


Paul H. Frampton
Gauge Field Theories



Related Titles

Reiser, M.

Theory and Design of Charged Particle
Beams
634 pages with 107 figures

1994. Hardcover
ISBN: 978-0-471-30616-0

Edwards, D. A., Syphers, M. J.

An Introduction to the Physics of High
Energy Accelerators
304 pages with 103 figures

1993. Hardcover
ISBN: 978-0-471-55163-8

Griffiths, D.

Introduction to Elementary Particles
450 pages with 150 figures

2008. Softcover
ISBN: 978-3-527-40601-2



Gauge Field Theories

Paul H. Frampton

3rd, Enlarged and Improved Edition



The Author

Prof. Paul H. Frampton
University of North Carolina
Dept. of Physics and Astronomy
Chapel Hill, USA
frampton@physics.unc.edu

Cover Picture
Plot of the function V (x, y) = −a(x2 + y2) +
b(x2 + y2)2 (created with MATHEMATICA 6
by R. Tiebel)

All books published by Wiley-VCH are
carefully produced. Nevertheless, authors,
editors, and publisher do not warrant the
information contained in these books,
including this book, to be free of errors.
Readers are advised to keep in mind that
statements, data, illustrations, procedural
details or other items may inadvertently be
inaccurate.

Library of Congress Card No.:
applied for

British Library Cataloguing-in-Publication Data
A catalogue record for this book is available
from the British Library.

Bibliographic information published by
the Deutsche Nationalbibliothek
The Deutsche Nationalbibliothek lists this
publication in the Deutsche
Nationalbibliografie; detailed bibliographic
data are available in the Internet at
<http://dnb.d-nb.de>.

© 2008 WILEY-VCH Verlag GmbH & Co.
KGaA, Weinheim

All rights reserved (including those of
translation into other languages). No part of
this book may be reproduced in any form – by
photoprinting, microfilm, or any other means
– nor transmitted or translated into a
machine language without written
permission from the publishers. Registered
names, trademarks, etc. used in this book,
even when not specifically marked as such,
are not to be considered unprotected by law.

Typesetting VTEX, Litauen

Printing Strauss GmbH, Mörlenbach

Binding Litges & Dopf buchbinderei
GmbH, Heppenheim

Printed in the Federal Republic of Germany
Printed on acid-free paper

ISBN 978-3-527-40835-1



v

Contents

Preface to the Third Edition IX

Preface to the Second Edition XI

1 Gauge Invariance 1

1.1 Introduction 1

1.2 Symmetries and Conservation Laws 1

1.3 Local Gauge Invariance 7

1.4 Nambu–Goldstone Conjecture 17

1.5 Higgs Mechanism 30

1.6 Summary 34

2 Quantization 37

2.1 Introduction 37

2.2 Path Integrals 37

2.3 Faddeev–Popov Ansatz 59

2.4 Feynman Rules 72

2.5 Effects of Loop Corrections 77

2.6 Summary 96

3 Renormalization 99

3.1 Introduction 99

3.2 Dimensional Regularization 99

3.3 Triangle Anomalies 125

3.4 Becchi–Rouet–Stora–Tyutin Transformation 137

3.5 Proof of Renormalizability 141

3.6 ’T Hooft Gauges 154

3.7 Summary 162

4 Electroweak Forces 165

4.1 Introduction 165



vi Contents

4.2 Lepton and Quark Masses 165

4.3 Weak Interactions of Quarks and Leptons 172

4.4 Charm 181

4.5 Bottom and Top Quarks 187

4.6 Precision Electroweak Data 188

4.7 Higgs Boson 190

4.8 Quark Flavor Mixing and CP Violation 191

4.9 Summary 194

5 Renormalization Group 199

5.1 Introduction 199

5.2 Renormalization Group Equations 200

5.3 QCD Asymptotic Freedom 204

5.4 Grand Unification 216

5.5 Scaling Violations 219

5.6 Background Field Method 238

5.7 Summary 245

6 Quantum Chromodynamics 249

6.1 Introduction 249

6.2 Renormalization Schemes 249

6.3 Jets in Electron–Positron Annihilation 259

6.4 Instantons 265

6.5 1/N Expansion 274

6.6 Lattice Gauge Theories 281

6.7 Summary 293

7 Model Building 297

7.1 Introduction 297

7.2 Puzzles of the Standard Model 297

7.3 Left–Right Model 299

7.4 Chiral Color 302

7.5 Three Families and the 331 Model 305

7.6 Conformality Constraints 307

7.7 Summary 311

8 Conformality 313

8.1 Introduction 313

8.2 Quiver Gauge Theories 315

8.3 Conformality Phenomenology 319

8.4 Tabulation of the Simplest Abelian Quivers 321



Contents vii

8.5 Chiral Fermions 322

8.6 Model Building 324

8.7 Summary 327

Index 331





IX

Preface to the Third Edition

The first edition of Gauge Field Theories was published in 1986, the second in 2000.
In summer and fall of 2007, Christoph von Friedeburg from Wiley-VCH decided
to persuade me to prepare this third edition anticipating the commissioning of the
Large Hadron Collider (LHC) at CERN, near Geneva in Switzerland.

Whatever the LHC finds, essentially all the material on the standard model in
the first six chapters of Gauge Field Theories will remain valid. The only exception
is that, if the Higgs boson is found, the newly modified Section 4.7 in Chapter 4
could then be turned into an entire book.

Unlike in 1986, there are now many other excellent texts on the same subject.
Therefore it seemed allowed to make the completely revised 25% at the end cover
different ground. The last Chapters 7 and 8 of Gauge Field Theories are now con-
cerned with the topic of model building. At most one, and more likely none, of the
specific models discussed there will be of permanent value. In the final chapter
of GFT I discuss the relevance to model building of four dimensional conformal
invariance which other books sometimes omit.

It is pleasing that Gauge Field Theories continues to sell although, as mentioned
in the preface to the second edition, the biggest reward for the effort involved in
writing GFT is when someone tells me he or she received inspiration from reading
it.

Finally, I wish to thank Christoph von Friedeburg and Ulrike Werner at Wiley for
their encouragement to prepare a third edition.

Chapel Hill, February 2008 Paul H. Frampton
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Preface to the Second Edition

The writing of the first edition of Gauge Field Theories was spread over ten years.
The first chapter was written in 1976 in connection with some lectures at UCLA,
but the book was completed only a decade later in Chapel Hill.

It has been gratifying to learn that the book has been used as a basis for graduate
courses in universities and other institutions of higher learning in several different
countries. But it was even more rewarding when just one physicist would tell me
that he or she had learned gauge theory from it. Luckily, there has been more than
one such experience since the first edition appeared.

In late 1998 an editor from Wiley convinced me to undertake this second edition.
In preparing it, I have updated every chapter. The material on gauge invariance,
quantization, and renormalization in Chapters 1 to 3 has been rearranged in a more
logical order. Most of Chapter 4 on electroweak interactions has been rewritten
entirely to accommodate the latest precision data and the discovery of the top quark.
Chapters 5 and 6 cover the renormalization group and quantum chromodynamics.
In Chapter 7, which is entirely new, model building is discussed.

My hope is that at least one student aspiring to do research in theoretical physics
will tell me that he or she learned field theory from the second edition of the book.

Chapel Hill, November 1999 P.H. Frampton





1

1
Gauge Invariance

1.1
Introduction

Gauge field theories have revolutionized our understanding of elementary particle
interactions during the second half of the twentieth century. There is now in place
a satisfactory theory of strong and electroweak interactions of quarks and leptons
at energies accessible to particle accelerators at least prior to LHC.

All research in particle phenomenology must build on this framework. The pur-
pose of this book is to help any aspiring physicist acquire the knowledge necessary
to explore extensions of the standard model and make predictions motivated by
shortcomings of the theory, such as the large number of arbitrary parameters, and
testable by future experiments.

Here we introduce some of the basic ideas of gauge field theories, as a starting
point for later discussions. After outlining the relationship between symmetries of
the Lagrangian and conservation laws, we first introduce global gauge symmetries
and then local gauge symmetries. In particular, the general method of extending
global to local gauge invariance is explained.

For global gauge invariance, spontaneous symmetry breaking gives rise to mass-
less scalar Nambu–Goldstone bosons. With local gauge invariance, these unwanted
particles are avoided, and some or all of the gauge particles acquire mass. The sim-
plest way of inducing spontaneous breakdown is to introduce scalar Higgs fields
by hand into the Lagrangian.

1.2
Symmetries and Conservation Laws

A quantum field theory is conveniently expressed in a Lagrangian formulation. The
Lagrangian, unlike the Hamiltonian, is a Lorentz scalar. Further, important conser-
vation laws follow easily from the symmetries of the Lagrangian density, through
the use of Noether’s theorem, which is our first topic. (An account of Noether’s
theorem can be found in textbooks on quantum field theory, e.g., Refs. [1] and [2].)
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Later we shall become aware of certain subtleties concerning the straightforward
treatment given here. We begin with a Lagrangian density

L
(
φk(x), ∂µφk(x)

)
(1.1)

where φk(x) represents genetically all the local fields in the theory that may be of
arbitrary spin. The Lagrangian L(t) and the action S are given, respectively, by

L(t) =
∫

d3xL
(
φk(x), ∂kφk(x)

)
(1.2)

and

s

∫ t2

t1

dtL(t) (1.3)

The equations of motion follow from the Hamiltonian principle of stationary
action,

δS = δ

∫ t2

t1

dt d3xL
(
φk(x), ∂µφk(x)

)
(1.4)

= 0 (1.5)

where the field variations vanish at times t1 and t2 which may themselves be chosen
arbitrarily.

It follows that (with repeated indices summed)

0 =
∫ t2

t1

dt d3x

[
∂L

∂φk

δφk + ∂L

∂(∂µφk)
δ(∂µφk)

]
(1.6)

=
∫ t2

t1

dt d3x

[
∂L

∂φk

− ∂µ

∂L

∂(∂µφk)

]
δφk +

[
∂L

∂(∂µφk)
δφk

]t=t2

t=t1

(1.7)

and hence

∂L

∂φk

= ∂µ

∂L

∂(∂µφk)
(1.8)

which are the Euler–Lagrange equations of motion. These equations are Lorentz
invariant if and only if the Lagrangian density L is a Lorentz scalar.

The statement of Noether’s theorem is that to every continuous symmetry of
the Lagrangian there corresponds a conservation law. Before discussing internal
symmetries we recall the treatment of symmetry under translations and rota-
tions.
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Since L has no explicit dependence on the space–time coordinate [only an im-
plicit dependence through φk(x)], it follows that there is invariance under the trans-
lation

xµ → x′
µ = xµ + aµ (1.9)

where aµ is a four-vector. The corresponding variations in L and φk(x) are

δL = aµ∂µL (1.10)

δφk(x) = aµ∂µφk(x) (1.11)

Using the equations of motion, one finds that

aµ∂µL = ∂L

∂φk

δφk + ∂L

∂(∂µφk)
δ(∂µφk) (1.12)

= ∂µ

[
∂L

∂(∂µφk)
δφk

]
(1.13)

= aν∂µ

[
∂L

∂(∂µφk)
∂νφk

]
(1.14)

If we define the tensor

Tµν = −gµνL + ∂L

∂(∂µφk)
∂νφk (1.15)

it follows that

∂µTµν = 0 (1.16)

This enables us to identify the four-momentum density as

Pµ = T0µ (1.17)

The integrated quantity is given by

Pµ =
∫

d3xPµ (1.18)

=
∫

d3x(−g0µL + πk∂µφk) (1.19)

where πk = ∂L /∂φk is the momentum conjugate to φk . Notice that the time
component is

P0 = πk∂0φk − L (1.20)

= H (1.21)
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where H is the Hamiltonian density. Conservation of linear momentum follows
since

∂

∂t
Pµ = 0 (1.22)

This follows from Pi = J0i and ∂
∂t

J0i becomes a divergence that vanishes after
integration

∫
d3x.

Next we consider an infinitesimal Lorentz transformation

xµ → x′
µ = xµ + εµνxν (1.23)

where εµν = −ενµ. Under this transformation the fields that may have nonzero
spin will transform as

φk(x) →
(

δkl − 1

2
εµν�

µν
kl

)
φl(x

′) (1.24)

Here �
µν
kl is the spin transformation matrix, which is zero for a scalar field. The

factor 1
2 simplifies the final form of the spin angular momentum density.

The variation in L is, for this case,

δL = εµνxν∂µL (1.25)

= ∂µ(εµνxνL ) (1.26)

since εµν∂µxν = εµνδµν = 0 by antisymmetry.
We know, however, from an earlier result that

δL = ∂µ

[
∂L

∂(∂µφk)
δφk

]
(1.27)

= ∂µ

[
∂L

∂(∂µφk)

(
ελνxν∂λφk − 1

2
�λν

kl ελνφl

)]
(1.28)

It follows by subtracting the two expressions for δL that if we define

M λνν = (
xνgλµ − xµgλν

)
L + ∂

∂(∂λφk)

[(
xµ∂ν − xν∂µ

)
φk + �

µν
kl φl

]
(1.29)

= xµT λν − xνT λµ + ∂L

∂(∂λπk)
�

µν
kl φl (1.30)

then

∂λM
λµν = 0 (1.31)
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The Lorentz generator densities may be identified as

Mµν = M 0µν (1.32)

Their space integrals are

Mµν =
∫

d3xMµν (1.33)

=
∫

d3x
(
xµPν − xνPµ + πk�

µν
kl φl

)
(1.34)

and satisfy

∂

∂t
Mµν = 0 (1.35)

The components Mij (i, j = 1, 2, 3) are the generators of rotations and yield
conservation of angular momentum. It can be seen from the expression above that
the contribution from orbital angular momentum adds to a spin angular momen-
tum part involving �

µν
kl .

The components M0i generate boosts, and the associated conservation law [3]
tells us that for a field confined within a finite region of space, the “average” or
center of mass coordinate moves with the uniform velocity appropriate to the result
of the boost transformation (see, in particular, Hill [4]). This then completes the
construction of the 10 Poincaré group generators from the Lagrangian density by
use of Noether’s theorem.

Now we may consider internal symmetries, that is, symmetries that are not re-
lated to space–time transformations. The first topic is global gauge invariance; in
Section 1.3 we consider the generalization to local gauge invariance.

The simplest example is perhaps provided by electric charge conservation. Let
the finite gauge transformation be

φk(x) → φ′
k(x) = e−iqk φk(x) (1.36)

where qk is the electric charge associated with the field φk(x). Then every term in
the Lagrangian density will contain a certain number m of terms

φk1(x)φk2(x) · · ·φkm(x) (1.37)

which is such that

m∑
i=1

qki
= 0 (1.38)

and hence is invariant under the gauge transformation. Thus the invariance im-
plies that the Lagrangian is electrically neutral and all interactions conserve elec-
tric charge. The symmetry group is that of unitary transformations in one dimen-
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sion, U(1). Quantum electrodynamics possesses this invariance: The uncharged
photon has qk = 0, while the electron field and its conjugate transform, respec-
tively, according to

ψ → e−iqθψ (1.39)

ψ̄ → e+iqθ ψ̄ (1.40)

where q is the electronic charge.
The infinitesimal form of a global gauge transformation is

φk(x) → φk(x) − iεiλi
klφl(x) (1.41)

where we have allowed a nontrivial matrix group generated by λi
kl . Applying

Noether’s theorem, one then observes that

δL = ∂µ

[
∂L

∂(∂µφk)
δφk

]
(1.42)

= −iεi∂µ

[
∂L

∂(∂µφk)
λi

klφl

]
(1.43)

The currents conserved are therefore

J i
µ = −i

∂L

∂(∂µφk)
λi

klφl (1.44)

and the charges conserved are

Qi =
∫

d3xj i
0 (1.45)

= −i

∫
d3xπkλ

i
klφl (1.46)

satisfying

∂

∂t
Qi = 0 (1.47)

The global gauge group has infinitesimal generators Qi ; in the simplest case, as in
quantum electrodynamics, where the gauge group is U(1), there is only one such
generator Q of which the electric charges qk are the eigenvalues.
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1.3
Local Gauge Invariance

In common usage, the term gauge field theory refers to a field theory that possesses
a local gauge invariance. The simplest example is provided by quantum electrody-
namics, where the Lagrangian is

L = ψ̄(i/∂ − e/A − m)ψ − 1

4
FµνFµν (1.48)

Fµν = ∂µAν − ∂νAν (1.49)

Here the slash notation denotes contraction with a Dirac gamma matrix: /A ≡
γµAµ. The Lagrangian may also be written

L = ψ̄(i/D − m)ψ − 1

4
FµνFµν (1.50)

where Dµψ is the covariant derivative (this terminology will be explained shortly)

Dµψ = ∂µψ + ieAµψ (1.51)

The global gauge invariance of quantum electrodynamics follows from the fact
that L is invariant under the replacement

ψ → ψ ′ = eiθψ (1.52)

ψ̄ → ψ̄ ′ = e−iθ ψ̄ (1.53)

where θ is a constant; this implies electric charge conservation. Note that the pho-
ton field, being electrically neutral, remains unchanged here.

The crucial point is that the Lagrangian L is invariant under a much larger
group of local gauge transformations, given by

ψ → ψ ′ = eiθ(x)ψ (1.54)

ψ̄ → ψ̄ ′ = e−iθ(x)ψ̄ (1.55)

Aµ → A′
µ = Aµ − 1

e
∂µθ(x) (1.56)

Here the gauge function θ(x) is an arbitrary function of x. Under the transfor-
mation, Fµν is invariant, and it is easy to check that

ψ̄ ′(i/∂ − e/A′)ψ ′ = ψ̄(i/∂ − e/A)ψ (1.57)
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so that ψ̄/Dψ is invariant also. Note that the presence of the photon field is essential
since the derivative is invariant only because of the compensating transformation
of Aµ. By contrast, in global transformations where θ is constant, the derivative
terms are not problematic.

Note that the introduction of a photon mass term −m2AµAµ into the Lagrangian
would lead to a violation of local gauge invariance; in this sense we may say that
physically the local gauge invariance corresponds to the fact that the photon is
precisely massless.

It is important to realize, however, that the requirement of local gauge invari-
ance does not imply the existence of the spin-1 photon, since we may equally well
introduce a derivative

Aµ = ∂µ� (1.58)

where the scalar � transforms according to

� → �′ = � − 1

e
θ (1.59)

Thus to arrive at the correct L for quantum electrodynamics, an additional as-
sumption, such as renormalizability, is necessary.

The local gauge group in quantum electrodynamics is a trivial Abelian U(1)

group. In a classic paper, Yang and Mills [5] demonstrated how to construct a field
theory locally invariant under a non-Abelian gauge group, and that is our next topic.

