adjoint representations.

Note that there is one model with all scalars in ad]'oints for each even value of p.
For general even p the embeddingis A,, = (5, §, §, §). This series by itself forms
the complete list of A" = 0 Abelian quivers w1th all scalars in adjoints.

To be of more phenomenological interest the model should contain chiral fermi-
ons. This requires that the embedding be complex: A, #% —A, (mod p). It will
now be shown that for the presence of chiral fermions all scalars must be in bifun-
damentals.



8.5 Chiral Fermions

The proof of this assertion follows by assuming the contrary that there is at least
one adjoint arising from, say, a; = 0. Therefore A3 = —A; (mod p). But then it
follows from Eq. (8.2) that A} = —A4 (mod p). The fundamental representation of
SU(4) is thus real and fermions are nonchiral.!)

The converse also holds: If all a; # 0 then there are chiral fermions. This follows
since by assumption A| # —Aj, A| # —A3, A] # —A4. Therefore reality of the

fundamental representation would require A; = —A; hence, since A # 0, p is
even and A| = g; but then the other A,, cannot combine to give only vector-like
fermions.

It follows that

Inan N = 0 quiver gauge theory, chiral fermions are possible if and only if all scalars
are in bifundamental representations.

We can prove a Mathematical Theorem:

A pseudoreal 4 of SU(4) cannot yield chiral fermions.

In [48] it was proved that if the embedding in SU(4) is such that the 4 is real:
4 = 4*, then the resultant fermions are always nonchiral. It was implied there
that the converse holds, that if 4 is complex, 4 = 4, then the resulting fermions
are necessarily chiral. Actually for I' C SU(2) one encounters the intermediate
possibility that the 4 is pseudoreal. In the present section we shall show that if 4
is pseudoreal then the resultant fermions are necessarily nonchiral. The converse
now holds: if the 4 is neither real nor pseudoreal then the resultant fermions are
chiral.

For I' C SU(2) itis important that the embedding be contained within the chain
I' € SU(2) € SU(4) otherwise the embedding is not a consistent one. One way
to see the inconsistency is to check the reality of the 6 = (4 ® 4)antisymmetric- If
6 # 6* then the embedding is clearly improper. To avoid this inconsistency it is
sufficient to include in the 4 of SU(4) only complete irreducible representations of
SU(2).

An explicit example will best illustrate this propriety constraint on embeddings.
Let us consider I' = Qg, the dicyclic group of order g = 12. This group has six
inequivalent irreducible representations: 1, 1, 1”7, 1", 2}, 25. The 1, 1/, 2| are real.
The 1”7 and 1" are a complex conjugate pair. The 2, is pseudoreal. To embed I' =
Q¢ C SU(4) we must choose from the special combinations which are complete
irreducible representations of SU(2) namely 1,2 = 2;,3 = 1"+ 2; and 4 =
1" +1” + 2. In this way the embedding either makes the 4 of SU(4) real, e.g.,
4 =1+ 1"+ 2; and the theorem of [48] applies, and nonchirality results, or the 4
is pseudoreal, e.g., 4 = 2, + 2. In this case one can check that the embedding is
consistent because (4 ® 4) antisymmetric is real. But it is equally easy to check that the
product of this pseudoreal 4 with the complete set of irreducible representations of
Qs is again real and that the resultant fermions are nonchiral.

1) This is almost obvious but for a complete justification, see [48].
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The lesson is:

To obtain chiral fermions from compactification on AdSs x S5/ T, the embedding of
" in SU(4) must be such that the 4 of SU(4) is neither real nor pseudoreal.

8.6
Model Building

The next step is to examine how the framework of quiver gauge theories can ac-
commodate, as a sub theory, the standard model. This requires that the standard
model gauge group and the three families of quarks and leptons with their correct
quantum numbers be accommodated.

In such model building a stringent requirement is that the scalar sector, pre-
scribed by the quiver construction, can by acquiring vacuum expection, values
break the symmetry spontaneously to the desired sub theory. This is unlike most
other model building where one chooses the representations for the scalars to ac-
complish this goal. Here the representations for the scalars are dictated by the
orbifold construction.

One useful guideline in the symmetry breaking is that to break a semisimple
SU(N)" gauge group to its SU(N) diagonal subgroup requires at least (n — 1)
bifundamental scalars, connected to one another such that each of the n SU(N)
factors is linked to all of the others: it is insufficient if the bifundamental scalars
fragment into disconnected subsets.

We shall describe Abelian orbifolds [14, 49-52]. As will become clear Abelian
orbifolds lead to accommodation of the standard model in unified groups SU(3)"
while non-Abelian orbifolds can lead naturally [53-56] to incorporation of the stan-
dard model in gauge groups such as SU(4) x SU(2) x SU(2) and generalizations.

We will now classify compactifications of the type-IIB superstring on AdSs x
§°/T, where T is an Abelian group of order n < 7. Appropriate embedding of I
in the isometry of §° yields non-SUSY chiral models that can contain the standard
model.

The first three-family AdSs x /T model of this type had ' = 1 SUSY and
was based on a I' = Z3 orbifold [57], see also [58]. However, since then some of
the most studied examples have been models without supersymmetry based on
both Abelian [14, 49-52] and non-Abelian [53-56] orbifolds of AdSs x S°. Recently,
non-SUSY three family Z;, orbifold models [59-61] have been shown to unify at a
low scale (~4 TeV) and to have the promise of testability. One motivation for study-
ing the non-SUSY case is that the need for supersymmetry is less clear as: (1) the
hierarchy problem is absent or ameliorated, (2) the difficulties involved in break-
ing the remaining A/ = 1 SUSY can be avoided if the orbifolding already results
in completely broken SUSY, and (3) many of the effects of SUSY are still present
in the theory, just hidden. For example, the Bose-Fermi state count matches, RG
equations preserve vanishing B functions to some number of loops, etc. Here we
concentrate on Abelian orbifolds with and without supersymmetry, where the orb-
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ifolding group I has the order n = o(T") < 12. We systematically study those cases
with chiral matter. We find all chiral models for n < 7. Several of these contain the
standard model (SM) with three families.