Let the transformation of the fields φk(x) be given by

δφk(x) = −iθ i(x)λi
klφl(x) (1.60)

so that

φk(x) → φ′
k(x) = 
klφl (1.61)

with


kl = δkl − iθ i(x)λi
kl (1.62)

where the constant matrices λi
kl satisfy a Lie algebra (i, j, k = 1, 2, . . . , n)

[
λi, λj

] = icijkλ
k (1.63)

and where the θi(x) are arbitrary functions of x.
Since 
 depends on x, a derivative transforms as

∂µφk → 
kl(∂µφl) + (∂µ
kl)φl (1.64)

We now wish to construct a covariant derivative Dµφk that transforms according to

Dµφk → 
kl(Dµφl) (1.65)
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To this end we introduce n gauge fields Ai
µ and write

Dµφk = (∂µ − igAµ)φk (1.66)

where

Aµ = Ai
µλi (1.67)

The required transformation property follows provided that

(∂µ
)φ − igA′
µ
φ = −ig(
Aµ)φ (1.68)

Thus the gauge field must transform according to

Aµ → A′
µ = 
Aµ
−1 − i

g
(∂µ
)
−1 (1.69)

Before discussing the kinetic term for Ai
µ it is useful to find explicitly the infinites-

imal transformation. Using


kl = δkl − iλi
klθ

i (1.70)


−1
kl = δkl + iλi

klθ
i (1.71)

one finds that

λi
klA

′ i
µ = 
kmλi

mnA
i
µ

(

−1) − i

g
(∂µ
km)

(

−1)

ml
(1.72)

so that (for small θi )

λi
klδA

i
µ = iθj

[
λi, λj

]
kl

Ai
µ − 1

g
λi

kl∂µθi (1.73)

= − 1

g
λi

kl∂µθi − cijmθjAi
µλm

kl (1.74)

This implies that

δAi
µ = − 1

g
∂µθi + cijkθ

jAk
µ (1.75)

For the kinetic term in Ai
µ it is inappropriate to take simply the four-dimensional

curl since

δ
(
∂µAi

µ − ∂νA
i
µ

) = cijkθ
i
(
∂µAk

ν − ∂νA
k
µ

)
+ cijk

[(
∂µθj

)
Ak

ν − (
∂νθ

j
)
Ak

µ

]
(1.76)
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whereas the transformation property required is

δF i
µν = cijkθ

jF k
µν (1.77)

Thus F i
µν must contain an additional piece and the appropriate choice turns out to

be

F i
µν = ∂µAi

ν − ∂νA
i
µ + gcijkA

j
µAk

ν (1.78)

To confirm this choice, one needs to evaluate

gcijkδ
(
Aj

µAk
ν

) = −cijk

[(
∂µθj

)
Ak

ν − (
∂νθ

j
)
Ak

µ

]

+ g
(
cijkcjlmθ lAm

µAk
ν + cijkA

j
µcklmθ lAm

ν

)
(1.79)

The term in parentheses on the right-hand side may be simplified by noting that
an n × n matrix representation of the gauge algebra is provided, in terms of the
structure constants, by

(
λi

)
jk

= −icijk (1.80)

Using this, we may rewrite the last term as

gAm
µAn

νθ
j (cipncpjm + cimpcpjn) = gAm

µAn
νθ

j
[
λi, λj

]
mn

(1.81)

= igAm
µAn

νθ
j cijkλ

k
mn (1.82)

= gAm
µAn

νθ
j cijkckmn (1.83)

Collecting these results, we deduce that

δF i
µν = δ

(
∂µAi

ν − ∂νA
i
µ + gcijkA

j
µAk

ν

)
(1.84)

= cijkθ
j
(
∂µAk

ν − ∂νA
k
µ + gcklmAl

µAm
ν

)
(1.85)

= cijkθ
jF k

µν (1.86)

as required. From this it follows that

δ
(
F i

µνF
i
µν

) = 2cijkF
i
µνθ

jF k
µν (1.87)

= 0 (1.88)

so we may use − 1
4F i

µνF
i
µν as the kinetic term.
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To summarize these results for construction of a Yang–Mills Lagrangian: Start
with a globally gauge-invariant Lagrangian

L (φk, ∂µφk) (1.89)

then introduce Ai
µ (i = 1, . . . , n, where the gauge group has n generators). Define

Dµφk = (
∂µ − igAi

µλi
)
φk (1.90)

F i
µν = ∂µAi

ν − ∂νA
i
µ + gcijkA

j
µAk

ν (1.91)

The transformation properties are (Aµ = Ai
µλi)

φ′ = 
φ (1.92)

A′
µ = 
Aµ
−1 − i

g
(∂µ
)
−1 (1.93)

The required Lagrangian is

L (φk, Dµφk) − 1

4
F i

µνF
i
µν (1.94)

When the gauge group is a direct product of two or more subgroups, a different
coupling constant g may be associated with each subgroup. For example, in the
simplest renormalizable model for weak interactions, the Weinberg–Salam model,
the gauge group is SU(2)×U(1) and there are two independent coupling constants,
as discussed later.

Before proceeding further, we give a more systematic derivation of the locally
gauge invariant L , following the analysis of Utiyama [6] (see also Glashow and
Gell-Mann [7]). In what follows we shall, first, deduce the forms of Dµφk and F i

µν

(merely written down above), and second, establish a formalism that could be ex-
tended beyond quantum electrodynamics and Yang–Mills theory to general relativ-
ity.

The questions to consider are, given a Lagrangian

L (φk, ∂µφk) (1.95)

invariant globally under a group G with n independent constant parameters θi ,
then, to extend the invariance to a group G′ dependent on local parameters θi(x):

1. What new (gauge) fields Ap(x) must be introduced?
2. How does Ap(x) transform under G′?
3. What is the form of the interaction?
4. What is the new Lagrangian?
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We are given the global invariance under

δφk = −iT i
klθ

iφl (1.96)

with i = 1, 2, . . . , n and T i satisfying

[
T i, T j

] = icijkT
k (1.97)

where

cijk = −cjik (1.98)

and

cij lclkm + cjklclim + ckilcljm = 0 (1.99)

Using Noether’s theorem, one finds the n conserved currents

J i
µ = ∂L

∂φk

T i
kl∂µφl (1.100)

∂µJ i
µ = 0 (1.101)

These conservation laws provide a necessary and sufficient condition for the invari-
ance of L .

Now consider

δφk = −iT i
klθ

i(x)φl(x) (1.102)

This local transformation does not leave < J invariant:

δL = −i
∂L

∂(∂µφk)
T i

klφl∂µ∂i (1.103)

�= 0 (1.104)

Hence it is necessary to add new fields A′p (p = 1, . . . ,M) in the Lagrangian,
which we write as

L (φk, ∂µφk) → L ′(φk, ∂µφk, A
′p)

(1.105)

Let the transformation of A′p be

δA′p = Ui
pqθiA′q + 1

g
Cjp

µ ∂µφj (1.106)

Then the requirement is
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δL =
[
−i

∂L ′

∂φk

T
j
klφl − i

∂L

∂(∂µφk)
T

j
kl∂µφl + ∂L ′

∂A′p U
j
pqA′p

]
θj

+
[
−i

∂L ′

∂(∂µφk)
T

j
klφl + 1

g

∂L ′

∂A′p Cpj
µ

]
∂µθj (1.107)

= 0 (1.108)

Since θj and ∂µθj are independent, the coefficients must vanish separately. For the
coefficient of ∂µθi , this gives 4n equations involving A′p and hence to determine
the A′ dependence uniquely, one needs 4n components. Further, the matrix C

pj
µ

must be nonsingular and possess an inverse

Cjp
µ C−1jq

µ = δpq (1.109)

Cjp
µ C−1j ′p

µ = gµνδjj ′ (1.110)

Now we define

Aj
µ = −gC−1jp

µ A′p (1.111)

Then

i
∂L ′

∂(∂µφk)
T i

klφl + ∂L ′

∂Ai
µ

= 0 (1.112)

so only the combination

Dµφk = ∂µφk − iT i
klφlA

i
µ (1.113)

occurs in the Lagrangian

L ′(φk, ∂µφk, A
′p) = L ′′(φk,Dµφk) (1.114)

It follows from this equality of L ′ and L ′′ that

∂L ′′

∂φk

∣∣∣∣
Dµφ

− i
∂L ′′

∂(Dµφl)

∣∣∣∣
φ

T i
klA

i
µ = ∂L ′

∂φk

(1.115)

∂L ′′

∂(Dµφk)

∣∣∣∣
φ

= ∂L ′

∂(Dµφk)
(1.116)

ig
∂L ′′

∂(Dµφk)

∣∣∣∣
φ

T a
klφlC

−1ap
µ = ∂L ′

∂A′ p (1.117)

These relations may be substituted into the vanishing coefficient of θj occurring
in δL ′ (above). The result is
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0 = −i

[
∂L ′′

∂φk

∣∣∣∣
Dµφ

T i
klφl + ∂L ′′

∂(Dµφk)

∣∣∣∣
φ

T i
klDµφl

]

+ i
∂L ′′

∂φk

∣∣∣∣
φ

(
φlA

a
ν

{
i
[
T a, T i

]
kl

λµν + Sba,j
µν

}) = 0 (1.118)

where

Sba,j
µν = C−1ap

µ U
j
pqCbq

ν (1.119)

is defined such that

δAa
µ = gδ

(−C−1ap
µ A′p)

(1.120)

= Sba,j
µν Ab

νθ
j − 1

g
∂µθa (1.121)

Now the term in the first set of brackets in Eq. (1.118) vanishes if we make the
identification

L ′′(φk, Dµφk) = L (φk, Dµφk) (1.122)

The vanishing of the final term in parentheses in Eq. (1.118) then enables us to
identify

Sba,j
µν = −cajbgµν (1.123)

It follows that

δAa
µ = cabcθ

bAc
µ − 1

g
∂µθa (1.124)

From the transformations δAA
µ and δφk , one can show that

δ(Dµφk) = δ
(
∂µφk − iT a

klA
a
µφl

)
(1.125)

= −iT i
klθ

i(Dµφl) (1.126)

This shows that Dµφk transforms covariantly.
Let the Lagrangian density for the free Aa

µ field be

L0
(
Aa

µ, ∂νA
a
µ

)
(1.127)

Using

δAa
µ = cabcθ

bAc
µ − 1

g
∂µθa (1.128)
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one finds (from δL = 0)

∂L0

∂Aa
µ

cabcA
c
µ + ∂L0

∂(∂νAa
µ)

cabc∂νA
c
µ = 0 (1.129)

−∂L0

∂Aa
µ

+ ∂L0

∂(∂µAb
ν)

cabcA
c
ν = 0 (1.130)

∂L0

∂(∂νAa
µ)

+ ∂L0

∂(∂µAa
µ)

+ ∂L0

∂(∂µAa
ν)

= 0 (1.131)

From the last of these three it follows that ∂µAa
µ occurs only in the antisymmetric

combination

Aa
µν = ∂µAa

ν − ∂νA
a
µ (1.132)

Using the preceding equation then gives

∂L0

∂Aa
µ

= ∂L0

∂Ab
µν

cabcA
c
ν (1.133)

so the only combination occurring is

Fa
µν = ∂µAa

ν − ∂νA
a
µ + gcabcA

b
µAc

ν (1.134)

Thus, we may put

L0
(
Aa

µ, ∂νA
a
µ

) = L ′
0

(
Aa

µ, F a
µν

)
(1.135)

Then

∂L0

∂(∂νAa
µ)

∣∣∣∣
A

= ∂L ′
0

∂F a
µν

∣∣∣∣
A

(1.136)

∂L0

∂Aa
µ

∣∣∣∣
∂µA

= ∂L ′
0

∂Aa
µ

∣∣∣∣
F

+ ∂L ′
0

∂(∂F b
µν)

∣∣∣∣
A

cabcA
c
ν (1.137)

But one already knows that

∂L0

∂Aa
µ

∣∣∣∣
∂µA

= ∂L ′
0

∂F b
µν

cabcA
c
ν (1.138)

and it follows that L ′
0 does not depend explicitly on Aa

µ.

L0(Aµ, ∂νAµ) = L ′′
0

(
Fa

µν

)
(1.139)

Bearing in mind both the analogy with quantum electrodynamics and renormaliz-
ability we write
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L ′′
0

(
Fa

µν

) = −1

4
Fa

µνF
a
µν (1.140)

When all structure constants vanish, this then reduces to the usual Abelian case.
The final Lagrangian is therefore

L (φk,Dµφk) − 1

4
Fa

µνF
a
µν (1.141)

Defining matrices Mi in the adjoint representation by

Mi
ab = −iciab (1.142)

the transformation properties are

δφk = −iT i
klθ

iφl (1.143)

δAa
µ = −iMi

abθ
iAb

µ − 1

g
∂µθa (1.144)

δ(Dµφk) = −iTklθ
i(Dµφl) (1.145)

δF a
µν = −Mi

abθ
iF b

µν (1.146)

Clearly, the Yang–Mills theory is most elegant when the matter fields are in the
adjoint representation like the gauge fields because then the transformation prop-
erties of φk , Dµφk and Fa

µν all coincide. But in theories of physical interest for
strong and weak interactions, the matter fields will often, instead, be put into the
fundamental representation of the gauge group.

Let us give briefly three examples, the first Abelian and the next two non-Abelian.

Example 1 (Quantum Electrodynamics). For free fermions

L ψ̄(i/∂ − m)ψ (1.147)

the covariant derivative is

Dµψ = ∂µψ + ieAµψ (1.148)

This leads to

L (ψ, Dµψ) − 1

4
FµνFµν = ψ̄(i/∂ − e/A − m)ψ − 1

4
FµνFµν (1.149)

Example 2 (Scalar φ4 Theory with φa in Adjoint Representation). The globally in-
variant Lagrangian is

L = 1

2
∂µφa∂ − µφa − 1

2
µ2φaφa − 1

4
λ
(
φaφa

)2 (1.150)
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One introduces

Dµφa = ∂µφa − gcabcA
bµφc (1.151)

Fa
µν = ∂µAa

ν − ∂νA
a
µ + gcacA

b
µAc

ν (1.152)

and the appropriate Yang–Mills Lagrangian is then

L = 1

2

(
Dµφa

)(
Dµφa

) − 1

4
Fa

µνF
a
µν − 1

2
µaφaφa − 1

4

(
φaφa

)2 (1.153)

Example 3 (Quantum Chromodynamics). Here the quarks ψk are in the fun-
damental (three-dimensional) representation of SU(3). The Lagrangian for free
quarks is

L ψ̄k(i/∂ − m)ψk (1.154)

We now introduce

Dµψk = ∂µψk − 1

2
gλi

klA
i
µψl (1.155)

Fa
µν = ∂µAa

ν − ∂νA
a
µ + gfabcA

b
µAc

ν (1.156)

and the appropriate Yang–Mills Lagrangian is

L ψ̄(i/D − m)ψ − 1

4
Fa

µνF
aµν (1.157)

If a flavor group (which is not gauged) is introduced, the quarks carry an additional
label ψa

k , and the mass term becomes a diagonal matrix m → −Maδab.
The advantage of this Utiyama procedure is that it may be generalized to include

general relativity (see Utiyama [6], Kibble [8], and more recent works [9–12]).
Finally, note that any mass term of the form +m2

i A
i
µAi

µ will violate the local
gauge invariance of the Lagrangian density L . From what we have stated so far,
the theory must contain n massless vector particles, where n is the number of gen-
erators of the gauge group; at least, this is true as long as the local gauge symmetry
is unbroken.

1.4
Nambu–Goldstone Conjecture

We have seen that the imposition of a non-Abelian local gauge invariance appears
to require the existence of a number of massless gauge vector bosons equal to
the number of generators of the gauge group; this follows from the fact that a

mass term + 1
2

2
Ai

µAi
µ in L breaks the local invariance. Since in nature only one
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massless spin-1 particle—the photon—is known, it follows that if we are to exploit
a local gauge group less trivial than U(1), the symmetry must be broken.

Let us therefore recall two distinct ways in which a symmetry may be broken. If
there is exact symmetry, this means that under the transformations of the group
the Lagrangian is invariant:

δL = 0 (1.158)

Further, the vacuum is left invariant under the action of the group generators
(charges) Qi :

Qi |0〉 = 0 (1.159)

From this, it follows that all the Qi commute with the Hamiltonian

[
Qi, H

] = 0 (1.160)

and that the particle multiplets must be mass degenerate.
The first mechanism to be considered is explicit symmetry breaking, where one

adds to the symmetric Lagrangian (L0) a piece (L1) that is noninvariant under
the full symmetry group G, although L1 may be invariant under some subgroup
G′ of G. Then

L = L0 = cL1 (1.161)

and under the group transformation,

δL0 = 0 (1.162)

δL1 �= 0 (1.163)

while

Qi |0〉 → 0 as c → 0 (1.164)

The explicit breaking is used traditionally for the breaking of flavor groups SU(3)

and SU(4) in hadron physics.
The second mechanism is spontaneous symmetry breaking (perhaps more ap-

propriately called hidden symmetry). In this case the Lagrangian is symmetric,

δL = 0 (1.165)

but the vacuum is not:

Qi |0〉 �= 0 (1.166)

This is because as a consequence of the dynamics the vacuum state is degenerate,
and the choice of one as the physical vacuum breaks the symmetry. This leads to
nondegenerate particle multiplets.
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It is possible that both explicit and spontaneous symmetry breaking be present.
One then has

L = L0 + cL1 (1.167)

δL = 0 (1.168)

δL1 �= 0 (1.169)

but

Qi |0〉 �= 0 as c → 0 (1.170)

An example that illustrates all of these possibilities is the infinite ferromag-
net, where the symmetry in question is rotational invariance. In the paramagnetic
phase at temperature T > Tc there is exact symmetry; in the ferromagnetic phase,
T < Tc, there is spontaneous symmetry breaking. When an external magnetic field
is applied, this gives explicit symmetry breaking for both T > Tc and T < Tc.

Here we are concerned with Nambu and Goldstone’s well-known conjecture [13–
15] that when there is spontaneous breaking of a continuous symmetry in a quan-
tum field theory, there must exist massless spin-0 particles. If this conjecture were
always correct, the situation would be hopeless. Fortunately, although the Nambu–
Goldstone conjecture applies to global symmetries as considered here, the conjec-
ture fails for local gauge theories because of the Higgs mechanism described in
Section 1.5.

It is worth remarking that in the presence of spontaneous breakdown of sym-
metry the usual argument of Noether’s theorem that leads to a conserved charge
breaks down. Suppose that the global symmetry is

φk → φk − iT i
klφlθ

i (1.171)

Then

∂µj i
µ = 0 (1.172)

J i
µ = −i

[
∂L

∂(∂µφk)
T i

klφl

]
(1.173)

but the corresponding charge,

Qi =
∫

d3xj i
0 (1.174)

will not exist because the current does not fall off sufficiently fast with distance to
make the integral convergent.
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Figure 1.1 Potential function V (φ).