For N = 0 the fermions are given by ) ; 4 ® R; and the scalars by >, 6 ® R;,
where the set {R;} runs over all the irreps of T'. For I' Abelian, the irreps are all
one-dimensional and as a consequence of the choice of N in the 1/N expansion,
the gauge group [62] is SU(N)". Chiral models require the 4 to be complex (4 # 4*)
while a proper embedding requires 6 = 6%, where 6 = (4 ® 4)antisymmetric. (Mathe-
matical consistency requires 6 = 6*, see [48].)

We choose N = 3 throughout. This means that most of our models will proceed
to the SM through trinification. It is also possible to start with larger N, say N = 4
and proceed to the SM or MSSM via Pati-Salam models. The analysis is similar,
so the N = 3 case is sufficient to gain an understanding of the techniques needed
for model building, what choice of N leads to the optimal model is still an open
question.

If SUL(2) and Uy(1) are embedded in diagonal subgroups SU?(3) and SU?(3),

®

respectively, of the initial SU"(3), the ratio G2 is E , leading to a calculable ini-

tial value of Oy with, sin? Oy = The more standard approach is to break

3+5(1’)
the initial SU"(3) to SU-(3) ® SUL(3) ® SUR(3), where SU; (3) and SUR(3) are
embedded in diagonal subgroups SU?(3) and SU?(3) of the initial SU"(3). We
then embed all of SU;(2) in SUL(3) but 1 53 of Uy(l) in SUL(3) and the other

in SUR(3). This modifies the sin? 8y formula to: sin® Oy =

’

3+5("2 ) 3+5(p3+1;q
which coincides with the previous result when p = ¢. One should use the second
(standard) embedding when calculating sin® 6y for any of the models obtained
below. Note, if ' = Z, the initial /' = 0 orbifold model (before any symmetry
breaking) is completely fixed (recall we always are taking N = 3) by the choice of
n and the embedding 4 = (o, o/, ¥, a'), so we define these models by Ml.”jkl. The
conjugate models M PE e — contain the same information, so we need not

study them separately.

To get a feel for the constructions, we begin this section by studying the first few
N = 0 chiral Z, models. First, when A/ = 0, the only allowed I' = Z; orbifold
where 4 = (@, a, o, ) and Z3 orbifold where 4 = (o, «, &2, &?) have only real
representations and therefore will not yield chiral models. Next, for I' = Z4 the
choice 4 = (o, o, o, @) with N = 3 where @ = 2 (in what follows we will write
o = e’ for the roots of unity that generate Z,), yields an SU(3)* chiral model. In
the scalar content of this model a VEV for say a (3, 1, 3, 1) breaks the symmetry to
SUp(3) x SU2(3) x SU4(3) but renders the model vector-like, and hence uninter-
esting, so we consider it no further. (We consider only VEVs that cause symmetry
breaking of the type SU(N) x SU(N) — SUp(N). Other symmetry breaking pat-
terns are possible, but for the sake of simplicity they will not be studied here. It
is clear from this and previous remarks that there are many phenomenological av-
enues involving quiver gauge theories yet to be explored.) The only other choice of
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embedding is a nonpartition model with I' = Z, is 4 = (@, @, &, &®) but it leads to
the same scalars with half the chiral fermions so we move on to Zs.

There is one chiral model for I' = Zs and it is fixed by choosing 4 = («, o, «, a?),
leading to 6 = (@2, a2, a2, a3, a3, &) with real scalars. It is straightforward to
write down the particle content of this M?,,, model. The best one can do toward
the construction of the standard model is to give a VEV to a (3, 1, 3, 1, 1) to break
the SU>(3) symmetry to SUp(3) x SU2(3) x SU4(3) x SU5(3). Now a VEV for
(1,3,3, 1) completes the breaking to SU3(3), but the only remaining chiral fermi-
ons are 2[(3, 3, 1) + (1, 3, 3) + (3, 1, 3)] which contains only two families.

Moving on to I' = Zg we find two models where, as with the previous Zs model,
the 4 is arranged so that 4 = (&/, &/, a*, @) with i + j + k + [ = n. These have
4 = (a,,0,0%) and 4 = (@, o, @?, @?) and were defined as partition models in
[58] when i was equal to zero. Here we generalize and call all models satisfying
i + j 4+ k + 1 = n partition models.

A new class of models appears; these are the double partition models. They have
i+ j+k+! = 2n and none are equivalent to single partition models (if we require
that i, j, k, and [ are all positive integers) withi + j + k +1 = n. The N’ = 1
nonpartition models have been classified [56], and we find 11 NV = 0 examples in
Table 4. While they have a self-conjugate 6, this is only a necessary condition that
may be insufficient to insure the construction of viable string theory based models
[61]. However, the ' = 0 nonpartition models may still be interesting phenomeno-
logically and as a testing ground for models with the potential of broken conformal
invariance.