The simplest model field theory [14] to exhibit spontaneous symmetry breaking
is the one with Lagrangian

L = 1

2

(
∂µφ∂µφ − m2

0φ
2) − λ0

24
φ4 (1.175)

For m2
0 > 0, one can apply the usual quantization procedures, but for m2

0 < 0, the
potential function

V (φ) = 1

2
m2

0φ
2 + λ0

24
φ4 (1.176)

has the shape depicted in Fig. 1.1. The ground state occurs where V ′(φa) = 0,
corresponding to

φ0 = ±χ = ±
√

−6m2
0

λ0
(1.177)

Taking the positive root, it is necessary to define a shifted field φ′ by

φ = φ′ + χ (1.178)

Inserting this into the Lagrangian L leads to

L = 1

2

(
∂µφ′∂µφ′ + 2m2

0φ
′ 2) − 1

6
λ0χφ′ 3 − λ0

24
φ′ 4 + 3m4

0

λ0
(1.179)

The (mass)2 of the φ′ field is seen to be −2m2
0 < 0, and this Lagrangian may now be

treated by canonical methods. The symmetry φ → −φ of the original Lagrangian
has disappeared. We may choose either of the vacuum states φ = ±χ as the phys-
ical vacuum without affecting the theory, but once a choice of vacuum is made,
the reflection symmetry is lost. Note that the Fock spaces built on the two possi-
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Figure 1.2 Potential function V (φ, φ∗).

ble vacua are mutually orthogonal so that the artificial restoration of the original
symmetry by superimposing the different vacua is not meaningful.

More interesting is the generalization to a continuous U(1) symmetry in the
Lagrangian [14]

L = ∂µφ∗∂µφ − m2
0φ

∗φ − λ0

6
(φ∗φ)2 (1.180)

where

φ = φ1 + iφ2√
2

(1.181)

The Lagrangian is invariant under the global symmetry

φ → eiθφ (1.182)

The potential function

V (φ, φ∗) = m2
0φ

∗φ + λ0

6
(φ∗φ)2 (1.183)

has the characteristic shape indicated in Fig. 1.2. The origin is an unstable point
and there are an infinite number of degenerate vacua where V ′ = 0, corresponding
to

|φ|2 = −3m2
0

λ0
= |χ |2 (1.184)

Let us choose the phase of χ to be real and shift fields according to
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φ1 = φ′
1 + √

2χ (1.185)

φ2 = φ′
2 (1.186)

Then, in terms of φ′, the Lagrangian becomes

L = 1

2

(
∂µφ′

1∂µφ′
1 + 2m2

0φ
′ 2
1

) + 1

2
∂µφ′

2∂µφ′
2

− √
2
λ0χ

6
φ′

1

(
φ′ 2

1 + φ′ 2
2

) − λ0

24

(
φ′ 2

1 + φ′ 2
2

)2 + 3

2

m4
0

λ0
(1.187)

so that the field φ1 has (mass)2 = −2m2
0 > 0 and the field φ′

2 has zero mass. This
is an example of a Nambu–Goldstone boson associated with spontaneous breaking
of a continuous symmetry.

Intuitively, one can understand the situation as follows. In the vacuum all the
state vectors are lined up with the same phase and magnitude |φ| = χ . Oscillations
are then of two types: One is in magnitude, giving rise to the massive quanta of type
φ′

1; one is in phase. When all the φ(x) rotate by a common phase, however, there is
no change in energy; this is precisely the origin of the Goldstone mode represented
in this example by φ′

2.
Before going to the general case, let us consider the more complicated example

of O(n) symmetry for the Lagrangian

L
1

2
∂µφk∂µφk − 1

2
µ2φkφk − λ

4
(φkφk)

2 (1.188)

with k = 1, 2, . . . , n and φk real. The corresponding potential function

V (φ) = 1

2
µ2φkφk + λ

4
(φkφk)

2 (1.189)

has a ring of minima where

φ2 = v2 = −µ2

λ
(1.190)

Let us choose the physical vacuum such that

〈0|φk|0〉 =




0
0
...

0
v


 (1.191)

Now the little group of this vector is clearly O(n − 1). Let us write the 1
2n(n − 1)

generators of 0(n) as

(Lij )kl = −i(δikδjl − δilδjk) (1.192)
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satisfying

[Lij , Lkl] = (δikLjl + δjlLik − δjkLil − δilLjk) (1.193)

Of these there are (n − 1) given by

kiLin (1.194)

which do not leave 〈φ〉 invariant. We then reparametrize the n-component field φk

as

φ = exp

(
i

n−1∑
i=1

ξi

ki

v

)


0
...

0
v + η


 (1.195)

in terms of the (n − 1) fields ξi , and the field η. The action of ki on the vector
vi = vδin is given by

(kiv)j = v(Lin)jlδin (1.196)

= −ivδij (1.197)

Thus to lowest order, one has

φ =




ξ1

ξ2
...

ξn−1

v + η


 (1.198)

Inserting this into the Lagrangian, one finds that

L = 1

2
(∂µη∂µη + ∂µξi∂µξi) − 1

2
µ2(v + η)2

− 1

4
λ(v + η)4 + higher-order terms (1.199)

Thus the η has (mass)2 given by

µ2 + 3v2λ = −2µ2 > 0 (1.200)

and the (n − 1) fields ξi are massless Goldstone bosons. Note that the number of
Nambu–Goldstone bosons is equal to the difference in the number of generators
of the original symmetry O(n) and the final symmetry O(n − 1):

1

2
n(n − 1) − 1

2
(n − 1)(n − 2) = (n − 1) (1.201)

This is an example of a general theorem that we now prove.
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Consider the general Lagrangian

L (φk, ∂µφk) = 1

2
∂µφk∂µφk − V (φk) (1.202)

and let the global invariance be under the transformations

δφk = −iT i
klθ

iφl (1.203)

δL = 0 (1.204)

Given that the potential is separately invariant, then

0 = δV (1.205)

= ∂V

∂φk

δφk (1.206)

= −i
∂V

∂φk

T i
klθ

iφl (1.207)

∂V

∂φk

T i
klφl = 0 (1.208)

Differentiation gives

∂2V

∂φk∂φm

T i
klφl + ∂V

∂φk

T i
km = 0 (1.209)

At a minimum of V , suppose that φk = vk ; then

∂2V

∂φk∂φm

∣∣∣∣
φk=vk

T i
klvl = 0 (1.210)

Expanding around the minimum

V (φk) = V (vk) + 1

2

∂2V

∂φl∂φm

(φl − vl)(φm − vm)

+ higher-order terms (1.211)

Thus the mass matrix is

M2
mk = M2

km = ∂2V

∂φk∂φm

(1.212)

Therefore,

(
M2)

mk
T i

klvl = 0 all i (1.213)
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Now suppose that there exists a subgroup G′ of G with n′ generators, leaving the
vacuum invariant

T i
klvl = 0, i = 1, 2, . . . , n′ (1.214)

For the remaining (n − n′) generators of G,

T i
klvl �= 0 (1.215)

Choosing the vl to be linearly independent, it follows that M2 has (n−n′) Nambu–
Goldstone bosons. Thus, in general, the number of Nambu–Goldstone bosons is
equal to the number of broken generators.

If one restricts one’s attention to tree diagrams, there may be exceptions to the
counting rule above. These occur if the potential has a higher symmetry than the
Lagrangian and can be illustrated by an elementary example. Let the Lagrangian be

L = 1

2
∂µφk∂µφk − 1

2
m2

0φkφk − λ0

8
(φkφk)

2

+ ψ̄a(i/∂ − m)ψa + gεabcφ
aψ̄bψc (1.216)

where k = 1, 2, . . . , 8 and a, b, c = 1, 2, 3. The invariance is clearly O(3) × O(5).
The potential function

V (φ) = 1

2
m2

0φkφk + λ0

8
(φkφk)

2 (1.217)

has a minimum at

〈φ〉 =
√

−2m2
0

λ0
(1.218)

Putting φk = δk8〈φ〉, we define

σ = φ8 − 〈φ〉 (1.219)

πk = φk, k = 1, 2, . . . , 7 (1.220)

Then

V = λ0

8

(
πkπk + σ 2 + 2σ 〈φ〉)2 − m4

0

2λ0
(1.221)

Hence there are seven massless fields πk despite the fact that the number of
broken generators in breaking O(3) × O(5) to O(3) × O(4) is only four. When loop
corrections are made, the three fields π1, π2 and π3 will develop a mass, and the
general theorem stated earlier will become valid. The fields π1, π2, and π3, which
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are “accidentally” massless in the tree approximation, are called pseudo-Nambu–

Goldstone bosons.
So far we have simply given numerous examples of the Nambu–Goldstone phe-

nomenon. Now we give two general proofs that have been constructed; these are
instructive because when we turn to gauge theories, one will be able to identify
precisely which assumptions involved in these proofs are violated. The first proof
is due to Gilbert [16] (this work was a rebuttal to an earlier “dis-proof” by Klein and
Lee [17]).

Let the generator of an internal symmetry be

Q =
∫

d3xj0 (1.222)

and let this transform one scalar φ(x) into another φ2(x), both being formed from
the field operators of the theory. Thus

i

∫
d3x

[
j0(x), φ1(x)

] = φ2(y) (1.223)

Suppose that the symmetry is spontaneously broken because

0

〈
φ2(x)

〉
0 = constant �= 0 (1.224)

Thus

i

∫
d3x0 0

〈[
j0(x), φ1(0)

]〉
0 �= 0 (1.225)

Now Lorentz invariance dictates that the most general representation of the related
Fourier transform is

i

∫
d3xeik·x

0

〈[
jµ(x), φ1(0)

]〉
0 = ε(k0)kµρ1

(
k2) + kµρ2

(
k2) (1.226)

Here kµ represents the four-momentum of intermediate states inserted into the
commutator. Using current conservation then leads to

[
ε(k0)ρ1

(
k2) + ρ2

(
k2)]k2 = 0 for all kµ (1.227)

It follows that ρ1 and ρ2 vanish for all k2 �= 0 and the most general solution is

ρ1 = C1δ
(
k2) (1.228)

ρ2 = C2δ
(
k2) (1.229)

Now integrate over k0 on both sides and use

δ
(
k2

0 − k2) = 1

2|k|
[
δ
(
k0 − |k|) + δ

(
k0 + |k|)] (1.230)
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Letting k → 0, one obtains

2π〈φ2〉 = 1

2

[
(C1 + C2) − (−C1 + C2)

]
(1.231)

= C1 (1.232)

so that

C1 �= 0 (1.233)

and hence there must exist massless spin-0 intermediate state. Note that manifest
Lorentz invariance is a crucial assumption in this proof.

A second proof, due to Jona-Lasinio [18], uses a quite different approach. Take a
general Lagrangian

L0(φk, ∂µφk) (1.234)

and add to it a coupling to external sources:

L1 = Jkφk (1.235)

Now construct the generating functional of all Green’s functions of the theory:

W [Jk] =
0

〈
T

(
exp

{
i

∫
d4x[L0 + L1]

})〉
0

(1.236)

The connected Green’s functions are generated by

Z[Jk] = −i ln W [Jk] (1.237)

The Legendre transform of Z[Jk] is

�[φk] = Z[Jk] −
∫

d4xJkφk (1.238)

and generates one-particle-irreducible (1PI) graphs. In particular, the inverse
proper two-particle Green’s function is given by

�−1
mn(x − y) = δ2�

δφm(x)δφn(y)
(1.239)

This is easily demonstrated as follows:

δZ

δJk(x)
= 〈

�k(x)
〉 = φk(x) (1.240)

δ2Z

δJk(x)δφl(y)
= δklδ(x − y) (1.241)
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=
∫

d4ξ
δ2Z

δJk(x)δJm(ξ)

δJm(ξ)

δφl(y)
(1.242)

=
∫

d4ξ�km(x − ξ)
δ2�

δφm(ξ)δφl(y)
(1.243)

where we used

Jm(ξ) = δ�

δφm(ξ)
(1.244)

The result for �−1
mn(x − y) follows, as required.

Let there be (global) symmetry under the transformations

φk → φk − iiklθ
iφl (1.245)

Then

δJk(x) =
∫

d4ξ
δJk(x)

δφl(ξ)
δφl(ξ) (1.246)

= −iθ i

∫
d4ξ

δ2�

δφk(ξ)δφl(ξ)
T i

lmφm(ξ) (1.247)

Now for a stationary point, δJk = 0 and hence

�−1
kl T i

lmφm = 0 all i (1.248)

Thus for all i for which T i
klφm �= 0 there is a zero eigenvalue of �−1

kl and
hence a massless particle. This gives, as before, a number of Nambu–Goldstone
bosons equal to the number of broken generators. (For more axiomatic proofs, see
Refs. [19] and [20].)

As we shall discuss shortly, the Nambu–Goldstone conjecture is invalid in the
case of gauge theories. Since there are no massless spin-0 states known, the exact
application of the conjecture is physically irrelevant. But the pion has abnormally
low mass and can be regarded as an approximate Nambu–Goldstone boson, as first
emphasized by Nambu [13]. Although it is not a gauge theory, it is worth briefly
mentioning the linear sigma model that illustrates this view of the pion and the
related idea of partially conserved axial current (PCAC) [14, 21]. (Further details of
the PCAC hypothesis and its consequences are provided by Refs. [22] and [23].)

The linear sigma model (Gell-Mann and Levy [21]) has Lagrangian

L = 1

2
∂µφk∂µφk − 1

2
m2

0φkφk − 1

4
λ0(φkφk)

2 + cσ (1.249)

where k = 1, 2, 3, 4 and σ = φ4. For c → 0, L is O(4) invariant. For c �= 0 there
is explicit symmetry breaking and a corresponding partially conserved current.
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δL = cδσ (1.250)

= −icθ iT i
4lφl (1.251)

= ∂µ

[
∂L

∂(∂µφk)
δφk

]
(1.252)

so that

∂µ

[
(∂µφk)T

i
kmφm

] = cT i
4lφl (1.253)

Putting l = 1, 2, 3 and writing (φ1, φ2, φ3) = πππ , one finds that

∂µπππ5
µ = cπππ (1.254)

where

j5µ = πππ(∂µσ) − σ(∂µπππ) (1.255)

is the axial-vector current. To deduce this result, it is easiest to use the explicit form
for the o(N) generators T i

km somewhat earlier as(
T ij

)
kl

= −i(δikδjl − δilδjk) (1.256)

The potential function is

V = 1

2
m2

0(φkφk) + 1

4
(φkφk)

2 − cσ (1.257)

This has a stationary value for

πππ = 0 (1.258)

σ = u (1.259)

where

(
m2

0 + λ0u
2)u = c (1.260)

Shifting fields from σ to s, where

σ = u + s (1.261)

we find that

L = 1

2
(∂µs∂µs + ∂µπππ∂µπππ) − 1

2
m2

σ s2 − 1

2
m2

ππππ2 − 1

4
λ0us

(
πππ2 + s2)

+
(

1

2
m2

0u
2 + 3

4
λ0u

4
)

− 1

4
λ
(
πππ2 + s2)2 (1.262)
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where

m2
σ = m2

0 + 3λ0u
2 (1.263)

m2
π = m2

0 + λ0u
2 (1.264)

In the limit c → 0, either

u = 0 (1.265)

m2
σ = m2

π = m2
0 > 0 (1.266)

or

u �= 0 (1.267)

m2
π = m2

0 + λ0u
2 = 0 (1.268)

m2
σ = 2λ0u

2 > 0 for λ0 > 0 (1.269)

When c �= 0 in the second (spontaneous breaking) case,

m2
π = c

u
(1.270)

c = m2
π 〈σ 〉 (1.271)

so that the pion is an approximate Nambu–Goldstone boson, and the axial current
is partially conserved according to

∂µj5µ = 〈σ 〉m2
ππππ (1.272)

1.5
Higgs Mechanism

If the Nambu–Goldstone conjecture were applicable to local gauge theories, the
situation would be hopeless since the choice would be between unwanted massless
vectors (exact symmetry) and unwanted massless scalars (spontaneous breaking).

Fortunately, gauge theories circumvent the difficulty. The suspicion that this
might happen was already present from nonrelativistic examples. Although several
nonrelativistic cases where the Nambu–Goldstone modes occur are well known—
phonons in crystals and in liquid helium [24], and magnons in a ferromagnet [25]—
it turns out that in the Bardeen–Cooper–Schrieffer (BCS) theory [26] of supercon-
ductivity, the massless excitations are absent. Because of the long-range Coulomb
forces between Cooper pairs, however, there is an energy gap and no massless
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phonons, only massive plasmalike excitations. This phenomenon led Anderson
[27] to speculate that a similar escape from Nambu–Goldstone bosons might exist
for gauge theories.

The first simple model to illustrate how gauge theories evade the Nambu–
Goldstone conjecture was written by Higgs [29–31]. The Goldstone model has La-
grangian (m2

0 < 0)

L (φ, ∂µφ) = ∂µφ∗∂µφ − m2
0φ

∗φ − λ0

6
(φ∗φ)2 (1.273)

Using the results given earlier, we can make a locally gauge-invariant generaliza-
tion as

L (φk, Dµφk) − 1

4
FµνFµν (1.274)

Dµφ = ∂µφ + ieAµφ (1.275)

Fµν = ∂µAν − ∂νAµ (1.276)

This is the Higgs model. It is invariant under

φ′ = eiθ(x)φ (1.277)

A′
µ = Aµ − 1

e
∂µθ(x) (1.278)

As derived earlier, the minimum of the potential occurs at

|φ|2 = −3m2
0

λ0
= 1

2
v2 (1.279)

We can reparametrize φ according to

φ = exp

(
iξ

v

)
v + n√

2
(1.280)

= 1√
2
(v + η + iξ + higher orders) (1.281)

Substituting this into the Lagrangian gives

L = −1

4
FµνFµν + 1

2
∂µη∂µη

+ 1

2
∂µξ∂µξ + m2

0η
2 + 1

2
e2v2AµAµ + evAµ∂µξ

+ higher orders (1.282)
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The particle spectrum can now be made obvious by the gauge transformation with
gauge function θ(x) = −ξ/v:

A′
µ = Aµ + 1

ev
∂µξ (1.283)

φ′ = v + η√
2

(1.284)

giving

L = −1

4
FµνFµν + 1

2

(
∂µη∂µη + 2m2

0η
2)

+ 1

2
e2v2A′

µA′
µ − 1

6
λ0vη3 − 1

24
λ0η

4

+ 1

2
e2A′ 2

µ η(2v + η) − 1

4
v2m2

0 (1.285)

There are no massless particles! The vector field has (mass)2 = e2v2 and the η field
has (mass)2 = −2m02 > 0. The ξ , field, known as a would-be Nambu–Goldstone

boson, has been gauged away to become the longitudinal mode of the massive vec-
tor A′

µ. Thus the number of degrees of freedom is conserved.
Concerning the proofs of the Nambu–Goldstone conjecture given in Section 1.4,

the gauge freedom means that one cannot formulate a local gauge theory so that
there are manifest Lorentz invariance and positivity of norms (both are assumed in
the proofs above).