Now let us return to ' = Zg where the partition models of interest are:
1) 4 = (o, @, a2, a?) where one easily sees that VEVs for (3, 1, 3,1,1,1) and
then (1,3,3,1,1) lead to at most two families, while other SSB routes lead to
equal or less chirality; and (2) 4 = (a, @, @, &) where VEVs for (3,1,3,1,1, 1)
followed by a VEV for (1, 3, 3,1, 1) leads to an SU(3)* model containing fermions
2[(3,3,1,1) + (1,3,3,1) + (1,1,3,3) + (3, 1, 1, 3)]. However, there are insuffi-
cient scalars to complete the symmetry breaking to the standard model. In fact,
one cannot even achieve the trinification spectrum.

We move on to Z7, where there are three partition models: (1) for 4 =
(@, a2, a?, @?), we find no SSB pathway to the SM. There are paths to an SM
with less than three families, e.g., VEVs for (3,1,1,3,1,1,1), (1,3,1,3,1, 1),
(3,3,1,1,1), and (1,3,3,1) lead to one family at the SU33) level; (2) for
4 = (0,0, a,ab), again we find only paths to family-deficient standard mod-
els. An example is where we have VEVs for (3, 1, 3,1,1,1,D, (1,3,3,1, 1, 1),
(3,1,3,1,1), and (1, 3, 3, 1), which lead to a two-family SU?(3) model; (3) finally,
4 = (o, o, &2, &3) is the model discovered in [51], where VEVs to (1, 3, 1, 3,1,1,1),
(1,1,3,3,1,1), (1, 1,3,3, 1) and (1, 1, 3, 3) lead to a three-family model with the
correct Weinberg angle at the Z-pole, sin® 6y = 3/13.
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8.7
Summary

It has been established that conformality can provide (i) naturalness without one-
loop quadratic divergence for the scalar mass [66] and anomaly cancellation [67];
(ii) precise unification of the coupling constants [59, 60], and (iii) a viable dark
matter candidate [65]. It remains for experiment to check that quiver gauge theories
with gauge group U(3)3 or U(3)" with n > 4 are actually employed by Nature.

For completeness, we should note that possible problems with N' = 0 orbifolds
have been pointed out both in one-loop calculations in field theory [63] and from
studies of tachyonic instability in the ancestral string theory [64].

One technical point worth to be mention is that while the U(1) anomalies are
cancelled in string theory, in the gauge theory there is a different description [67] of
such cancellation which has the advantage of suggesting how U(1) gauge couplings
may be conformally invariant at high energies. This is important because in string
theory, except for special linear combinations, all such U(1) factors acquire mass
by the Stiickelberg mechanism while in the gauge field theory the cancellation of
quadratic divergences and solution of the hierarchy problem for N' = 0 require
they be instead at the teravolt scale.

We have described how phenomenology of conformality has striking resonances
with the standard model, as we have described optimistically as experimental evi-
dence in its favor. It has been shown elsewhere [59] how 4 TeV unification predicts
three families and new particles around 4 TeV accessible to experiment (LHC).

It is encouraging that the scalar propagator in these theories has no quadratic
divergence if and only if there are chiral fermions. Anomaly cancellation in the
effective Lagrangian has been tied to the conformality of U(1) gauge couplings.

A dark matter candidate (LCP = lightest conformality particle) [65] may be pro-
duced at the large hadron collider (LHC), then directly detected from the cosmos.
Study of proton decay [68] leads to the conclusion that quark and lepton masses
arise not from the Yukawa couplings of the standard model but from operators
induced in breaking of the four-dimensional conformal invariance. This implies
that the Higgs couplings differ from those usually assumed in the unadorned stan-
dard model. This is yet another prediction from conformality to be tested when the
Higgs scalar couplings and decay products are examined at the LHC in the near
future.
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Index

a
Abelian orbifold, 321, 324
Abelian quivers, 321
Action, gauge invariant
and background field, 241
Adler-Bardeen theorem, 126
Annihilation cross-section
electron—positron, 252
Anomalous dimension, 231
gamma yp (diagram), 235
for nonsinglet moments, 235
Anomalous dimension functions
(beta and gamma) and scaling
violations, 229
Anomalous moment
theoretical and experimental values, 121
Anomaly
Adler-Bardeen theorem, 126
triangle, 126
triangle, square and pentagon diagrams,
126
Anomaly free condition
for quantum flavor dynamics, 136
Anticommutation relations in closed loop
Feynman rules for Yang-Mills theory, 72
Antineutrino
creation in Dirac field, 174
Arnowitt-Fickler gauge
and Faddeev—Popov determinant, 72
Aspon model, 193
Asymptotic freedom and infrared fixed
point, 200
Asymptotic freedom and strong interactions,
200
Asymptotic freedom and ultraviolet fixed
point, 200
Auxiliary operators
finiteness, 143

331

Axial gauge
and Faddeev—Popov determinant, 71
Axigluon, 302
Axion, invisible, 274
Axion, mass of, 274

b
Background field method, 238
and explicit gauge invariance, 238
and grand unification, 238
and gravity, 238
and supergravity, 238
Background gauge, 240
Bardeen procedure for dimensional
regularization, 154
Baryon conservation, 167
Baryons
and topological entities, 279
and weakly coupled meson theory, 280
Baryons, decuplet, 171
Baryons, octet, 171
Becchi—Rouet—Stora-Tyutin identities, 137
Becchi—Rouet-Stora—Tyutin transformation,
137
renormalized, 140
Behaviour of f(r) and 1/N expansion
(diagram), 281
Beta decay, 173
Beta function
from background field method, 245
pure Yang—Mills theory and asymptotic
freedom, 215
Bethe—Salpeter equation, 44
(diagram), 45
Big bang cosmology and neutrino mass, 166
Bilepton, 305
Bogoliubov—Parasiuk-Hepp-Zimmerman
renormalization, 142



332

Index

Boost parameter and Lorentz
transformation, 175
Boost transformation, 5
Borel analysis
in quantum field theory, 258
Born approximation
and 1/N expansion, 278
calculation, 46
Born diagrams, 161
electron exchange and with neutral
current boson, 160
Born term
and renormalization, 120
Bose symmetrization, 80
Bose symmetry, 121
Bose symmetry and triangle anomaly, 128
Bosons
charged vector, 92
Nambu-Goldstone pseudoscalar, 267
intermediate vector, masses of, 92
intermediate vector, propagator for, 178
intermediate vector, compared to
photon, 178
massless gauge vector and Nambu-—
Goldstone conjecture, 17
Nambu-Goldstone, 267
neutral intermediate vector, 91
pseudo-Nambu-Goldstone massless, in
tree approximation, 26
superheavy gauge, 219
Bottom quark, 187
Bottomonium, 187
Boundary conditions for propagation
forward in time, 53
Bubble formation analogy to lifetime of
metastable vacuum, 96

c
Cabibbo charged current
non-invariant under parity, 176
Callan-Gross relation
for spin-1/2 quarks, 224
Callan—Symanzik beta function, 201
Charge renormalization
order alpha contributions, 118
Charm, 181
experimental verification, 187
and renormalizable weak interactions,
181
Charmed quark mass
value, 186
Charmonium system, 187

Chiral color, 302
Chiral fermions, 125, 322
Chiral matter superfield, 215
Chiral symmetry
breaking and lattice gauge, 279
and massless quarks, 259
and temperature, 274
Classical action S and time evolution of
quantum mechanical state, 38
Color confinement
and low energy coupling, 220
Color force, 281
Color triangle anomaly (diagram), 267
Color-anomalous symmetry, 267
Colored quarks and pion function, 134
Commutation relations and determinant for
non-Abelian Feynman rules, 72
Complex adjoint representation of scalar
fields, 72
Compton scattering, virtual, 230
Conformality, 315
Conformal fixed points, 307
Conformality constraints, 307
Conservation of charge in quantum
electrodynamics, 173
Conservation of flavor in quantum
electrodynamics, 173
Conservation of parity in quantum
electrodynamics, 173
Cooper pairs Bardeen—Cooper—Schrieffer
theory, 30
Cosmological constant, 310
Coulomb gauge and Faddeev—Popov
determinant, 70
Coulomb potential used to calculate
Rutherford cross-section, 46
Coupling constant, running and
renormalization schemes, 250
Covariant gauge, 71
CP invariance and electroweak forces, 191
and instantons, 272
CP violation, quark flavor mixing, 191
Cross-section and partial-wave unitarity, 177
Current, gauge dependent, 268

d

Dalitz plot (diagram), 263

Dalitz plot, triangular and three-jet event,
263

Deep-inelastic electroproduction and scaling
violations, 221



Deep-inelastic scattering electron-nucleon
and scaling behavior, 182
lepton—hadron, and scaling violation,
221
Definition for generating functional,
Faddeev and Popov ansatz, 59
Degrees of divergence and symmetric
Yang—Mills theory, 76
Degrees of freedom and relativistic field
theory, 48
Dimensional regularization, 99
examples, 106
and mu scale, 252
for quantum electrodynamics vertex
correction example, 115
and renormalization group, 201
ultraviolet divergence, 99
for vacuum polarization example, 107
Dimensional renormalization for electron
self-mass example, 112
Dimensional transmutation, 84
Dirac 4-component fermions, 213
Dirac equation, 114
in vertex correction example, 115
Dirac field and 1/N expansion, 275
4-component, 174
Dirac matrices, 174
Dirac spinor, 176
Dirac trace, 107, 110, 273
Direct CP violation, 194
Divergences on addition of fermions in
regularization scheme, 147
Double W*-exchange diagrams, 186
Double-line formalism (diagram), 276
Doublets left-handed quarks and leptons,
182
Dual resonance model, 278
Dyson’s argument, 257

e

Effective action computation and
background field method, 238

Electromagnetic interactions described by
quantum electrodynamics, 172

Electron self-mass, 112

Electron—positron annihilation (diagram),
252

and scaling violation, 221

Electroweak mixing angle and grand
unification, 219

Electroweak theory and renormalizability,
179

Index

Elementarily of Higgs boson, 194
Energy density
surface for four-dimensional
hypersphere, 96
volume for four-dimensional
hypersphere, 96
Euler B function, 103
Euler-Lagrange equations of motion, 60
Euler-Maschoroni constant and
renormalization schemes, 251
Evolution operator quantum mechanical, 40
Exact symmetry, 18
Exotic quarks, 307
Expansion, 1/N, 274
Experimental values for R (graph), 256
External derivative and finite vertices
scalar-vector coupling, 147

f

Faddeev and Popov, 69
determinant, 70
ghost and lattice, 287
ghost and non-Abelian Feynman rules,
72
Fermi interaction
invariance under CP, 176
and weak interaction, 173
Fermi's constant, 91
Fermion doubling problem in lattice gauge
theory, 283
Fermion loop
(diagram), 212
triangle, 127
Fermion mass,
from spontaneous symmetry breaking,
182
Fermion number conservation and mass,
174
Fermions
Becchi—-Rouet—Stora transformation,
and renormalization, 150
free and matter field, 17
and regularization, 147
Ferromagnet, infinite
example of symmetry breaking, 19
Feynman diagrams used to compute
anomalous dimension of operator, 232
Feynman diagrams to compute one-loop
beta-function in background gauge,
244
Feynman gauge, 74
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Index