Now we turn to a non-Abelian example where the gauge group is SU(2). The
Lagrangian is

L = 1

2

(
∂µφk + gεklmAl

µφm

)(
∂µφk + gεklmAl

µφm

)

− V (φkφk) − 1

4
Fk

µνF
k
µν (1.286)

where k, l, m = 1, 2, 3. Let the vacuum expectation value (VEV) of the field be

φk = δk3v (1.287)

so that T1 and T2 are broken generators of SU(2) and T3 is still good. In the absence
of gauge invariance we would therefore expect two Nambu–Goldstone bosons; in
the present case these become two would-be Nambu–Goldstone modes designated
ξ1 and ξ2. The field may be reparametrized as

φ = exp

[
i

v
(ξ1T1 + ξ2T2)

]
 0

0
v + η


 (1.288)
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To go to the U-gauge (the unitary gauge, where the particle spectrum, and unitarity,
are manifest), one makes a gauge transformation with

θ(x) = − i

v

[
T1ξ1(x) + T2ξ2(x)

]
(1.289)

so that

φ′ =

 0

0
v + η


 (1.290)

In the Lagrangian, the term quadratic in A′ i
µ in the U-gauge is therefore given by

+g2

2
εkl3A′ l

µεkl′3A′ l′
µ (v + η)2 (1.291)

which may be rewritten as

1

2
M2(A′ 1

µ A′ 1
µ + A′ 2

µ A′ 2
µ

)
(1.292)

with M = gv. Thus there are two massive vectors and one massless vector (A′ 3
µ ), to-

gether with one massive scalar (η). Again the would-be Nambu–Goldstone bosons
ξ1 and ξ2 have been gauged away, and the number of degrees of freedom has been
conserved.

For a general non-Abelian gauge group G there are initially n massless gauge
vectors, before symmetry breaking, where n is the number of generators for G.
Suppose that the residual group G′ has n′ generators; this general case was ana-
lyzed by Kibble [31].

The symmetric Lagrangian is

L = −1

4
Fa

µνF
a
µν + 1

2

(
∂ − µ − igT iAi

µ

)
φk

(
∂µ + igT iAi

µ

)
φkV (φ) (1.293)

Suppose that V (φ) is minimized by φk = vk . Without the gauge bosons we would
expect (n − n′) Nambu–Goldstone particles. In the gauge invariant case we repara-
metrize by

φk = exp

(
i
∑

i ξ iT i

v

)
(v + η) (1.294)

where the sum is over the (n−n′) broken generators T i and η is an n′-dimensional
vector taken orthogonal to the (n − n′) independent of vl , satisfying

T i
klvl �= 0 all i (1.295)
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After a gauge transformation with gauge function θ(x) = −i
∑

i ξ i (x)T i/v, the
quadratic term in A′ i

µ is of the form

−1

2
g2(T iv, T j v

)
A′ i

µA′j
µ (1.296)

After diagonalization, this leads to (n−n′) massive vector states. The remaining n′
vectors remain massless.

To summarize the Kibble counting [31], the number of would-be Nambu–
Goldstone bosons is equal to the number of broken generators; these modes are
absorbed to make an equal number of massive vectors. The other gauge bosons
remain massless.

1.6
Summary

The use of Higgs scalars to induce spontaneous symmetry breaking of gauge the-
ories has the merit that one can use perturbation theory for small couplings, and
since the theories are renormalizable, one can compute systematically to arbitrary
accuracy, at least in principle.

But the introduction of Higgs scalars is somewhat arbitrary and unaesthetic,
especially as there is no experimental support for their existence. They may be
avoided by dynamical symmetry breaking where a scalar bound state develops a
nonvanishing vacuum expectation value; in this case usual perturbation theory is
inapplicable and new techniques are needed.

Thus there are two optimistic possibilities:

1. Higgs scalars will be discovered experimentally; they may have so far escaped
detection because they are very massive.

2. It may be shown that the Higgs scalars provide a reparametrization of the dy-
namical breaking mechanism. In either case, the use of the fundamental scalar
fields will be vindicated.

On the other hand, in case neither of these developments occurs, it is crucial to
perfect satisfactory nonperturbative methods.
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2
Quantization

2.1
Introduction

Here we study the question of quantizing Yang–Mills field theories. It turns out
that the path integral technique is the most convenient method for doing this.

Historically, it was Feynman in 1962 who pointed out that the most naive guess
for the Feynman rules conflicted with perturbative unitarity even at the one-loop
level; he also suggested the use of fictitious ghost particles to remedy this in the
one loop. The general prescription was justified by the elegant work of Faddeev
and Popov in 1967.

We first give a detailed treatment of path integrals for nonrelativistic quantum
mechanics, showing that they are equivalent to the use of the Schrödinger equa-
tion, and deriving the Rutherford cross-section formula as an example. The tech-
nique is then extended to the vacuum–vacuum amplitude of a field theory, where
the number of degrees of freedom becomes infinite.

For Yang–Mills theory, we first give a canonical treatment in the Coulomb gauge.
The Faddeev–Popov approach is then described, applicable to any gauge choice.
This culminates in the required Feynman rules for a set of covariant gauges, in-
cluding the Landau gauge and the Feynman gauge.

We then study one-loop corrections to the effective potential.

2.2
Path Integrals

Path integrals provide a method of quantizing a classical system; the approach was
pioneered by Dirac [1] and particularly by Feynman [2, 3]. (References [1] and [2]
are reprinted in Ref. [4].) It provides an alternative to conventional quantization
methods and is more suitable for certain problems; in particular, of course, the
reason for describing it here is that it is well suited for quantization of gauge field
theories.
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In the conventional approach to quantization, one begins with the classical ac-
tion S, which is an integral over a Lagrangian density L . By the Hamiltonian vari-
ational principle, one then derives the Lagrange equations of motion. One sets up
the Hamiltonian H and then proceeds with canonical quantization. In the path in-
tegral method, the time evolution of a quantum mechanical state is written directly
in terms of the classical action S.

We first describe the technique in nonrelativistic quantum mechanics, where it
is alternative, and equivalent, to the Schrödinger wave equation. The path integral
method is useful particularly for finding scattering amplitudes but is, in general,
ill suited for bound-state problems such as the hydrogen atom. As an illustrative
example (for which path integrals work easily) we shall derive the Rutherford cross-
section formula [5].1) Only once we have become comfortable with path integrals
in this way will we proceed to relativistic quantum mechanics.

The one-dimensional Schrödinger equation for a particle of mass m moving in a
potential V (x) is

[
− 1

2m

∂2

∂x2
+ V (x)

]
ψ(x, t) = i

∂

∂t
ψ(x, t) (2.1)

Let the wavefunction be given at initial time t = ti by

ψ(x, ti ) = f (x) (2.2)

Then we would like to find the appropriate evolution operator such that

ψ(xf , tf ) =
∫

dxK(xf , tf ; x, ti )f (x) (2.3)

Now it is obvious that

K(xf , ti; x, ti ) = δ(xf − x) (2.4)

but what about general tf ?
We divide the time interval (tf − ti ) into (n + 1) small elements such that

t0 = ti (2.5)

t1 = ti + ε (2.6)

...

tn = ti + nε (2.7)

tf = ti + (n + 1)ε (2.8)

1) Our treatment follows that of M. Veltman, lectures given at International School of Elementary
Particle Physics, Basko-Polje, September 1974.
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The Lagrangian is

L = T − V (2.9)

= 1

2
mẋ2 − V (x) (2.10)

We can thus put the action into the discrete form

S =
∫ tf

ti

dtL (2.11)

=
n+1∑
k=1

ε

[
mẋ2

k

2
− V (xk)

]
(2.12)

=
n+1∑
k=1

ε

[
m

2ε2
(xk − xk−1)

2 − V (xk)

]
(2.13)

Hence given the xk(tk), we may compute S; a typical path is indicated on an x−t

plot in Fig. 2.1.

Figure 2.1 Typical path on x−t plot.
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Consider now the sum over all possible paths:∫ ∞

−∞
dx1 · · · dxn eiS (2.14)

This object holds the key to the required quantum mechanical evolution operator.
In the limit ε → 0 it will vanish in general, so it is necessary to take out a normal-
ization factor; we thus define

K(xf , tf ; xi, ti ) =
{

limn→∞
[ 1

(N(ε))

]n+1 ∫
dx1 · · · dxn eiS tf > ti (2.15)

0 tf < ti (2.16)

The appropriate value for the normalization factor, to be justified below, is

N(ε) =
(

2πiε

m

)1/2

(2.17)

With this factor included, a convenient shorthand is

K(xf , tf ; xi, ti ) =
∫

DxeiS tf > ti (2.18)

To find the equation satisfied by K , consider the time t = tf + ε, when the
position is xn+2. Then

K(xn+2, tf + ε; xi, ti )

= 1

N(ε)

∫
dxn+1 exp

{
iε

[
m

2ε2
(xn+2 − xn+1)

2 − V (xn+2)

]}

· K(xn+1, tf ; xi, ti ) (2.19)

= 1

N(ε)

∫ ∞

−∞
dη exp

[
im

2ε
η2 − iεV (xn+2)

]

· K(xn+2 + η, tf ; xi, ti ) (2.20)

where xn+2 = xn+1 − η. Expanding K in a Taylor series (putting xn+2 = x and
temporarily suppressing the arguments tf ; xi, ti ) yields

K(x + η) = K(x) + η
∂K

∂x
(x) + 1

2
η2 ∂2K

∂x2
(x) + · · · (2.21)

Using the Gaussian integrals

∫ ∞

−∞
dηe(ia/ε)η2 =

√
iπε

a
(2.22)
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∫ ∞

−∞
dη ηe(ia/ε)η2 = 0 (2.23)

∫ ∞

−∞
dη η2e(ia/ε)η2 = iε

2a

√
iπε

a
(2.24)

(here a = m/2) and expanding

e−iεV (k) = 1 − iεV (k) + O
(
ε2) (2.25)

one finds that

K(x, tf + ε; xi, ti )

= 1

N(ε)

[
1 − iεV (x)

]

·
√

2iπε

m

[
K(x, tf ; xi, ti ) + iε

2m

∂2K

∂x2
(x, tf ; xi, ti )

]
+ O

(
ε2) (2.26)

= K(x, tf ; xi, ti ) + ε
∂

∂tf
K(x, tf ; xi, ti )x + O

(
ε2) (2.27)

It follows that K satisfies the equation

i
∂

∂tf
K(x, tf ; xi, ti ) =

[
− 1

2m

∂2

∂x2
+ V (x)

]
K(x, tf ; xi, ti ) (2.28)

This has justified our choice of normalization N(ε) in Eq. (2.17). It also proves that
if ψ(xi, ti ) satisfies the Schrödinger equation (2.1), so does

ψ(xf , tf ) =
∫

dxK(xf , tf ; x, ti )ψ(x, ti ) (2.29)

as required. Thus K is the Green’s function for the Schrödinger operator satisfying
the equation

(
i

∂

∂tf
− V + 1

2m

∂2

∂x2
f

)
K(xf , tf ; xi, ti ) = δ(tf − ti )δ(xf − xi) (2.30)

In a scattering problem, the initial wavefunction is a plane wave. In a bound-state
problem, the initial wavefunction is unknown, so one has an eigenvalue problem
(solving ψf = ψi ), which is very difficult, in general.

In a problem where the potential term is small, it is most convenient to calculate
K in perturbation theory. One starts, in zeroth order, with the action

S0 =
∫ tf

ti

dt
1

2
mẋ2 (2.31)
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whereupon

K0(xf , tf ; xi, ti )

=
∫

DxeiS0 (2.32)

= lim
n→∞

(
m

2iπε

)(n+1)/2 ∫
dx1 · · · dxn · exp

[
im

2ε

n+1∑
k=1

(xk − xk−1)
2

]
(2.33)

= lim
n→∞

√
m

2iπε(n + 1)
exp

[
im

2ε(n + 1)
x

]2

(2.34)

=
√

m

2iπt
exp

(
im

2t
x2

)
(2.35)

where t = (n + 1)ε = tf − ti .
In reaching Eq. (2.34) we have used the integral

In =
∫ +∞

−∞
dx1 · · · dxn exp

{
iλ

[
(x1 − xi)

2 + · · · + (xf − xn)
2]} (2.36)

=
√

inπn

(n + 1)λn
exp

[
iλ

(n + 1)
(xf − xi)

2
]

(2.37)

This is easily verified for n = 1 and is proved in general by induction: Assume it to
be correct for n; then

In+1 =
√

inπn

(n + 1)λn

∫ +∞

−∞
dxn+1 exp

[
iλ

n + 1
(xn+1 − xi)

2 + iλ(xf − xn+1)
2
]

(2.38)

=
√

inπn

(n + 1)λn

∫ +∞

−∞
dxn+1

· exp

{
iλ

[
n + 2

n + 1
y2 − 2y(xf − xi) + (xf − xi)

2
]}

(2.39)

=
√

inπn

(n + 1)λn
exp

[
iλ

n + 2
(xf − xi)

2
] ∫ ∞

−∞
dx exp

(
iλ

n + 2

n + 1
z2

)
(2.40)

=
√

in+1πn+1

(n + 2)λn+1
exp

[
i

λ

n + 2
(xf − xi)

2
]

(2.41)
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as required. Here we used the substitutions

y = xn+1 − xi (2.42)

z = y − n + 1

n + 2
(xf − xi) (2.43)

respectively.
Going into momentum space and using the formulas

√
α

πi

∫ ∞

−∞
dpeipx+iαp2 = e−ix2/4α (2.44)

θ(t) = 1

2πi

∫ ∞

−∞
dτ

eiτ t

τ − iε
(2.45)

we may rewrite (with t = tf − ti , x = xf − xi )

K0(xf tf , xi ti ) = 1

2π
θ(t)

∫ ∞

−∞
dp eipx−i(p2/2m)t (2.46)

= 1

(2π)2i

∫ ∞

−∞
dp dτ

eipx−i(p2/2m)t+itτ

τ − iε
(2.47)

= 1

(2π)2i

∫ ∞

−∞
dp dE

ei(px−Et)

−E + p2/2m − iε
(2.48)

where E = p2/2m − τ .
Expression (2.48) represents the time development or propagation of the free

wavefunction; it is thus the nonrelativistic propagator.
For the first-order correction, one includes the term linear in V ,

K1(xf tf ; xi ti )

= −i

∫ tf

ti

dt

∫
DxeiS0V (x, t) (2.49)

= −i

[
1

N(ε)

]n+1 n+1∑
l=1

ε

∫
dx1 · · · dxn

· exp

[
i

n+1∑
k=1

m

2ε
(xk − xk−1)

2

]
V (xl, tl) (2.50)

= −i

n+1∑
l=1

ε

∫
dxl

[
1

N(ε)

]n−l+1 ∫
dxl+1 · · · dxn



44 2 Quantization

· exp

[
i

n+1∑
k=l+1

m

2ε
(xk − xk−1)

2

]
V (xl · tl)

[
1

N(ε)

]l ∫
dx1 · · · dxl−1

· exp

[
i

l∑
k=1

m

2ε
(xk − xk−1)

2

]
(2.51)

= −i

∫ ∞

−∞
dt

∫ ∞

−∞
dxK0(xf , tf ; x, t)V (x, t) · K0(x, t; xi, ti ) (2.52)

The time integration can safely be extended to the full range (−∞,+∞) because
of the property that K0 ∼ θ(t).

The second and higher orders are similar; for example,

K2 = (−i)2
∫

dt1 dt2 dx1 dx2K0(xf , tf ; x1, t1)V (x1, t1)

· K0(x1, t1; x2, t2)V (x2, t2)K0(x2, t2; xi, ti ) (2.53)

In general, the (n!)−1 of the exponential expansion is canceled by the existence
of the n! different time orderings. The full series reads

K(xf , tf ; xi, ti ) = K0(xf , tf ; xi, ti )

−i

∞∑
n=0

dt dxKn(xf , tf ; x, t)V (x, t)K0(x, t; xi, ti ) (2.54)

We may equivalently write a Bethe–Salpeter equation in the form

K(xf , tf ; xi, ti ) = K0(xf , tf ; xi, ti )

− i

∫
dt dxK(xf , tf ; x, t)V (x, t)K0(x, t; xi, ti ) (2.55)

The Feynman rules for this nonrelativistic single-particle case are indicated in
Fig. 2.2 for configuration space. Figure 2.3 shows the diagrammatic representation
of the Bethe–Salpeter equation, (2.55).

In momentum space, we define the Fourier transform of the potential as

V (x, t) =
∫

dp dEeipx−iEtV (p, E) (2.56)

whereupon the Feynman rules are as indicated in Fig. 2.4. Of course, the Feynman
diagrams are trivial for this nonrelativistic single-particle case, but they will become
very useful and nontrivial in quantum field theory.
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Figure 2.2 Feynman rules for nonrelativistic particle in configuration space.

Figure 2.3 Bethe–Salpeter equation.

Figure 2.4 Feynman rules for nonrelativistic particle in momentum space.

Now we may consider the calculation of an S-matrix element. Here, the initial
and final states are plane waves that extend over all space. The S-matrix element is
given by the overlap integral

∫
dxjψ

∗
out(xf , tf )ψin(xf , tf )

=
∫

dxf dxiψ
∗
out(xf , tf )K(xf , tf ; xi, ti )ψin(xi, ti ) (2.57)

The in and out states may be normalized such that there is precisely one particle
in all of space:∫

ψ∗
inψin d3x =

∫
ψ∗

ouψout d
3x = 1 (2.58)

or, in a box of volume V cm3, the plane-wave function is

ψ(x, t) = 1√
V

eik·x−iEt (2.59)
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for three-momentum k and energy E = k2/2m. The incident velocity is k/m and
since the density is V −1 particles/cm3, the incident flux is given by

k

V m
particles/cm2 · s (2.60)

Let the final momentum be p and the S-matrix be A(p, k, t), where T is the time
for which the potential is switched on so that the transition probability per second
is

|A(p, k, T )|2
T

(2.61)

The total cross section is obtained by integrating over the final-state momenta

σtot =
∫

d3p
V

(2π)3

V m

k

|A(p, k, T )|2
T

(2.62)

Here the factor V/(2π)3 is the density of plane waves in the box per unit three-
momentum interval. Note that since the in and out states are plane waves, they
extend over all space so that the potential must be switched on and off—very slowly
to minimize energy absorption.

Thus to find, as an illustrative example, the Rutherford cross section, we use the
Coulomb potential

V (x, t) = α

r
e−4t2/T 2

(2.63)

where the fine-structure constant is α = e2/4π = (137.036)−1. To find the proba-
bility per unit time we will need to divide by

∫ ∞

−∞
dte−8t2/T 2 =

√
T 2π

8
(2.64)

We will compute only the Born approximation (i.e., the first-order level, which
uses the kernel K1). The amplitude is

A(p, k, T ) =
∫

d3xf d3x dt d3xiψ
∗
out(xf , tf )K0(xf , tf ; x, t)

· (−i)V (x, t)K0(x, t; xi , ti )ψin(xi , ti ) (2.65)

Provided that tf � T and ti � −T , we can drop the θ(t) and use

K0 = 1

(2π)3

∫
d3q exp

[
iq · (xf − x) − i

q2

2m
(tf − t)

]
(2.66)

We find that
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A(p, k, T ) = −i

∫
d3xf d3xi d3x dt d3q d3q ′ 1

V

1

(2π)6
V (x, t)

· exp

[
−ip · xf + i

p2

2m
tf + iq · (xf − x) − i

q2

2m
(tf − t)

+ iq′ · (x − xi ) − i
q′ 2

2m
(t − ti ) + ik · xi − i

k2

2m
ti

]
(2.67)

= − i

V

∫
d3x dt exp

(
−ip · x + i

p2

2m
t + ik · x − i

k2

2m
t

)

· α

r
e−4t2/T 2

(2.68)

We need the integrals

∫ ∞

−∞
dteiat−4t2/T 2 = e−a2T 2/16

∫ ∞

−∞
dτe−4τ 2/T 2

(2.69)

=
√

πT 2

4
e−a2T 2/16 (2.70)

with a = (p2 − k2)/2m and (using a temporary cutoff at r = M−1)

∫
d3x

eiq·x

r
e−Mr = 2π

∫ ∞

0
r dre−Mr

∫ +1

−1
dz eiqrz (2.71)

= 4π

q2 + M2
(2.72)

In Eq. (2.71) we chose the z-axis along q = (k − p). With these integrals it follows
that

A(p, k, T ) = −4πi

V

α

q2 + M2

√
πT 2

4
e−a2T 2/16 (2.73)

and hence

probability
time

= |A|2
√

8

T 2π
(2.74)

= 16π2

V 2

α2

(q2 + M2)2

πT 2

4
e−a2T 2/8

√
8

T 2π
(2.75)
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As T increases we find eventually that

δ(a) = lim
T →∞

1

2π

∫ ∞

−∞
dτeiaτ−2τ 2/T 2

(2.76)

= lim
T →∞

(
1

2π
e−a2T 2/8

√
πT 2

2

)
(2.77)

so then

probability
time

= 16π2

V 2

α2

(q2 + M2)2
2πδ

(
k2

2m
− p2

2m

)
(2.78)

Finally, we compute the total cross section, using Eq. (2.62):

σtot =
∫

d3p
V

(2π)3

mV

k
α2 32π3

V 2

1

(q2 + M2)2

· δ

(
p2

2m
− k2

2m

)
(2.79)

Now, for E = p2/2m,∫
d3p = m

∫
d�

∫ √
2mE dE (2.80)

Also,

q2 = 4k2 sin2 θ

2
(2.81)

where θ is the scattering angle. Putting all this together, we arrive at

dσ

d�
= α2m2

4k4 sin4(θ/2)
(2.82)

which is the celebrated Rutherford formula [5].
To proceed to relativistic field theory, the number of degrees of freedom must be

increased from one to an infinite number. We first treat a field theory with defining
Lagrangian L(φ), containing no derivatives and with no local gauge invariance,
and show that we regain the same Feynman rules as from the usual canonical
procedure. Gauge theories are the subject of Section 2.3.

For a single degree of freedom, we had (let us put m = 1; it can be restored if
desired)

K(xf , tf ; xi, ti ) = lim
n→∞

(
1

2iπε

)(n+1)/2 ∫ ∞

−∞
dq1 · · · dqne

iS (2.83)
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S =
n+1∑
k=1

ε

[
1

2ε2
(qk − qk−1)

2 − V (qk)

]
(2.84)

=
n+1∑
k=1

ε

[
1

2
q̇2
k − V (qk)

]
(2.85)

We may now use

1√
2iπε

exp

(
1

2
εq̇2

k

)
=

∫
dpk

2π
exp

[
iε

(
pkq̇k − 1

2
p2

k

)]
(2.86)

to rewrite

K =
∫

DpDq

2π
exp

{
i

∫ ∞

−∞

[
pq̇ −

(
1

2
p2 + V

)]
dt

}
(2.87)

= lim
n→∞

∫ n∏
i=1

dqi

n+1∏
j=1

dpj

2π

· exp

{
i

n+1∑
j=1

[
pj (qj − qj−1) − H

(
pj ,

1

2
(qj + qj−1)

)
(tj − tj−1)

]}

(2.88)

where

H(p, q) = 1

2
p2 + V (q) (2.89)

is the Hamiltonian. Thus the following are equivalent formulas for the one-degree-
of-freedom case:

K(xf , tf ; xi, ti ) =
∫

DqDp

2π
ei

∫
(pq̇−H)dt (2.90)

=
∫

Dqei
∫

L(q,q̇)dt (2.91)

=
∫

DqeiS (2.92)

The generalization of Eq. (2.88) to any finite number N of degrees of freedom is
immediate: namely,
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K(q1f · · · qNf , tf ; q1f · · · qNi, ti )

=
∫ N∏

α=1

DpαDqα

2π
exp

{
i

∫ tf

ti

[
N∑

α=1

pαq̇α − H(p, q)

]
dt

}
(2.93)

= lim
n→∞

∫ N∏
α=1

n∏
i=1

dqα(ti )

n+1∏
i=1

dpα

2π
(ti)

· exp

(
i

n∑
j=1

{
N∑

α=1

pα(tj )
[
qα(tj ) − qα(tj−1)

]

− εH

(
p(tj ),

q(tj ) + q(tj−1)

2

)})
(2.94)

This is the appropriate transformation matrix (or time evolution matrix) for many
degrees of freedom.

Consider now a scalar field φ(x). We subdivide space into cubes of side ε and
volume ε3, labeled by the index α (which runs over an infinite number of values).
Then define

φα = 1

ε3

∫
Vα

d3xφ(x, t) (2.95)

The Lagrangian becomes

L′ =
∫

d3xL (2.96)

=
∑
α

ε3Lα

(
φ̇α(t), φα(t), φα±ε(t)

)
(2.97)

The momentum conjugate to φα is

pα(t) = − ∂L′

∂φ̇α(t)
= ε3 ∂Lα

∂φ̇α(t)
= ε3πα(t) (2.98)

and the Hamilton becomes:

H ′ =
∑
α

pαφ̇α − L′ (2.99)

=
∑
α

ε3Hα (2.100)

Hα = παφ̇α − Lα (2.101)
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The transformation matrix for the field theory may now be written

lim
n→∞
ε→0

∫ ∏
α

n∏
i=1

dφα(ti )

n+1∏
i=1

ε3

2π
dπα(ti )

· exp

{
i

n+1∑
j=1

ε
∑
α

ε3
[
πα(tj )

φα(tj ) − φα(tj−1)

ε

− Hα

(
πα(tj ), φα(tj ), φα±ε(tj )

)]}

=
∫

Dφ D

(
π

ε3

2π

)
exp

[ ∫ tf

ti

dτ d3x

(
π

∂φ

∂τ
− H

)]
(2.102)

where in the final form we have changed the variable t to τ = it to go into Euclid-
ean space. These functional integrals are better defined in Euclidean space than in
Minkowski space. It is then postulated that the Minkowski Green’s functions are
obtained by analytic continuation in τ of the Euclidean ones.

The generating functional may be written, with an external source J , as

W [J ] =
∫

Dφ D

(
πε3

2π

)

· exp

{
i

∫
d4x

[
π(x)φ̇(x) − H(x) + J (x)φ(x)

]}
(2.103)

Then the complete Green’s functions (including the disconnected contributions)
are given by

δnW [J ]
δJ (x1) · · · δJ (xn)

∣∣∣∣
J=0

= in〈0|T (
φ(x1) · · · φ(xn)

)|0〉 (2.104)

= inG(x1 · · · xn) (2.105)

The connected Green’s functions are given by

Gc(x1 · · · xn) = (−i)n−1 δnZ[J ]
δJ (x1) · · · δJ (xn)

∣∣∣∣
J=0

(2.106)

where

W [J ] = exp
(
iZ[J ]) (2.107)

Let us prove that Z[J ] generates the connected graphs only. Graphically, the gen-
eral n-point Green’s function inG(x1, . . . , xn) is composed of many connected sub-
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graphs. Of these, let pi be i-point connected graphs, such that
∑

ipi = n. A graph-
ical expansion is thus given by

inG(x1, x2, . . . , xn)

=
∑

partitions {p1···pk}∑
ipi=n

∑
permutations

{x1···xn}

ip1Gc(x1) · · ·Gc(xp1)

· · · ipkGc(x∑k−1
i=1 ipi

· · · xn)W [0] (2.108)

where the Gc are connected Green’s functions and the factor W [0] is the sum of
the amplitudes of all vacuum–vacuum graphs. But from our definitions,

inG(x1 · · · xn) = δn

δJ (x1) · · · δJ (xn)
W [J ]

∣∣∣∣
J=0

(2.109)

= δn

δJ (x1) · · · δJ (xn)
eiZ[J ]

∣∣∣∣
J=0

(2.110)

This may be rewritten as

inG(x1 · · · xn) =
∑

{p1···pk}∑
ipi=n

∑
{x1···xn}

δ(iZ)

δJ (x1)

∣∣∣∣
J=0

· · · δ(iZ)

δJ (xp1)

∣∣∣∣
J=0

· · · δpk (iZ)

δJ (xk−1)···δJ (xn)∑
1 ipi+1

∣∣∣∣
J=0

eiZ[J ]∣∣
J=0 (2.111)

The identification

inGc(x1 · · · xn) = δn

δJ (x1) · · · δJ (xn)
iZ[J ]

∣∣∣∣
J=0

(2.112)

follows by induction on n, from Eqs. (2.108) and (2.111). Therefore,

Gc(x1 · · · xn) = (−i)n−1 δn

δJ (x1) · · · δJ (xn)
Z[J ]

∣∣∣∣
J=0

(2.113)

Let us now suppose that the Hamiltonian is in the form

H(x) = 1

2
π2(x) + f (φ, ∇φ) (2.114)

Then we may perform the π functional integral by recalling that

∫ ∞

−∞
dp

2π
exp

[
iε

(
pq̇ − 1

2
p2

)]
= 1√

2πiε
e(1/2)iεq̇2

(2.115)
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and hence∫
D

(
πε3

2π

)
exp

[
i

∫
d4x

(
πφ̇ − π2

2

)]
∼ exp

{
i

[ ∫
d4x

(
1

2
φ̇2

)]}
(2.116)

Thus

W [J ] =
∫

Dφ D

(
πε3

2π

)
exp

[
i

∫
d4x(xφ̇ − H + Jφ)

]
(2.117)

∼
∫

Dφ exp

[
i

∫
d4x(L + Jφ)

]
(2.118)

Writing

L = L0 + LI (2.119)

L0 = 1

2

[
(∂µφ)2 − µ2φ2] (2.120)

LI = LI (φ) (2.121)

in Euclidean space, we have the convergent integral

WE[J ] =
∫

Dφ exp

[
−

∫
d3x dτ

[
1

2

(
∂φ

∂τ

)2

+ 1

2
(∇φ)2 + µ2φ2 − LI (φ) − Jφ

]]
(2.122)

To obtain the right boundary conditions, we need to add a term ∼ iε which en-
sures that positive (but not negative) frequencies are propagating forward in time.
The appropriate replacement is

L0 → 1

2

[
(∂µφ)2 − µ2φ2 + iεφ2] (2.123)

which also provides a convergence factor exp(−εφ2) in Minkowski space.
In zeroth order, for the free-field case, we therefore have

W0[J ]

=
∫

Dφ exp

{
i

∫
d4x

[
1

2
(∂µφ)2 − 1

2
µ2φ2 + 1

2
iεφ2 + Jφ

]}
(2.124)

= lim
ε→0

∫ ∏
α

dφα exp

(
i
∑
α

ε4
∑
β

ε4 1

2
φαKαβφβ +

∑
α

ε4Jαφα

)
(2.125)
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where we have written a matrix form which is such that

α → x

β → y

}
as ε → 0 (2.126)

and

lim
ε→0

Kαβ = (−∂2 − µ2 + iε
)
δ4(x − y) (2.127)

We can perform the integral exactly in this discretized form, to obtain

W0[J ] = lim
ε→0

1√
det Kαβ

∏
α

2πi

ε4

· exp

[
−1

2
i
∑
α

ε4
∑
β

ε4Jα

1

ε8

(
K−1)

αβ
Jβ

]
(2.128)

with

(
K−1)

αβ
(K)βγ = δαγ (2.129)

Taking the continuum limit, which implies that

1

ε4
δαβ → δ(x − y) (2.130)

∑
α

ε4 →
∫

d4x (2.131)

we define as the propagator

1

ε8

(
K−1)

αβ
→ �F (x − y) (2.132)

Then

W0[J ] = exp

[
−1

2
i

∫
d4x d4yJ (x)�F (x − y)J (y)

]
(2.133)

where �F satisfies

(−∂2 − µ2 + iε
)
�F (x − y) = δ(x − y) (2.134)

The solution of this is

�F (x − y) =
∫

d4k

(2π)4

e−ik·(x−y)

k2 − µ2 + iε
(2.135)

This is the Feynman propagator.
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For the interacting case, we have

W [J ] =
∫

Dφ exp

[
i

∫
d4x(L0 + LI + Jφ)

]
(2.136)

= exp

[
i

∫
d4xLI

(
−i

δ

δJ (x)

)]

·
∫

Dφ exp

[
i

∫
d4x(L0 + Jφ)

]
(2.137)

∼
∞∑

p=0

(i)p

p!
[ ∫

d4xLI

(
−i

δ

δJ

)]p

· exp

[
− i

2

∫
d4x d4yJ (x)�F (x − y)J (y)

]
(2.138)

The usual Wick’s theorem now follows by repeated use of

δ

δJ (x)
J (y) = δ4(x − y) (2.139)

For a given number (n) of space-time points and given number (p) of vertices
(i.e., pth order of perturbation theory), we can represent the result of computing
Eq. (2.138) diagramatically. There are both connected and disconnected diagrams;
examples for n = 4 and p = 2 are shown in Fig. 2.5, where the interaction is taken
as LI = −λφ4. For this case, each interaction vertex involves a 4! factor because of
the 4! ways the (δ/δJ )4 can be applied. Apart from this, every possible graph occurs
once in the expression. Thus, each vertex gives

−4!iλ
∫

d4x (2.140)

and each propagator gives

i�F (x − y) (2.141)

Note that the 1
2 factor in the W0[J ] exponent goes out because of the two J factors.

The external lines carry propagators; to find an S-matrix element, we put the ex-
ternal lines on a mass shell, canceling the external propagators by Klein–Gordon
operators.

The general rules are now clear. We write down n points x1 · · · xn, and p points
x, y, z,w, v, u, . . . and arrive at an expression

(−iλ)p(4!)p
∫

d4x · · · d4u
∑
all

diagrams

[
(i)(4p+n)/2 then

n + 4p

2
propagators

]

(2.142)
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Figure 2.5 Second-order Feynman dia-
grams for λφ4 field theory.

The rules can be reexpressed in momentum space, but we leave that to the reader.
Let us now reproduce the same Feynman rules from the canonical formalism.2)

The starting Lagrangian was

L = 1

2

[
(∂µφ)2 − µ2φ2] − λφ4 (2.143)

The canonically conjugate momentum is

π = ∂L

∂φ̇
= φ̇ (2.144)

and hence the Hamiltonian is

H = πφ̇ − L (2.145)

= π2 − 1

2
π2 + 1

2
(∇φ)2 + 1

2
µ2φ2 + λφ4 (2.146)

2) The reader familiar with canonical quantization may skip the remainder of this section.
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=
[

1

2
π2 + 1

2
(∇φ)2 + 1

2
µ2φ2

]
+ λφ4 (2.147)

= H0 + HI (φ) (2.148)

The Heisenberg equations of motion are

∂φ

∂t
= i[H ′, φ] (2.149)

∂π

∂t
= i[H ′, π] (2.150)

H ′ =
∫

d3xH (2.151)

The canonical quantization of the fields proceeds by requiring that

[
φ(x, t), π(x′, t)

] = iδ3(x − x′) (2.152)

[
φ(x, t), φ(x, t)

] = 0 (2.153)

[
π(x, t), π(x′, t)

] = 0 (2.154)

Next we introduce a unitary time-evolution operator relating the in state to the
interacting state:

φ(x) = U−1(t)φin(x)U(t) (2.155)

π(x) = U−1(t)πin(x)U(t) (2.156)

Starting from

φin = UφU−1 (2.157)

and differentiating with respect to time, using U−1U = 1 and the equations of
motion, one easily finds that

∂φin

∂t
= [

U̇U−1, φin
] + i

[
H(φin), φin

]
(2.158)

But, by definition,

∂φin

∂t
= i

[
H0(φin), φin

]
(2.159)

Therefore,

iU̇U−1 = HI (t) (2.160)
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i
∂U̇ (t, t ′)

∂t
= HI (t)U(t, t ′) (2.161)

The well-known solution is [here U(t1, t2) = U(t1)U
−1(t2)]

U(t, t ′) = 1 − i

∫ t

t ′
dt1 HI (t1)U(t1, t

′) (2.162)

=
∞∑

n=0

(−i)n
∫ t

t ′
dt1

∫ t1

t ′
dt2 · · ·

∫ tn−1

t ′
dtn HI (t1) · · ·HI (tn) (2.163)

=
∞∑

n=0

(−i)n

n!
∫ t

t ′
dt1 · · ·

∫ tn−1

t ′
dtn T

(
HI (t1) · · · HI (tn)

)
(2.164)

= T exp

[
−i

∫
d4xHI

(
φ(x)

)]
(2.165)

= T exp

[
+i

∫
d4xLI

(
φ(x)

)]
(2.166)

To calculate the required Green’s functions, we write

G(x1 · · · xn)

= 〈0|T (
φ(x1) · · ·φ(xn)

)|0〉 (2.167)

= 〈0|T (
U−1(t1)φin(x1)U(t1, t2)φin(x2) · · ·φin(xn)U(tn)

)|0〉 (2.168)

Using Eq. (2.166) leads us to

G(x1 · · · xn)

=
〈
0

∣∣∣∣T (
�in(x1) · · · �in(xn)

) · exp

[
i

∫ t1

tn

d4xLI (�in)

]∣∣∣∣0
〉

(2.169)

=
∞∑

p=0

(i)p

p!
∫

d4x d4u (p integrations)

· 〈0|T (
�in(x1) · · ·φin(xn)LI

(
φin(x)

) · · ·LI

(
φin(u)

))|0〉 (2.170)

Now, we use Wick’s algebraic theorem [6] for time-ordered products:

T
(
φin(x1) · · · φin(xn)

) =: φin(x1) · · · φin(xn) :

+ 〈0|T (
φin(x1)φin(x2)

)|0〉 : φ(x3) · · · φ(xn) :



2.3 Faddeev–Popov Ansatz 59

+ permutations

+ · · ·

+ 〈0|T (
φin(x1)φin(x2)

)|0〉〈0|T (
φin(x3)φin(x4)

)|0〉

· · · 〈0|T (
φin(xn−1)φin(xn)

)|0〉

+ permutations (2.171)

Finally, exploiting the fact that

〈0|T (
φin(x1)φin(x2)

)|0〉 = i�F (x1 − x2) (2.172)

= i

∫
d4k

(2π)4

e−ik·(x1−x2)

k2 − µ2 + iε
(2.173)

we again obtain Feynman rules: For the contribution of order p in LI to the n-
point function, we draw (n + p) dots, make all possible diagrams, and arrive at an
expression (for LI = −λφ4)

(−iλ)p(4!)p
∫

d4x · · · d4u
∑
all

diagrams

[
(i)(4p+n)/2 then

n + 4p

2
propagators

]

(2.174)

agreeing precisely with Eq. (2.142), which was obtained from a path integral.
Thus not only have we illustrated the attractive use of the path integrals in non-

relativistic scattering problems, but we have also proved that one obtains precisely
coincident results for quantizing a field theory using path integrals as one does
using the conventional canonical quantization procedure.