and 't Hooft gauge, 158
and scaling violations, 219
Feynman graphs
vacuum persistence, 276
Feynman parameter formula, 100, 110, 114,
116
general case, 101
and scalar example of regularization,
122
Feynman propagator, 55
Feynman rules, 121
a nonrelativistic, single particle case, 38
from canonical formalism, 56
conflict with perturbative unitarity, 37
for non-Abelian theories, 72
noncovariant non-Abelian gauge field
theories, 59
for nonrelativistic particles, 45
and one-loop corrections, 80, 85
from path integrals, 55
Feynman rules (diagram)
in background field gauge, 242
for insertion of Feynman operator, 232
for Yang—Mills theory, Landau gauge, 75
for Yang—Mills theory, 75
Field renormalization constant for triple
gluon coupling diagram, 212
Flavor
charm and neutral current, 183
of leptons, 165
of quarks, 166
Flavor group, 17
Fock spaces, 20
Force and distance for color, 288
Four-fermion interaction, 173, 178
Four-momentum density, 3
Free-energy and loop corrections, 78
Free wave function
time development of, 43

g

Gauge couplings and Yukawa couplings,
Jones computation, 215

Gauge dependence of Feynman rules for
non-Abelian theories, 71

Gauge dependent current, 268

Gauge field renormalization constant
(diagrams), 212

Gauge fields, neutral and tree
approximation, 92

Gauge freedom, 32

Gauge function related to ghost field, 138
Gauge group
for Glashow—Salam—
Weinberg model, 88
global, infinitesimal generators of, 6
low-energy phenomenological, 216
as a product of subgroups, 11
SU(2) and Higgs model, 32
Gauge groups, discrete, 287
Gauge hierarchy, 307
Gauge invariance
of action regularized by lattice, 281
and dimensional regularization, 99
and gauge field renormalization
constant, 207
local, 7
Gauge theory
Abelian, and addition of mass term, 154
non-Abelian, and gauge-invariant
current, 155
SUQ2) x U(1),179
unique renormalizable models, 162
Gauge transformation, global, infinitesimal
form, 5
Gauge transformations as transport
operators, 285
Gauge, background, 240
Gauge-fixing
for 't Hooft gauge, 159
condition, 68
term, Lagrangian, 138
terms, and non-Abelian Feynman rules,
72
Gell-Mann and Ne’eman and quark flavor
symmetry, 166
Gell-Mann and Zweig quarks as physical
entities, 167
Gell-Mann matrices, 167
Generating functional
covariant form for Feynman rules, 64
noncovariant form for Feynman rules,
63
Generating functions and local gauge
invariance, 67
Georgi, Quinn and Weinberg unified strong
and electroweak couplings, 200
Ghost equation of motion, 148
Ghost fields and anticommuting scalar, 137
Ghost loops, 72
Ghost propagator, 75
Ghost-vector vertex, 75



Ghost-antighost Green’s function, 142
Ghost—gluon coupling renormalization
(diagram), 206
Ghost-gluon vertex and QCD asymptotic
freedom, 206
Ghosts and general relativity, 75
Gilbert proof for Nambu—Goldstone
phenomena, 26
GIM mechanism, 304
Glashow and standard electroweak theory,
179
Glashow, Iliopoulos and Maiani contribution
to Weinberg—Salam theory, 179
Glashow, Iliopoulos and Maiani mechanism
generalized to any number of flavors,
184
Glashow—Salam-Weinberg model
and 't Hooft gauge, 159
and chiral fermions, 125
example of loop corrections, 88
Gluon
3 gluon and 4 gluon vertices and
finiteness, 146, 147
and asymptotic freedom calculation, 204
existence of, and three jet events, 259
polarization vector, 261
and proton momentum in nucleus, 222
Gluon fields and 1/N expansion, 276
Gluon propagator
finiteness of, 146
and renormalizability, 146
Grand unification, 216
Graphs
one-particle irreducible, 27
Green’s functions
Abelian Coulomb, 66
connected, 52
connected, and 1/N expansion, 277
and Feynman rules from path integral,
55
finiteness, 144
four finite (diagram), 151
global invariance and Becchi-Rouet—
Stora, 138
and Jona-Lasinio proof, 27
K, for the Schrédinger operator, 40
large external momenta and
renormalization group equations, 200
in Minkowski space, 51
proper and renormalization group, 201

Index

Ward identities and renormalization,
125

Gross—Llewellyn Smith sum rule, 225
Ground state

loop corrections, 77

for O(N) model, 87

stability and quantum field theory, 79
Gyromagnetic ratio, 120

h
Hadron-hadron scattering and scaling
violation, 221
Hadronic contribution to anomalous
moment, 120
Han—Nambu integer charges, 225
Handbag diagram, 223
Heavy quarks, 187
Heisenberg equations of motion, 57
Helmbholtz free energy analog in quantum
field theory, 78
Hidden symmetry, 18
Hierarchy, 194
Higgs boson, 190
Higgs boson mass, 190
Higgs mass
and instanton bubble, 96
in tree approximation, 90
Higgs mechanism, 30
and scalar electrodynamics, 80
Higgs model invariance, 31
Higgs scalar doublet SU(2) x U(1) gauge
theory, 180
Higgs scalar mass and Weinberg
computation, 94
Higgs scalars and Glashow-Salam-—
Weinberg model, 90
Hyperon decay, 174
Hypersphere, 269
Hypersphere, four-dimensional and vacuum
stability, 96
Hyperspherically symmetric ansatz, 269

i

Impulse approximation and naive
quark—parton model, 223

Independent renormalization constants, 118

Index surface of leading vacuum persistence
graphs, 276

Infrared divergence, 77

and three-jet singular behavior, 259

Infrared fixed point and scaling violations,

220

335



336

Index

Instanton bubble and metastable vacua, 96
Instanton configurations
number of parameters, 271
and topological charge, 269
Instantons, 265
and CP invariance, 271
and mass of Nambu—Goldstone bosons,
268
nonperturbative effects, 167
Isosinglets right-handed quarks and leptons,
179