2.3
Faddeev–Popov Ansatz

To obtain the correct Feynman rules and study renormalization of non-Abelian
gauge field theories, it is simpler to quantize using path integrals [7–13]. The
canonical quantization procedure becomes particularly awkward in this case.

Let us consider an SU(2) Yang–Mills theory [14] in the Coulomb gauge [15]. In
the first-order formalism where Aa

µ and Fa
µν are independent, the Lagrangian is

L = 1

4
Fµν · Fµν − 1

2
Fµν · (∂µAν − ∂νAµ + gAµ

∧Aν) (2.175)

with a · b = aaba and (a∧b)a = εabcabbc · L is invariant under the local gauge
transformations
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Aµ(x) → Aµ(x) + U(x)∧Aµ(x) − 1

g
∂µU(x) (2.176)

Fµν(x) → Fµν(x) + U(x)∧Fµν (2.177)

where

U(x) = 1 − i

2
τττ · θθθ(x) (2.178)

The Euler–Lagrange equations of motion are

∂L

∂Fµν

= 0 (2.179)

∂L

∂Aµ

= ∂ν

∂L

∂(∂νAµ)
(2.180)

which give, respectively,

Fµν = ∂µAν − ∂νAµ + gAµ
∧Aν (2.181)

∂µFµν + gAµ
∧Fµν = 0 (2.182)

The question now is: What are really the independent fields? These equations im-
pose constraints and lead to possible inconsistencies (e.g., absence of conjugate
momenta). It would be inconsistent to impose canonical commutators on all field
components, including the dependent ones, because this would contradict the con-
straints, in general, at the quantum level.

Consider first the fact that

∂L

∂(∂0Aµ)
= −F0µ (2.183)

Thus, for Ai , F0i is the canonically conjugate momentum.
On the other hand, L is independent of ∂0A0, so that A0 is not independent. We

can immediately express Fij from Eq. (2.181) as

Fij = ∂iAj − ∂j Ai + gAi
∧Aj (2.184)

but there is also the relation, from Eq. (2.182),

(∇k + gAk
∧)Fk0 = 0 (2.185)

This implies that not all Fk0, and hence not all Ak , are independent. We may
exploit local gauge invariance and impose the Coulomb gauge condition

∇iAi = 0 (2.186)
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We separate F0i into transverse and longitudinal parts,

F0i = FT
0i + FT

0i (2.187)

such that ∇iFT
0i = 0 and

∇iF0i = ∇iFL
0i (2.188)

εijk∇j FL
0k = 0 (2.189)

Now we wish to write A0 and FL
0i in terms of independent variables and hence

construct the Hamiltonian as a function only of FT
0i and Ai .

Because of Eq. (2.189) we may write (defining f)

FL
0k = −∇kf (2.190)

Also, we define the generalized electric field

Ei = FT
0i (2.191)

Now, from Eq. (2.185) we may write

(∇k + gAk
∧)Fk0 = DkFk0 (2.192)

= 0 (2.193)

Therefore,

Dk∇kf = gAi
∧Ei (2.194)

Now let us formally assume that the operator

Oab
(
Ai (x)

) = Dab
k ∇k (2.195)

= [
δab∂k − gεabcAc

k(x)
]∇k (2.196)

possesses an inverse, denoted by the Green’s function, satisfying

Oab
(
Ai(x)

)
Gbc(x, y,A) = δ(x − y)δac (2.197)

(Important note: This assumption is not strictly correct, since the operator Oab is
singular [16, 17]; however, our conclusions will be valid in perturbation theory.)

Then the solution is written

f a(x, t) = g

∫
d3yGab(x, y, A)εbcdAc

k(y, t)Ed
k (y, t) (2.198)
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or, symbolically,

f = gGAk
∧Ek (2.199)

where G denotes the integral operator.
Similarly, we may find an equation for A:

∂0Ai = F0i + (∇i + gAi
∧)A0 (2.200)

Taking the divergence, and using the Coulomb gauge condition, Eq. (2.186), results
in

Oab
(
Ai (x)

)
Ab

0(x) = ∇2f a (2.201)

so that

A0 = G∇2f (2.202)

Since Ai and Ei are conjugate variables, the Hamiltonian density is

H = Ei · Ȧi − L (2.203)

Using Eq. (2.200), we have

Ȧi = Ei − ∇i f + (∇i + gAi
∧)G∇2f (2.204)

and hence

∫
d3xEi · Ȧi =

∫
d3x

[
E2

i − f · ∇2f
]

(2.205)

=
∫

d3x
[
E2

i + (∇i f)2] (2.206)

But

L = 1

4
Fµν · Fµν − 1

2
Fµν · (∂µAν − ∂νAµ + gAµ

∧Aν) (2.207)

= 1

2
(F0k)

2 − 1

2
(Bi )

2 (2.208)

= 1

2
(EK − ∇kf)2 − 1

2
(Bi )

2 (2.209)

so that, after partial integration, one obtains

∫
d3xL =

∫
d3x

[
1

2

(
E2

i − B2
i

) + 1

2
(∇kf )2

]
(2.210)
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so the Hamiltonian may be written

H = 1

2

∫
d3x

[
E2

i + B2
i + (∇i f )2] (2.211)

Here Ba
i = 1

2εijkF
a
jk is the generalized magnetic field, and we have used∫

d3x(Ek · ∇kf ) = 0.
The generating functional in the Coulomb gauge is thus

Wc[J ] =
∫

DET
i DAT

i

· exp

{
i

∫
d4x

[
Ek · Ȧk − 1

2
E2

k − 1

2
B2

k − 1

2
(∇kf)2 − AkJk

]}
(2.212)

To extend the path integral to all components of Ei and Ai , we make the decompo-
sition

Ei =
(

δij − ∇i

1

∇2
∇j

)
Ej + ∇i

1

∇2
EL (2.213)

so that

EL = ∇iEi (2.214)

The Jacobian to pass from Ei to EL
i and ET

i is independent of the fields and is hence
only an irrelevant multiplicative constant in the generating functional. Treating Ai

similarly, one arrives at

Wc[J ] =
∫

DEi DAi

∏
x

δ(∇kEk)δ(∇kAk)

· exp

{
i

∫
d4x

[
Ek · Ȧk − 1

2
E2

k − 1

2
B2

k − 1

2
(∇kf )2 − Ak · Jk

]}
(2.215)

The Feynman rules found in this way are noncovariant, and awkward for calcula-
tions, but with a little more effort we may arrive at a covariant form, involving path
integrals over the Lorentz vector and tensor Aµ and Fµν together with extra delta
functions and a very important determinant (Jacobian).

Starting from Eq. (2.199) enables us to insert an integral∫
Dfδ(f − gGAk

∧Ek) (2.216)

We may also write this, using Eq. (2.194), as∫
Df(det Mc)δ(∇iDi f − gAk

∧Ek) (2.217)
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where Mc (the subscript denoting Coulomb gauge) is the matrix, dropping an ir-
relevant overall factor (1/g),

Mab
c (x, y) = ∇2[δabδ3(x − y) + gεabcG0(x, y)Ac

i (y)∇i

]
δ(x0 − y0) (2.218)

with G0(x, y) the Abelian Coulomb Green’s function satisfying

∇2G0(x, y) = δ3(x − y) (2.219)

We now change variables to

F0i = Ei − ∇i f (2.220)

and write

DEiDf
∏
x

δ(∇iEi )δ(∇iDi f − gAk
∧Ek)

= DF0iDf
∏
x

δ
(∇iF0i + ∇2f

)
δ
(∇2f − aAi

∧F0i

)
(2.221)

= DF0iDf
∏
x

δ(∇iF0i + gAi
∧F0i )δ

(∇2f − gAi F̂0i

)
(2.222)

The path integral over f may now be performed, using the second delta function,
with Jacobian det(∇2) providing only a field-independent (infinite) multiplicative
constant.

Proceeding further, we rewrite

∏
x

δ(∇iF0i + gAi
∧F0i )

=
∏
x

∫
dA0

2π
exp

[
iA0 · (∇iF0i + gAi

∧F0i )
]

(2.223)

∝
∫

DA0 exp

[
i

∫
d4xF0i (gA0

∧Ai − ∇iA0)

]
(2.224)

Also,

∫
DFij exp

{
i

∫
d4x

[
1

4
Fij · Fij − 1

2
Fij · (∇iAj − ∇j Ai + gAi

∧AJ )

]}

∝ exp

[
−1

4
i

∫
d4x(∇iAj − ∇j Ai + gAi

∧Aj )
2
]

(2.225)

Collecting results then gives the required covariant form for the generating func-
tional, namely
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Wc[J] =
∫

DAµ DFµν(det Mc)
∏
x

δ(∇iAi )

· exp

[
i

∫
d4x(L + Jµ · Aµ)

]
(2.226)

Here we set the time component of the external source to zero J0 = 0, by definition.
Recall that

Mab
c (x, y) = ∇2[δabδ3(x − y) + gεabcG0(x, y)Ac

i (y)∇i

]
δ(x0 − y0) (2.227)

so that

det Mc = det ∇2 det(1 + L) (2.228)

1ab = δabδ4(x − y) (2.229)

Lab = gεabcG0(x, y)Ac
i (y)∇iδ(x0 − y0) (2.230)

We may then evaluate

det(1 + L) = exp
[
Tr log(1 + L)

]
(2.231)

= exp
∞∑

n=1

(−1)n−1

n

·
∫

d4x1 · · · d4xn Tr
(
L(x1, x2)L(x2, x3) · · ·L(xn, x1)

)
(2.232)

This term modifies the Feynman rules at each order and has appearance of a
closed-loop expression. We shall see below, in a more general treatment, how this
modification is incorporated correctly.

At this point it is interesting to note that the correct Feynman rules can be ex-
tracted from Eqs. (2.226), (2.228), and (2.232) and it is a little surprising that no one
did such an analysis between the invention of Yang–Mills theory in 1954 and the
works of Faddeev and Popov [18–20] in 1967 and, specific to the Coulomb gauge,
the work of Khriplovich [15] in 1970.

Before proceeding to the general treatment (for any gauge) of Faddeev and Popov,
there is one subtlety to tidy up in the analysis above, as noted following Eq. (2.197).
The point is that the operator

Oab
(
Ai (x)

) = Dab
k ∇k (2.233)

is singular (i.e., has zero determinant), and hence no Green’s function satisfying
Eq. (2.197) exists [16, 17].
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The way to proceed in this situation is to enumerate the nonzero eigenvalues and
the zero modes according to (M and N may be infinite)

Oab(x)ψb(n)(x) = λ(n)ψa(n)(x) n = 1, 2, . . . , N, λ(n) �= 0 (2.234)

Oab(x)hb(m)(x) = 0 m = 1, 2, . . . , M (2.235)

The completeness relation now reads

N∑
n=1

ψ(n)
a (x)ψ

(n)∗
b (y)

M∑
m=1

h(m)
a (x)h

(m)∗
b (y) = δabδ(x − y) (2.236)

We may conveniently divide the vector space F spanned by the eigenvectors of
Oab(x) into two orthogonal subspaces: the spurious subspace S spanned by the
zero modes h

(m)
a (x) and the physical subspace P spanned by the ψ

(n)
a (x). Projecting

on the subspace P then allows us to define a unique inverse G acting on P of
Oab(x) satisfying

Oab
(
Ai (x)

)
G bc(x, y, A) = δacδ(x − y) −

M∑
m=1

h(m)
a (x)h(m)∗

c (y) (2.237)

Let us define

Ōab(x) = −gεabcAc
i (x)∇ i

x (2.238)

so that

Oab(x) = δab∇2
x + Ōab(x) (2.239)

Equation (2.237) may now be recast in the integral form

Gab(x, y, A) = δabG0(x, y) −
∫

d3zG0(x, z)
∑
m

h(m)
a (z)h

(m)∗
b (y)

−
∫

d3zG0(x, z)Ōac(z)Gcb(z, y,A) (2.240)

where G0(x, y) is the Abelian Coulomb Green’s function, which satisfies
Eq. (2.219).

To confirm Eq. (2.240) is immediate. Suppressing all internal symmetry labels,
and integrations, one has

G = G0(∇2 + Ō)G − G0OG (2.241)

= G0OG − G0OG (2.242)
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= G0

(
1 −

∑
hh∗

)
− G0OG (2.243)

= G0 − G0

∑
hh∗ − GOG (2.244)

as required.
Now, the Green’s function (2.240) differs from that of the less careful earlier

analysis only by the presence of the extra term containing zero modes. But the
density ∇2f of Eq. (2.197) lies3) in the physical subspace P and hence is orthogonal
to all vectors in S, that is,

(∇2f · h(m)
) = 0 for all m (2.245)

and hence

G ∇2f = G∇2f (2.246)

This has the consequence that when we use the correct Green’s function,
Eq. (2.240), in perturbation theory, then since G acts always on vectors in the phys-
ical subspace P , the zero-mode term gives no new contribution and the results are
unchanged from those derived earlier.

It should be noted, however, that although the zero modes do not contribute
terms analytic at g = 0, they may provide important nonperturbative effects of
order 1/g or exp(a/g). These may be dominant in, for example, quantum chro-
modynamics [21–23], where the expected spectrum of bound-state hadrons is not
visible at any order of the perturbation expansion in g.

The canonical quantization above has been restricted to the Coulomb gauge, and
we have arrived at the generating functional,

Wc[J ] =
∫

DAµ DFµν det Mc

∏
x

δ(∇iAi)

· exp

[
i

∫
d4x(L + Jµ · Aµ)

]
(2.247)

We cannot do the Fµν path integral to arrive at the second-order form

WC[J ]

=
∫

DAµ

[
det Mc

∏
x

δ(∇iAi )

]

· exp

{
i

∫
d4x

[
−1

4
(∂µAν − ∂νAµ + gAµ

∧Aν)
2 + Jµ · Aµ

]}
(2.248)

3) This statement [and Eq. (2.245)] is really a physical assumption and we do not claim mathematical
rigor here.
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Except for the term in the first set of bracket, on the right side, this is the standard
form in Section 2.2. So why is the standard form not applicable when there is
local gauge invariance? Following Faddeev and Popov [18–20] (see also Fradkin and
Tyutin [24, 25]), we may express the reason in at least two equivalent forms:

1. The propagator is the inverse of the matrix in the quadratic piece of the La-
grangian. This is unique for a nongauge theory, but in a gauge theory, the matrix
is singular. From Eq. (2.248) the quadratic term is

1

2
Aµ(x)Kµ,ν(x, y)Aν(y) (2.249)

with

Kµν(x, y) = −(∇2gµν − ∂µ∂ν

)
δ4(x − y) (2.250)

This has zero eigenvalues (K ·AL = 0), and hence the propagator is not defined.
Because of local gauge invariance, the longitudinal part AL

i in the path integral
is completely undamped.

2. An even more useful viewpoint is to observe that within the manifold of all
fields Aµ(x) encountered in the domain of the path integral, the action S is
constant on orbits of the gauge group because of local gauge invariance. What
is required is evaluation of the functional only for distinct orbits, and it seems
reasonable [18] to divide out the infinite orbit volume.

In this spirit we define a hypersurface within the manifold of all fields by the
gauge-fixing condition

Fa(Aµ) = 0 a = 1, 2, . . . , N (2.251)

where N is the number of generators of the gauge group. Let us denote a gauge
function by g; then (with Aµ = Aa

µT a)

Ag
µ = U(g)AµU−1(g) − i

g

(
∂µU(g)

)
U−1(g) (2.252)

The equation

Fa

(
Ag

µ

) = 0 (2.253)

is assumed to have one unique solution g so that any orbit intersects this hyper-
surface precisely once. This is always true locally within the group space, although
gauge-fixing degeneracy [16] leads globally to multiple intersections [26, 27], which
are handled later.