J

Jet data compared to theoretical QCD
prediction (diagram), 265

Jets in electron—positron annihilation, 259

Jettiness of events measurement discussed,
265

Jona-Lasinio proof for Nambu-Goldstone
phenomenon, 27

Jovian magnetosphere, 173

k

K calculated in perturbation theory, 41

Kaon decay constant and charmed quark
mass, 186

Kibble counting, 34

Kinetic term for fermions SU(2) x U(1)
gauge theory, 180

Klein-Gordon operators, 55

)
Lagrangian
effective, 137
effective chiral meson, 279
for linear sigma model, 28
for QCD with ny flavors, 266
renormalized, 99
for simple field theory, 20
Lagrangian density
and gauge transformation, 6
invariance and local gauge
transformations, 8
and Noether’s theorem, 1
Lamb shift and quantum electrodynamics
renormalization, 112
Lamb shifts, 112
Lambda scale and glueball mass, 281
Lambda scale and hadron mass, 281
Lambda scale and string tension for quarks,
281

Lambda scale, lattice and deep-inelastic
scattering, 281
Landau gauge, 71
and 't Hooft gauge, 158
and Faddeev—Popov determinant, 71
propagator, 74
Landau-Ginzburg effective theory of
conductivity, 279
Lattice gauge theories, 281
and fermion doubling problem, 284
and infrared cut-off, 282
strong-coupling expansion, 287
and ultraviolet cut-off, 282
Lattice, hypercubic space-time, 283
Left-Right Model, 299
Legendre transform of connected Green’s
functions, 27
Lepton and quark masses, 165
Lepton-hadron scattering, 222
Lepton—quark analogy, 181
Leptons
charged current coupling and tree
approximation, 90
flavors and masses of, 165
and quarks, anomaly cancellation, 137
Light-like gauge and Faddeev—Popov
determinant, 72
Linear sigma model and pion as
Nambu-Goldstone boson, 28
Links for strong-coupling and scaling
regions, 290
Local gauge invariance
and photon mass, 8
violation of, 17
Logarithmic Q2 dependence of structure
function moments (graph), 236
Loop corrections
effects of, 77
gamma-phi plot (diagram), 77
J-Phi plot, 78
Loop diagram for K| K mass difference,
186
Loop expansion and gauge invariance, 100
Lorentz gauge, see Landau gauge, 71
Lorentz generator densities, 5
Lorentz group, 176
Lorentz invariance
and dimensional regularization, 100
and finite vertices, scalar-vector
coupling, 151



Gilbert proof of Nambu-Goldstone
phenomenon, 26
and Lagrangian density, 2
and QCD asymptotic freedom, 206
and triangle anomaly, 132
under parity, 176
Lorentz transformation
infinitesimal, 4

m
Majorana mass term, 175
Mass gap of pure quantum
chromodynamics, 289
Mass singularities and three-jet behavior,
259
Massive vectors
non-Abelian, 158
non-Abelian and Higgs scalars, 160
Matter fields in representation of gauge
group, examples, 16
Meson decay, heavy bottomonium, 278
Meson decay, heavy charmonium, 278
Meson masses and quark mass ratios, 170
Meson masses and virtual photons, 169
Mesons
exotic, 274
and explicit charm, 187
pseudoscalar Nambu-Goldstone
bosons, 168
tau, 187
tensor, 171
vector, 171
Metropolis procedure and lattice iterative
link upgrade, 291
Minkowski space, 51
Momentum in nucleus carried by quarks
and antiquarks, 222
Momentum subtraction scheme example for
renormalization, 256
Monte Carlo simulation and strong-coupling
expansion, 290
Mu decay, 173
Multiplicative renormalization constant, 119
Muon, 120

n
Nambu-Goldstone bosons
massless pseudoscalar, 168
number of, 25
pseudo, 26
and spontaneous breaking of
continuous symmetry, 25

Index

would-be and Higgs model, 32
would-be, number of, 34
Nambu-Goldstone conjecture, 17
and gauge theories, 28
general proofs, 26
Nambu-Goldstone modes
occurrence in nonrelativistic cases, 30
Nambu—Goldstone phase, 279
Nambu-Goldstone symmetry, 267
Neutral currents, 173
Neutrino
annihilation in Dirac field, 174
mass, bounds on, 166
two-component theory, 174
Neutrinoless double beta decay, 301
Neutron electric dipole moment, 194
Noether current, Becchi—-Rouet—Stora
construction, 141
Noether’s theorem
and conserved currents, local gauge
invariance, 12
statement of, 2
and symmetry breaking, 19
Nonperturbative effects, dominance in
QCD, 67
Nonperturbative effects of zero modes, 67

o
Okubo-Zweig-lizuki rule, 187
and strong interactions, 275
One-loop corrections
scalar electrodynamics example, 80
scalar model O(N), 84
One-loop graphs
for Glashow—Salam-Weinberg model
(diagram), 93
for O(N) model (diagram) 86
for scalar electrodynamics (diagram), 81
Operator product expansion, Wilson and
renormalization group equations, 200
Operators
auxiliary, and renormalization, 143
divergent, 150
Order alpha contributions
charge renormalization (diagram), 115

p
P-V isotherm, 79

Parameters of the standard model, 298
Parity conservation and triangle anomaly,
132
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Index

Parton distribution function and scaling
violations, 226
Parton model and two-jet structures, 265
Parton splitting functions, 238
Path integrals, 37
quantization of gauge field theories, 37
Pati-Salam group, 301
Pauli matrices, 175
Pauli-Villars method, 100
and electron self-mass example, 112
fictitious heavy electrons, 108
and renormalization group, 201
and vacuum polarization angle, 107
Peccei-Quinn model, 273
Perkins plot, anomalous dimensions, 237
Perturbation expansion of quantum
chromodynamics and renormalization
schemes, 251
Perturbation theory rules and non-Abelian
Feynman rules, 72
Perturbative renormalizability and
spontaneous breaking, 76
Phase transition between strong and weak
coupling, 292
Photon
limit of mass of, 173
massless vector particle and local gauge
invariance, 17
Photon propagator, 107
Pion
as approximate Nambu—Goldstone
boson, 30
pseudoscalar, 267
Pion decay, constant for, 168
Pion decay rate
theoretical and experimental, 134
and triangle anomaly, 134
Plaquette of hypercubic lattice, 288
Poincare group generators and Noether’s
theorem, 5
Pomeron exchange, 225
Pontryagin index, nu, 269
Potential function (diagram), 20, 21
Precision data at the Z pole, 189
Primitively divergent diagrams for
Yang-Mills theory, 144
Proof of renormalizability for electroweak
dynamics, 141
Propagator
and Feynman rules for Yang-Mills
theory, 74

for general alpha, 74

ghost, 75

and matter fields, 106
Pseudoreality, 323
Pseudotensors and triangle anomaly, 133
Puzzles of the standard model, 297

q

Quantum chromodynamic asymptotic
freedom, 204
Quantum chromodynamics corrections to
parton model (diagram), 227
and grand unified theories, 200
historic context, 250
and matter field in gauge group,
non-Abelian example, 8
renormalizability, 150
Quantum electrodynamics
and Abelian U(1) gauge theory, 172
and global gauge invariance, 7
invariance of, 7
and local gauge invariance, 7
and matter field in gauge group, Abelian
example, 16
Quantum electrodynamics renormalization
discussion, 111
Quantum field theory
analogy with statistical
thermodynamics, 79
Quantum flavor dynamics anomaly free
condition for, 137
Quantum mechanical tunneling and
instantons, 268
Quark
charge of, 166
charmed, 167
colored, and pion function, 137
colors of, 167
discovery of b quark, 187
existence of, 167
existence of t quark, 187
flavor of, 166
and lepton anomaly cancellation, 137
mass from nonperturbative effects, 172
mass ratios and meson masses, 169, 170
mass ratios, values for, 170
massless and chiral symmetry, 266
and matter field, 17
and renormalized current masses, 172
scalar and Callan—-Gross relation, 224
Quark confinement, 167
Quark constituent masses, 167



Quark current masses, 167
Quark distribution functions, 224
Quark flavor mixing, 191
Cabibbo angle and two family model,
173
Quark sea
and Pomeron exchange, 225
Quark-antiquark—gluon model and jet data,
266
Quark—gluon vertex corrections (diagram),
201
Quark-line rule, 187
Quarkonium systems decay of heavy, 221
Quiver diagram, 309
Quiver gauge theories, 315

r
Radiative corrections
electron—positron annihilation, 254
Regge pole interpretation of x dependences
(diagram), 226
Regularization formula, 107
Renormalizability
and local gauge invariance, 8
and symmetric Yang—Mills theory, 76
Renormalizable theory
for strong interactions, 162
for unified weak and electromagnetic
interactions, 162
Renormalization
of sigma model, 142
of single Z9 exchange (diagram), 185
Renormalization and background field
method, 240
Renormalization constant
for ghost field (diagram), 205
independent in quantum
electrodynamics, 118
multiplicative and electron self-mass,
112
universal, 170
and Ward-Takahashi identity, 117
Renormalization constants definitions, 150
Renormalization group
equations, 199, 202
ultraviolet fixed point, 211
Renormalization scheme, 250
Bogoliubov—Parasiuk-Hepp-
Zimmerman, 142
for electron—positron annihilation,
example, 252

Index

optimal, 257
Renormalized charge, 111
Rotation parameter and Lorentz
transformation, 175
Rutherford cross-section, 46
Rutherford cross-sectional formula, 38
Rutherford formula, 48

S
Sakata model, 182
Scalar fields and renormalizability, 152
Scalar loop diagrams, 214
Scalar mass and scalar electrodynamics
examples, 83
Scalar model O(N) and effects of loop
corrections, 84
Scalar-vector coupling and divergence, 154
Scale
dependence of value of renormalization
scheme, 256
lambda, 281
lambda, and quantum electrodynamics,
219
lambda, and renormalization, 252
mu, 252
Scaling
approximate, in deep-inelastic
scattering, 200
behavior and existence of quarks, 182
Bjorken, 222
precocious, 226
in semi-hadronic processes, 292
and transformation of Green’s
functions, 201
violation, quantum chromodynamic
confirmation of, 235
violations, 219
violations, calculation of, 226
Schroedinger equation, one-dimensional, 38
Second-order Feynman diagrams, 56
Singularity and jets in electron—positron
annihilation, 265
Singularity of operator Q“?, 61
resolved, 65
Soft breaking of conformal symmetry, 310
Solitons
and weakly-coupled meson theory, 278
Some possible behaviors of Beta(g)
(diagram), 220
Space—time lattice, hypercubic, 282
Sphericity and jettiness, 265
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Index