Let the unitary gauge transformation operator be U(g) as in Eq. (2.252); that is,

U(g) = exp
[
iT · g(x)

]
(2.254)
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Then

U(g)U(g′) = U(gg′) (2.255)

and

d(g′) = d(gg′) (2.256)

follow from the group properties.
Writing

U(g) � 1 + ig · T + O
(
g2) (2.257)

we may express

dg ≡
∏
a

dga(x) (2.258)

for infinitesimal transformations g � 1.
The argument of Faddeev and Popov [18] proceeds as follows. We begin with the

naive expression for the vacuum-to-vacuum amplitude

W [0] =
∫

DAµ exp

(
i

∫
d4xL

)
(2.259)

Now define �F [Aµ] such that

�F [Aµ]
∫ ∏

x

dg(x)
∏
x,a

δ
(
Fa

(
Ag

µ(x)
)) = 1 (2.260)

The quantity �F [Aµ] is easily shown to be gauge invariant using

�−1
F [Aµ] =

∫ ∏
x

dg′(x)
∏
x,a

δ
(
Fa

(
Ag′g

µ (x)
))

(2.261)

=
∫ ∏

x

d
(
g(x)g′(x)

)∏
x,a

δ
(
Fa

(
Ag′g

µ (x)
))

(2.262)

=
∫ ∏

x

dg′′(x)
∏
x,a

δ
(
Fa

(
Ag′′

µ (x)
))

(2.263)

= �−1
F [Aµ] (2.264)
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We may insert the resolution of the identity (2.260) into the naive expression
(2.259) to arrive at

W [0] =
∫ ∏

x

dg(x)

∫
DAµ�F [Aµ]

∏
x,a

δ
(
Fa(Ag

µ)
)

· exp

[
i

∫
d4xL(x)

]
(2.265)

Using the gauge invariance of �F and L, the functional integral may be considered
as an integral over A

g
µ, and we may drop the infinite factor∫ ∏

x

dg(x) (2.266)

and define

W [J] =
∫

DAµ�F [Aµ]
∏
x,a

δ
(
Fa

(
Aµ(x)

))

· exp

{
i

∫
d4x

[
L(x) + AµJµ

]}
(2.267)

Our next task is the computation of �F . Let us define the matrix MF by

Fa
(
Ag

µ(x)
) = Fa

(
Aµ(x)

) + 1

g

∫
d4y

∑
b

MF (x, y)abgb(y) + O
(
g2) (2.268)

Then the Faddeev–Popov determinant is

�−1
F [Aµ] =

∫ ∏
x,a

dga(x)δ
(
Fa

(
Ag

µ(x)
))

(2.269)

=
∫ ∏

x,a

[
dga(x)δ

(
1

g
MF g

)]
(2.270)

so that, within the constant of proportionality (1/g),

�F [Aµ] = det(MF ) (2.271)

= exp(Tr ln MF ) (2.272)

Let us compute this in certain examples:

Example 1. Coulomb gauge

Fa(Aµ) = ∇kA
a
k (2.273)

Note that
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U(g) = 1 + ig · T (2.274)

Ag
µ · T = U(g)

[
Aµ · T + 1

ig
U−1(g)∂µU(g)

]
U−1(g)

[
cf. Eq. (1.71)

]
(2.275)

= (1 + igaTa)

[
Ab

µT b + 1

ig

(
1 − igcT c

)
iT d∂µgd

](
1 − igeT e

)
(2.276)

= Aa
µTa + iga

[
T a, T b

]
Ab

µ + 1

ig

(
iT d∂µgd

)
(2.277)

= Aa
µT a + 1

g
T a∂µga − εabcAb

µgbT
a + O

(
g2) (2.278)

This is for any gauge; specializing to the Coulomb gauge yields

∇iA
g
i = ∇iAi + 1

g

(∇2δab − gεabcAc
i ∇i

)
gb (2.279)

and hence the required determinant is of the matrix

Mab
c (x, y) = (∇2δab − gεabcAc

i ∇i

)
δ4(x − y) (2.280)

This agrees precisely with the result of canonical quantization given earlier, in
Eq. (2.227).

Example 2. Lorenz gauge (also called the Landau gauge)

Fa(Aµ) = ∂µAa
µ (2.281)

From Eq. (2.278) we find that

∂µ

(
Ag

µ

)a = ∂µAa
µ + 1

g

(
∂2δab − gεabcAc

µ∂µ

)
gb + O

(
g2) (2.282)

and consequently,

Mab
L (x, y) = (

∂2δab − gεabcAc
µ∂µ

)
δ4(x − y) (2.283)

for Landau gauge.

Example 3. Axial gauge

Fa(Aµ) = nµAa
µ (2.284)

nµ

(
Ag

µ

)a = nµAa
µ + 1

g

(
nµ∂µδab − gεabcnµAc

µ

) + O
(
g2) (2.285)
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Restricting Aµ to those respecting nµAµ = 0, we see that for the axial gauge
the Faddeev–Popov determinant is independent of the gauge field Aµ and hence
can be omitted as an irrelevant overall factor. This means that for the axial gauge
nµAµ = 0, no ghost loops (see below) occur. This remark includes the special
cases of the lightlike gauge (n2 = nµnµ = 0) and the Arnowitt–Fickler [28] gauge
(nµ = δµ3). The awkwardness of axial gauge is that the Feynman rules involve nµ

explicitly and is thus not explicitly Lorentz invariant.

2.4
Feynman Rules

The Feynman rules for non-Abelian theories are gauge dependent. We shall fo-
cus on the covariant gauge ∂µAµ = 0, since in a general gauge, manifest Lorentz
invariance is lost. For the Lorentz gauge we have arrived at

WL[J] =
∫

DAµ

∏
x

δ
(
∂µAµ(x)

)
det(ML) exp

[
i

∫
d4x(L + Jµ · Aµ)

]
(2.286)

To find the perturbation theory rules, we need to promote the delta function and
determinant factors into the exponential to arrive at

WL[0] �
∫

DAµ exp
[
i(S + SGF + SFPG)

]
(2.287)

where the subscripts refer to gauge-fixing and Faddeev–Popov ghost terms.
For the delta function we use the formula

∏
x

δ
(
∂µAµ(x)

) = lim
α→0

exp

[
− 1

2α

∫
d4x(∂µAµ)2

]
(2.288)

The determinant factor gives rise to ghost loops and is handled as follows. We
have

det(ML) = exp(Tr ln ML) (2.289)

ML = (
∂2 + g∂µAµ

∧)
(2.290)

Now introduce

SFPG =
∫

d4x
(
∂µc+ · ∂µc + g∂µc+ · Aµ

∧c
)

(2.291)

=
∫

d4x d4y
∑
a,b

c+
a (x)Mab

L (x, y)cb(y) (2.292)

where c is a complex adjoint representation of scalar fields.
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With normal commutation relations for c, one would have∫
Dc Dc+eiSFPG ∼ [

det(ML)
]−1 (2.293)

To obtain the determinant in the numerator as required, rather than the denom-
inator, it is necessary that the c fields satisfy anticommutation relations, because
then ∫

Dc Dc+eiSFPG ∼ det(ML) (2.294)

The reason for this can be understood simply if we write [cf. Eq. (2.283)]

ML = ∇2(1 + L) (2.295)

whereupon (for commutation relations)

[
det(ML)

]−1 ∼ exp
[− Tr ln(1 + L)

]
(2.296)

= exp

[∑
n

(−1)n

n
Tr Ln

]
(2.297)

For anticommutation relations, each trace switches sign, as in a closed loop, and
one has instead

exp

[∑
n

(−1)n+1

n
Tr Ln

]
= det(ML) (2.298)

To summarize, we now have

WL[J] =
∫

DAµDc Dc+ exp

[
i(S + SGF + SFPG) + i

∫
d4xJµ · Aµ

]
(2.299)

where

S =
∫

d4xL(x) (2.300)

SGF = − 1

2α

∫
d4x(∂µAµ)2 (2.301)

SFPG = +
∫

d4x
(
∂µc+

a ∂µca + gεabc∂µc+
a Ab

µcc

)
(2.302)

so the effective Lagrangian is

Leff = −1

4
Fa

µνF
a
µν − 1

2α
(∂µAµ)2 + (

∂µc+
a ∂µca + gεabc∂µc+

a Ab
µcc

)
(2.303)
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with the limit α → 0 understood.
To find the propagator we set g = 0, whereupon

W 0
L[J ]

= lim
α→0

∫
DAµ exp

{
i

[ ∫
d4xAa

µ(x)

·
[
−∂2gµν + ∂µ∂ν

(
1 − 1

α

)]
Aa

ν(x) +
∫

d4xJ a
µ(x)Aa

µ(x)

]}
(2.304)

= lim
α→0

exp

[
−1

2

∫
d4x d4yJ a

µ(x)Dab
µν(x − y)J b

ν

]
(2.305)

with

Dab
µν(x − y) = δab

∫
d4p

(2π)4

e−ip(x−y)

p2 + iε

[
−gµν + (1 − α)

pµpν

p2

]
(2.306)

So far, we have proved that this propagator is valid only for α = 0 (the Landau
gauge). It is, however, straightforward to prove that it is true for any value of α, as
follows.

We adopt the slightly more general gauge

∂µAµ(x) = f(x) (2.307)

where f(x) is an arbitrary function. Then since the path integral is independent of
f(x), we may include an arbitrary functional, G[F ], to rewrite Eq. (2.286) as

W [J] =
∫

Df DAµ

∏
x

δ
(
∂µAµ(x) − f(x)

)
det(ML)

· exp

[
i

∫
d4x(L + Jµ · Aµ)

]
G(f ) (2.308)

By making the choice

G(f) = exp

(
− i

2α

∫
d4xf 2

)
(2.309)

we find that

W [J ] =
∫

DAµ det(ML) exp

{
i

∫
d4x

[
L − 1

2α
(∂µAµ)2 + JµAµ

]}
(2.310)

and this leads to the propagator, Eq. (2.306), for general α. With α = 1 it is the
Feynman gauge that is valuable for diagrams with internal vector propagators since
the number of terms is reduced.
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Figure 2.6 Feynman rules (all momenta outgoing) for pure
Yang–Mills theory in Landau gauge (α = 0) and Feynman
gauge (α = 1). As shown in the text, these covariant rules are
valid for any value of the parameter α.

The ghost propagator is similarly evaluated, and the rules for vertices follow by
turning on the coupling strength g �= 0. The final results for the SU(2) Feynman
rules in the covariant gauges are collected together in Fig. 2.6.

The scalar particles represented by the fields c and c+ are purely fictitious and
do not occur as asymptotic states (they would violate the necessary spin-statistics
theorem) nor as poles of the physical S-matrix. Similar closed-loop ghosts can be
shown to be necessary in general relativity; one difference is that there the ghosts
carry spin 1.
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Concerning the rules tabulated in Fig. 2.6, note that the ghost-vector vertex is
dashed on the ghost line, which is differentiated; a consistent rule is then that a
given ghost propagator must never be dashed at both ends. Also note that because
of its fermionic nature, a closed scalar loop gives a sign change (−1).

The Feynman rules (Fig. 2.6) will be used in our later discussions of perturbative
renormalizability and of asymptotic freedom. Some preliminary remarks on renor-
malizability are in order here. Because the vertices are all of dimension 4, and
more especially because the vector propagator, for any value of α, has high-energy
behavior no worse than a scalar propagator, the symmetric Yang–Mills theory is
renormalizable by the usual power-counting arguments [29–31]. (Reference [29] is
reprinted in Ref. [4].) For suppose that a diagram contains

n3 Three-vector vertices
n4 Four-vector vertices
ng Ghost-vector vertices
E External vectors
Iv Internal vector propagators
Ig Internal ghost propagators

then the superficial degree of divergence is

D = n3 + ng + 2Iv + 2Ig − 4(n3 + n4 + ng) + 4 (2.311)

Now use the identities

2Ig = 2ng (2.312)

2Iν + E = 3n3 + 4n4 + ng (2.313)

to find

D = 4 − E (2.314)

so that the number of renormalizable parts is finite, being limited to E � 4. Of
course, this does not prove renormalizability, which requires a careful regulariza-
tion procedure that respects gauge invariance and the generalized Ward identities;
this was first carried through by ’t Hooft [32].

This is for the symmetric case. When there is spontaneous breaking with a Higgs
mechanism, the vector propagator would normally acquire a pµpν/M

2 term, which
would lead to the replacement 2Iv by 4Iv in Eq. (2.311) and hence failure of the
power-counting argument. It was shown by ’t Hooft [33] that there exists a judi-
cious choice of gauge where the mischievous term (pµpν/M

2) is absent in the
Feynman rules; ’t Hooft [33] was then also able to demonstrate renormalizability
for the spontaneously broken case. More details of these statements about pertur-
bative renormalizability are provided in Chapter 3.
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Figure 2.7 �−φ plot.

Note that these remarks apply to renormalization of the ultraviolet infinities.
Handling of the infrared divergences, arising from the presence of massless parti-
cles, is a completely separate question.

2.5
Effects of Loop Corrections

So far we have considered the potential function V (φ) only in the tree approxima-
tion. It turns out that in several important cases the one-loop contribution4) to the
potential can be evaluated and can significantly alter the conclusions concerning
the presence or absence of spontaneous symmetry breaking.

It will be important in the specific examples to be discussed—scalar electrody-
namics, an O(N) model, and the Glashow–Salam–Weinberg model—that the true
ground state is a global minimum of the effective potential; a local nonglobal min-
imum is a candidate only for a metastable ground state. Unstable vacua are them-
selves interesting and important and are discussed at the end of this section.

Suppose that the functional �[φ] has two unequal minima, as indicated in
Fig. 2.7. Since

∂�

∂φ
= −J (2.315)

the J−φ plot appears as indicated in Fig. 2.8. Assume that this �[φ] is the result of
evaluating the effective potential (at zero external momenta) at the tree approxima-
tion, or possibly including the contributions from loop diagrams up to some finite
number of loops.

4) It is interesting to bear in mind here that the loop expansion corresponds to the semiclassical
expansion in h (see Refs. [34] and [35]).
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Figure 2.8 J−φ plot.

The exact �[φ], computed from the full theory, must satisfy a convexity property
as follows. The inverse [one-particle-irreducible (1PI) propagator is given by

δ2�

δφ2
= �−1 = m2 � 0 (2.316)

and must be positive definite if there are no tachyons. Thus, the exact �[φ] must be
convex downward and cannot have the form indicated in Fig. 2.7. The segment in
the vicinity of the unstable local maximum (CDE in Fig. 2.7 violates this condition
and thus must deviate from the exact �[φ]. The corresponding segment in a J−φ

plot, of course, violates the corresponding condition,

δJ

δφ
� 0 (2.317)

There are segments between the minima (AC, EF) which respect the convexity
property but which do not always correspond to accessible, completely stable situ-
ations.

It is fruitful to regard the two minima A and F as corresponding to two possible
phases of the theory. Although, in the approximation to �[φ] considered, J van-
ishes at both phases, only one of them—the global minimum—is accessible when
we take the limit J → 0 appropriately, either from positive or negative values of J .

While varying the external source J, we require that the energy density always be
minimal. Taking as a reference �[φ0] = 0 as indicated in Fig. 2.7 the free energy is
given by

−
∫ φ

φ0

J dφ = −
∫ φ

φ0

δ�

δφ
δφ (2.318)

= �[φ] (2.319)
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Figure 2.9 P−V isotherm.

We are considering continuous variations of the external source J , and therefore
δ�/δφ must be continuous in φ. For some value of J , however, the system will
make (at constant J ) a first-order transition between the two phases.

To represent this situation in terms of the calculated �[φ], the only possibility is
to draw the tangent line BG indicated in Fig. 2.7. For this line

�[φG] − �[φB ] = −
∫ φG

φB

J dφ (2.320)

= JB(φB − φG) (2.321)

and hence corresponds to a rule of equal areas on the J−φ plot—the areas above
and below the line are equal.

As J is varied continuously, therefore, one reaches the point φG on the original
curve; then there is a transition at constant J to the point φB . Further increasing J ,
one reaches φA for vanishing J . Thus only the global minimum A corresponds to
a stable ground state of the theory; the nonglobal minimum F is never reached,
since it does not correspond to lowest energy.

For more than two minima, it is straightforward to extend these arguments, in-
cluding the equal-area rule; again, only a global minimum corresponds to a com-
pletely stable ground state.

The situation in quantum field theory has an analogy in statistical mechanics
if we identify J and φ with appropriate thermodynamic coordinates. In a liquid–
gas transition, the identification would be with pressure and volume, respectively,
and the approximate form of �[φ] then corresponds to an approximation to the
Helmholtz free energy H . For example, the van der Waals equation of state gives
rise to a typical isotherm as indicated in Fig. 2.9; this violates the convexity property

∂P

∂V
� 0 (2.322)

which must hold for the exact solution. By the Maxwell construction, which mini-
mizes H while P is varied, one obtains a solution that respects the required con-
vexity. Note that the global minimum in the earlier discussion would correspond
here to a point A on the isotherm (Fig. 2.9).
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In the examples we are about to consider, the fundamental assumption is that
provided that the coupling constants are sufficiently small, the calculation of �[φ]
from tree diagrams and one-loop corrections gives an accurate estimate except for
the region of the phase transition. In particular, the assertion is that the location of
the global minimum (A) is accurately given; it should be emphasized, however, that
this assertion, although plausible, has not been vigorously justified. For the transi-
tion region, of course, the approximation cannot reproduce the exact nonanalytic
behavior and gives instead some analytic continuation of the exact �[φ].

Example 1. In this example of one-loop corrections, we consider the Lagrangian
density L given by

L = −1

4
FµνFµν + Dµφ∗Dµφ − m2

0φ
∗φ − λ

6
(φ∗φ)2 (2.323)

where

Dµφ = (∂µ + ieAµ)φ (2.324)

Putting φ = (φ1 + iφ2)/
√

2, this becomes

L = 1

2
(∂µφ1 − eAµφ2)

2 + 1

2
(∂µφ2 + eAµφ1)

2

− 1

2
m2

0

(
φ2

1 + φ2
2

) − λ

4!
(
φ2

1 + φ2
2

)2 − 1

4
FµνFµν (2.325)

When m2
0 > 0, this is scalar electrodynamics and the normal perturbative solution

holds for small couplings. When m2
0 < 0, there is spontaneous breakdown and the

Higgs mechanism occurs. When m2
0 = 0, which vacuum does the theory pick?

To answer this question, we compute the one-loop contribution to the effective
potential [36]. Since V is a function only of (φ2

1 + φ2
2), we need consider only

φ1 as external legs. The relevant graphs are indicated in Fig. 2.10. First consider
Fig. 2.10a, where φ1 is circulating in the loop and the relevant coupling is −λφ4

1/4!.
These contributions to V are given by the sum (recall that external momenta are
set equal to zero in evaluating V ):

V = i

∫
d4k

(2π)4

∞∑
n=1

1

2n

(1/2λφ2
1)n

(k2 + iε)n
(2.326)

Some explanation of this will be helpful:

1. The Feynman rules are −iλ at each vertex and i/(k2 + iε) for each propagator,
so the i factors combine to give (−i2)n = 1.

2. The overall i is from the definition V ∼ iS, where S is the S-matrix.
3. The 1/2n is from Bose symmetrization of the two external φ1 legs at each vertex.
4. The 1/2n allows for the fact that cyclic and anticyclic permutations of the ver-

tices do not alter the diagram.
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Figure 2.10 One loop graphs for scalar electrodynamics: (a) φ1 loop; (b) φ2 loop; (c) Aµ loop.