Spin 1/2 fermions, 147
Spinors, 120
Spontaneous breaking
of chiral symmetry and quark mass, 167
and Feynman rules, 76
Nambu-Goldstone boson associated
with, 22
of O(N) model, 85
Squared matrix element for lepton-nucleon
scattering diagram, 222
Statistical thermodynamics
analogy with quantum field theory, 79
Strangeness, 171
Strangeness-changing decay rates, 174
String model
approach to QCD in limit, 278
String tension and strong coupling, 288
Strong and weak coupling phase transitions
(diagrams), 293
Strong-coupling expansion, 287
Strong CP problem, 193
Superconductivity
Landau-Ginzburg effective theory, 279
Superfield and Yang—Mills supersymmetric
theory, 215
Superpotential, vanishing
Yukawa coupling, 215
Supersymmetric theory Yang-Mills, 215
Supersymmetry, 299, 308
Suppressed couplings (diagram), 275
Sutherland paradox, 126
Sutherland—Veltman theorem, 131
Symmetries and conservation laws, 1
Symmetry breaking
explicit, 18
explicit, and linear sigma model, 28
infinite ferromagnet example, 19
spontaneous, 18
spontaneous, and linear sigma model,
30
spontaneous, and Glashow—Salam—
Weinberg model, 83
Symmetry, O(n)
and Nambu-Goldstone conjecture, 23
and number of Nambu-Goldstone
bosons, 23

t
't Hooft and Yang-Mills theory, 141
't Hooft gauge and Abelian Higgs model, 156

't Hooft gauge and non-Abelian Higgs
model, 160
't Hooft gauges, 154
’t Hooft limit, 274
Tachyon and convexity, quantum field
theory, 78
Taylor—Slavnov identity, 140, 204
Theta-vacua and vacuum eigenstates, 271
Three-jet
diagrams, 259
event and triangular Dalitz plot, 263
events and gluon, 259
singular behavior, 259
Three neutrinos, 188
Thrust and jets in electron—positron
annihilation, 265
Tiling of Wilson loop, 288
(diagram), 288
Top quark, 187
Top quark mass, 187
Topological charge and instanton
configurations, 269
Topological entities and baryons, 278
Transformation of Green’s functions and
scaling, 203
Transport operator and lattice gauge, 285
Tree approximation of Glashow—Weinberg—
Salam model, 89
Tree unitarity
and preservation by Higgs models, 160
uniqueness of gauges and non-Abelian
Higgs models, 160
Triangle anomaly, 125
(graphs), 127
different momentum labelings
(diagram), 127
and divergent integral, 128
and Feynman graph, 127
and lattice gauge, 297
and Sutherland paradox, 126
Twist definition, 228
Two-loop corrections (diagram) and
renormalization schemes, 255

u
Uehlingterm, 112
Ultra-violet divergences and
renormalization, 76
Ultraviolet convergent behavior, 100
Ultraviolet fixed point
and renormalization group, 211



and scaling violations, 219

Unification mass, 217

Unified strong and weak couplings and the
renormalization group, 200

Uniqueness and non-Abelian Higgs models,
160

Unitarity and Glashow—Salam—Weinberg
model, 160

Unitary gauge, 33

Unitary gauge and 't Hooft gauge, 155

Unitary gauge transformation operator, 68

Unitary multiplets, 168

Unitarity triangle, 192

Utiyama procedure, 11

v
Vacuum persistence amplitude and
statistical thermodynamic partition
function, 282
Vacuum persistence Feynman graphs, 276
Vacuum polarization
(diagram), 254
in quantum electrodynamics, 107
Vacua, lifetime of metastable in quantum
field theory, 96
Vector mass and Higgs mechanism, 84
Vector propagator and 't Hooft model, 159
Vertex correction, quantum electrodynamics
regularization example, 115
Vertices in Feynman rules and 't Hooft
gauge, 158
Virtual photons and meson masses, 177

w
Ward identity
anomaly, 131
axial-vector, 128
and dimensional regularization, 100
and quantum electrodynamics vertex
correction, 117
violation of, in triangle diagrams, 128

Index

Ward-Takahashi identity, 117

and renormalization group, 213
Weak couplings and tree approximation, 92
Weak interactions and conservation

violations, 173

Weak interactions of quarks and leptons, 172
Weinberg—Salam conjecture, 179
Weinberg—Salam model

for weak interactions, 11
Weyl fermions, 214
Weyl spinors two component, 175
Weyl-Wigner mode, and temperature, 279
Wick’s algebraic theorem, 58
Wick’s theorem, 55
Wilson coefficients and Wilson operators,

226

Wilson loop

(diagram), 287

and lattice gauge, 285
Winding number, 270
World-sheet and strong coupling expansion,

288
X
Xt plot
typical path (diagram), 39
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About the Second Edition: The second edition of the successful textbook Gauge
Field Theories by Paul Frampton has been updated from the original 1986 edition.
The introductory material on gauge invariance and renormalization has been reor-
ganized in a more logical manner. The fourth chapter on electroweak interactions
has been rewritten to include the present status of precision electroweak data, and
the discovery of the top quark. After the treatment of the renormalization group
and of quantum chromodynamics, the final, seventh, chapter is a newly written
one on model building. This book has been adopted for postgraduate courses by
universities and institutions of higher learning around the world. The updated sec-
ond edition has been long awaited and will be of interest to all students who aspire
to undertake research in theoretical physics.
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