Rotating to Euclidean space, using idk0 → −dk4 and k2 → −k2, gives

V = 1

2

∫
d4k

(2π)4
ln

(
1 + λφ2

1

2k2

)
(2.327)

Cutting off the (divergent) integral at k2 = �2 and changing the variable to y =
λφ2

1/2k2, one obtains

V = λ2φ4
1

128π2

∫ ∞

λφ2
1/2�2

dy

y3
ln(1 + y) (2.328)

where we used∫
d4k = 2π2

∫
k3 dk = π2

∫
k2 d(k)2 (2.329)

Now use the definite integral

∫ ∞

y0

dy

y3
ln(1 + y) = ln(1 + y0)

2y2
0

+ 1

2y0
− 1

2
ln

(
1 + 1

y0

)
(2.330)



82 2 Quantization

to find

V = λ2φ4
1

128π2

[
2�4

λ2φ4
1

ln

(
1 + λφ2

1

2�2

)
+ �2

λφ2
1

− 1

2
ln

(
1 + 2�2

λφ2
1

)]
(2.331)

Expanding the logarithms and dropping terms that vanish for large cutoff gives

V = λ�2φ2
1

64π2
+ λ2φ2

1

256φ2

(
ln

λφ2

2�2
− 1

2

)
(2.332)

For Fig. 2.10b with φ2 circulating in the loop, the coupling changes as follows:

− λ

4!φ
4
1 → −2λ

4! φ2
1φ2

2 (2.333)

and as a consequence, the factor λ/2 in V is replaced by

λ

2
→ λ

6
(2.334)

since the 4! factor is only partially compensated by a combinatoric (2!)2 factor. For
Fig. 2.10c with the gauge vector in the loop, the coupling is

e2

2
φ2

1A2
µ (2.335)

and hence, compared to the φ4
1 expression, one replaces λ by 2e2 and adds an extra

overall factor 3 for the contraction of the propagator numerator.
Adding in the necessary counterterms, we thus arrive at the following expression,

including zero-loop and one-loop contributions (φ2 = φ2
1 + φ2

2 ):

V = λ

4!φ
4 + Aφ2 + 1

4!Bφ4 +
(

4λ

3
+ 2e2

)
�2

64π2
φ2

λ2φ4

256π2

(
ln

λφ2

2�2
− 1

2

)
+ λ2φ4

230π2

(
ln

λφ2

6�2
− 1

2

)

+ 3e4φ4

64π2

(
ln

e2φ2

�2
− 1

2

)
(2.336)

We now impose that the renormalized mass be zero:

∂2V

∂φ2

∣∣∣∣
φ=0

= 0 (2.337)

so that A is chosen to cancel the quadratic terms precisely. The coupling is renor-
malized at φ = M , some arbitrary mass, such that

∂4V

∂φ4

∣∣∣∣
φ=M

= λ (2.338)
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Using the identity

d4

dx4

(
x4 ln ax4) = 24 ln ax2 + 100 (2.339)

one finds that

B = 3

64π2

(
10

9
λ2 + 12e4

)
− λ2

256π2
φ2

(
24 ln

λM2

2�2
+ 100

)

− λ2

2304π2

(
24 ln

λM2

6�2
+ 100

)
− 3e4

64π2

(
24 ln

e2M2

�2
+ 100

)
(2.340)

Substituting into V , one arrives at the final form:

v = λ

4!φ
4 +

(
5

1152

λ2

π2
+ 3e4

64π2

)
φ4

(
ln

φ2

M2
− 25

6

)
(2.341)

In order that two or more loops be insignificant, we take λ, e � 1. Also, we assume
that λ ∼ e4, so that λ2 � e4 and the λ2 term may be dropped. Choosing for
convenience the renormalization mass to be M = 〈φ〉, we have

V (φ) = λ

24
φ4 + 3e4

64π2
φ4

(
ln

φ2

〈φ〉2
− 25

6

)
(2.342)

Note that V (0) = 0. The derivative gives

V ′(〈φ〉) =
(

λ

6
− 11

16

e4

π2

)
〈φ〉3 (2.343)

so that if 〈φ〉 �= 0, then for V ′(〈φ〉) = 0,

λ = 33

8

e4

π2
(2.344)

With this constraint one finds that

V
(〈φ〉) = − 3

128

e4

π2
〈φ〉4 (2.345)

so that the minimum occurs for 〈φ〉 �= 0, and there is spontaneous symmetry
breaking.

To compute the scalar mass, note that

V (φ) = 3e4φ4

64π2

(
ln

φ2

〈φ〉2
− 1

2

)
(2.346)

∂V

∂φ
= 3e4φ3

64π2
ln

φ2

〈φ〉2
(2.347)
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∂2V

∂φ2

∣∣∣∣
φ=〈φ〉

= 3e4

8π2
〈φ〉2 = M2

s (2.348)

The vector mass arising from the Higgs mechanism is given by

M2
V = e2〈φ〉2 (2.349)

so that

M2
s

M2
V

= 3

2π

e2

4π
(2.350)

Thus the one-loop contributions reveal that the theory with massless scalars in the
symmetric Lagrangian resembles more closely the M2

0 < 0 case (Higgs) than the
M2

0 > 0 case (scalar electrodynamics).
Note, in particular, that one of the two dimensionless parameters e and λ has

been replaced by a dimensional one, 〈φ〉. This phenomenon, where spontaneous
breakdown of theory with scale-invariant Lagrangian gives rise to masses, is called
dimensional transmutation.

Example 2. In this example we discuss an O(N) scalar (nongauge) model [37, 38],
where N is taken to be very large. This model is one where the tree approxima-
tion indicates spontaneous breakdown, and it is only when the one-loop graphs are
included that it is discovered that the ground state is, in fact, symmetric; roughly
speaking, the situation here is thus the reverse of that for massless scalar electro-
dynamics. The Lagrangian is (a = 1, 2, . . . , N)

L = 1

2
∂µφa∂µφa − 1

2
M2

0 φaφa − λ0

8N

(
φaφa

)2 (2.351)

In the tree approximation the potential is

V = 1

2
M2

0 φaφa + λ0

8N

(
φaφa

)2 (2.352)

We take λ0 > 0; otherwise, the spectrum is unbounded below. For M2
0 > 0 the

ground state has φa = 0. For M2
0 < 0 this potential has a minimum for

〈φ〉2 = −2M2
0 N

λ0
> 0 (2.353)

Putting φa = δan〈φ〉 and defining

σ = φN − 〈φ〉 (2.354)

πa = φa a = 1, 2, 3, . . . , (N − 1) (2.355)
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one finds that

V = λ0

8N

(
πaπa + σ 2 + 2σ 〈φ〉2) − M4

0 N

2λ0
(2.356)

and

L = 1

2
∂µπa∂µπa + 1

2
∂µσ∂µσ − V (2.357)

Thus in this approximation the spontaneous breaking of O(N) to a residual
O(N −1) results in (N −1) Goldstone bosons πa . As will become apparent shortly,
this approximation is not a good one.

To compute the one-loop corrections, we use a combinatoric trick [37] by adding
a term to L as follows:

L = 1

2
∂µφa∂µφa − 1

2
M2

0 φaφa − λ0

8N

(
φaφa

)2

+ N

2λ0

(
x − 1

2

λ0

N
φaφa − M2

0

)
(2.358)

The new field x is not a dynamical degree of freedom since its equation of motion
is simply

∂L

∂x
= 0 (2.359)

x = 1

2

λ0

N
φaφa + M2

0 (2.360)

The Lagrangian now becomes

L = 1

2
∂µφa∂µφa + N

2λ0
x2 − 1

2
xφaφa − NM2

0

λ0
x − NM4

0

2λ0
(2.361)

The only interaction is − 1
2xφaφa and the Feynman rules now give 1/N factors

only for the x propagator. To leading order in 1/N , therefore, one needs to sum the
graphs indicated in Fig. 2.11. This sum gives (in Euclidean space)

V (one loop) = −N

∫
d4k

(2π)4

∑ 1

2n

(x)n

(−k2)n
(2.362)

= N

2

∫
d4k

(2π)4
ln

(
1 + x

k2

)
(2.363)

= N

2

∫
d4k

(2π)4
ln

(
k2 + x

)
(2.364)
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Figure 2.11 One-loop graphs for O(N) model.

where in the last form we dropped an irrelevant (infinite) constant. The full poten-
tial, including the tree diagrams, is

V = − N

20
x2 + 1

2
xφaφa + NM2

0

λ0
+ N

2

∫
d4k

(2π)4
ln

(
k2 + x

)
(2.365)

Now we renormalize M0 and λ0 by defining

M2
0

λ0
= M2

λ
− 1

2

∫
d4k

(2π)4

1

k2
(2.366)

1

λ0
= 1

λ
− 1

2

∫
d4k

(2π)4

1

k2

1

k2 + M2
(2.367)

To express V in terms of these renormalized quantities, we need the integral

∫
d4k

(2π)4

[
ln

(
k2 + χ

) − χ

k2

χ

2k2(k2 + M2)

]

= 1

16π2

∫ ∞

0
dx x

[
ln(x + χ) − χ

x
+ χ

2x(x + M2)

]
(2.368)

= 1

16π2

[
x2 − χ2

2
ln(x + χ) − 1

2
x

(
χ + 1

2
x

)
+ χ2

2
ln

(
x + M2)]∞

0
(2.369)

= 1

16π2

(
−χ2

4
+ χ2

2
ln

χ

M2

)
(2.370)

where we set x = k2. Using this result, one finds that

V = − N

2λ
χ2 + 1

2
χφaφa + Nm2

λ0
χ + Nχ2

128π2

(
2 ln

χ

M2
− 1

)
(2.371)
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At a minimum of V ,

∂V

∂χ
= 0 (2.372)

and

∂V

∂φa
= 0 (2.373)

= 2φa ∂2V

∂φ2
(2.374)

so that

φaχ = 0 (2.375)

If φa �= 0 at the minimum, χ = 0 and it follows that V = 0.
Now we must evaluate V when φ2 = 0 to check whether the symmetric situation

has lower energy. With φ2 = 0, ∂V/∂χ = 0 implies that χ = χ0, where

χ0 − M2 − λχ0

32π2
ln

χ0

M2
= 0 (2.376)

We are interested in the case m2 < 0 and it follows that since χ0 is real

χ0 > 0 (2.377)

For the potential, we now find that

V (φ2 = 0, χ = χ0) = − N

2λ
χ2

0 + Nm2

λ
χ0 + Nχ2

0

128π2

(
2 ln

χ0

M2
− 1

)
(2.378)

= Nχ2
0

128π2

(
2m2

χ2
0 − m2

ln
χ0

M2
− 1

)
(2.379)

Now

χ2
0 − m2 > 0 (2.380)

m2 < 0 (2.381)

and hence

V
(
φ2 = 0

)
< 0 (2.382)

Thus the ground state occurs for φa = 0 and the O(N) symmetry is not spon-
taneously broken [38]. In this theory, the one-loop corrections play a crucial role,
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since in the tree approximation it appeared that there is spontaneous breaking of
O(N) down to O(N − 1).

Example 3. In this example of loop corrections we consider the Glashow–Salam–
Weinberg model [39–41]. This model, which we will return to in more detail later,
provides the simplest theory that unifies weak and electromagnetic interactions
and is renormalizable. The gauge group is SU(2) × U(1), corresponding to weak
isospin and weak hypercharge. There are therefore fore gauge vectors AA

µ (a =
1, 2, 3) and Bµ. The left- and right-handed helicity electrons are denoted

eL = 1

2
(1 − γ5)e (2.383)

eR = 1

2
(1 + γ5)e (2.384)

The left-handed component is put together with the neutrino νL in an SU(2) dou-
blet,

L =
(

νL

eL

)
(2.385)

with weak hypercharge y = −1. The component R = eR is an SU(2) singlet with
y = −2. This ensures that the electric charge is always given by

Q = t3
L + 1

2
y (2.386)

To break the symmetry spontaneously, a complex doublet of Higgs scalars in intro-
duced:

φ =
(

φ+

φ0

)
(2.387)

with y = +1, and transforming like the left-handed doublet under weak isospin.
The Lagrangian may be written

L = Lg + Ll + Ls + Li (2.388)

with

Lg = −1

4
F 1

µνF
1
µν − 1

4
GµνGµν (2.389)

F i
µν = ∂µAi

ν − ∂νA
i
µ + gεijkAj

µAk
ν (2.390)

Gµν = ∂µBν − ∂νBµ (2.391)
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Ll = R̄iγµ(∂µ + ig′Bµ)R + L̄iγµ

(
∂µ + i

2
g′Bµ − ig

τ i

2
Ai

µ

)
L (2.392)

Ls =
(

∂µφ† + i
g′

2
Bµφ† + i

g

2
τ iAi

µφ†
)

·
(

∂µφ − i
g′

2
Bµφ − i

g

2
τ iAi

µφ

)
− µ2φ†φ − λ

(
φ†φ

)2 (2.393)

Li = Ge

(
R̄φ†L + L̄φR

)
(2.394)

For the reader unfamiliar with this theory, we first discuss briefly the tree approx-
imation of the Weinberg–Salam model, then proceed to the one-loop corrections,
which are our main concern at present.

We may reparametrize the Higgs doublet by

φ = U−1(ξ)
v + η√

2
(2.395)

U(ξ) = exp
(−iξξξ · τττ)

2v
(2.396)

where v/
√

2 is the vacuum value of φ and the four components of φ are replaced by
ξξξ and τττ . Now we go to the unitary gauge by making the SU(2) gauge transformation
specified by U(ξ). That is,

φ′ = Uφ (2.397)

L′ = UL (2.398)

A′
µ = UAµU−1 − i

g
(∂µU)U−1 (2.399)

where

Aµ ≡ Aµ · τττ (2.400)

The fields Bµ and R remain unchanged. After making this transformation, one
finds an electron mass term from

Li = −Ge

(
R̄φ†L + L̄φR

)
(2.401)

= −Gev√
2

(ēReL + ēLeR) + · · · (2.402)

= −Gev√
2

ēe + · · · (2.403)
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so that

Ge =
√

2 Me

v
(2.404)

and the neutrino remains massless since it has no right-handed counterpart.
The mass of the Higgs scalar η is found by using

v2 = −µ2

λ
(2.405)

and isolating the quadratic term in Ls , which turns out to be

Ls = 1

2
∂µη∂µη + µ2η2 + · · · (2.406)

so that

m2
η = −2µ2 (2.407)

Since v depends only on the ratio −µ2/λ, it appears in the tree approximation that
the Higgs mass m2

η can be made arbitrarily large (large λ). By studying the one-loop
contributions, however, we shall arrive at restrictions on this mass.

The masses of the charged intermediate vector bosons W±
µ defined by

W±
µ = A1

µ ± iA2
µ√

2
(2.408)

can be found from the quadratic terms in Ls , which are

g2v2

8

[(
A1

µ

)2 + (
A2

µ

)2] = g2v2

8

(
W+∗

µ W+
µ + W−∗

µ W−
µ

]
(2.409)

so that

mW = 1

2
gv (2.410)

The charged current couplings to the leptons are given by

gL̄γ
τi

µ2
AiµL (i = 1, 2)

= g√
2

(
ν̄LγµeLW+

µ + ēLγµνLW−
µ

)
(2.411)

= g

2
√

2

[
ν̄γµ(1 − γ5)eW

+
µ + h.c.

]
(2.412)
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so that in terms of Fermi’s constant G we have

g2

8m2
W

= G√
2

(2.413)

and hence (using mW = 1
2gv)

v = 2−1/4G−1/2 (2.414)

Using the value from µ decay, G = 1.01 × 10−5m−2
p , one finds that

v = 248 GeV (2.415)

This implies that the dimensionless coupling Ge has the value

Ge =
√

2 Me

v
(2.416)

� 2 × 10−6 (2.417)

Next we turn to the two neutral gauge fields A3
µ and Bµ. The photon Aµ and neutral

intermediate vector boson Zµ are defined according to

Bµ = cos θW Aµ + sin θW Zµ (2.418)

A3
µ = − sin θW Aµ + cos θW Zµ (2.419)

where θW is the weak mixing angle, which, as we shall see, satisfies

sin θW = g′√
g2 + g′ 2

(2.420)

cos θW = g√
g2 + g′ 2

(2.421)

Picking out the photon couplings from Ll gives

−g′ cos θW ēRγµAµeR − g′

2
cos θW (ν̄LγµνL + ēLγµeL)Aµ

+ g

2
sin θW (ν̄LγµνL − ēLγµeL)Aµ

= −g′ cos θW Aµ(ēRγµeR + ēLγµeL) (2.422)

= − gg′√
g2 + g′ 2

Aµēγµe (2.423)
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so that

e = g sin θW (2.424)

= g′ cos θW (2.425)

The mass of the neutral intermediate vector boson Zµ is provided by the piece of
Ls (the photon is, of course, massless)

v2

8

(
g′Bµ − gA3

µ

)2 = g2v2

8 cos2 θW

ZµZµ (2.426)

Substituting for g and v one finds that for the vector masses

mW = 38 GeV
sin θW

(2.427)

mZ = mW

cos θW

(2.428)

= 76 GeV
sin 2θW

(2.429)

For example, with the value

θ = 28◦(sin2 θW = 0.22
)

(2.430)

favored by neutrino scattering experiments, mW = 80 GeV and mZ = 91 GeV.
Discovery of charged and neutral vector bosons with these masses at CERN in
1983 provided striking confirmation of the theory.

Finally, the couplings to leptons of the neutral weak current can be read off
from Ll . It is found to be

− Zµ

2
√

g2 + g′ 2

· [
g′ 2(2ēRγµeR + ēLγµeL + ν̄LγµνL) − g2(ēLγµeL − ν̄LγµνL)

]
(2.431)

To summarize the tree approximation, the electromagnetic and weak couplings
e and G are not mutually determined but are related through the parameter θW ,
which may be determined empirically. Also there is the arbitrary parameter m2

η for
the Higgs scalar.

The one-loop corrections to the effective potential stem from the three types of
couplings in

−λ(φ+φ)2 +
(

g′

2
Bµ + g

2
τiAiµ

)2

φ†φ − Ge

(
R̄φ†L + L̄φR

)
(2.432)
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Figure 2.12 One-loop graphs for Glashow–Salam–Weinberg
model: (a) scalar loop; (b) gauge vector loop; (c) fermion loop.

Examples of the corresponding one-loop graphs to be summed are indicated in
Fig. 2.12 for (a) a scalar loop, (b) a gauge-vector loop, and (c) a fermion loop. When λ

is so small that λ ∼ e4, the relative magnitudes of these three possibilities are λ2 ∼
e8, e4, and G4

e , respectively. Since G4
e ∼ 16 × 10−24, the lepton loop is negligible

(even if we replace the electron by a moderately heavy lepton of about 2 GeV). Also,
the gauge-vector loop dominates over the scalar loop, so we need compute only the
former.

This computation was first performed by Weinberg [42, 43] and is quite simi-
lar to our earlier calculation for scalar electrodynamics. There we obtained for the
potential

V (φ) = λ

24
φ4 + 3e4

64π2
φ4

(
ln

φ2

M2
− 25

6

)
(2.433)

which may be rewritten as

V (φ) = 3e4

64π2
φ4 ln

φ2

M2
f

(2.434)

where we defined the mass M2
f by

ln M2
f = ln M2 + 25

6
− 8π2λ

9e4
(2.435)
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It turns out (see Weinberg, [44] for details) that in the present case of four gauge
bosons, one replaces e4 = m4

v/v
4 by

e4 →
∑

v m4
v

v4
(2.436)

where v is the vacuum value of the Higgs scalar and
∑

v m4
v is the trace of the

fourth power of the vector mass matrix.
Thus, defining

B = 3
∑

v m4
v

64π2v4
(2.437)

one may write

V (φ) = −1

2
µ2

Rφ2 + Bφ4 ln
φ2

M2
f

(2.438)

where µR is the renormalized scalar mass.
At a stationary point

dV

dφ

∣∣∣∣
φ=〈φ〉

= µ2
R〈φ〉 + 4B〈φ〉3

(
ln

〈φ〉2

M2
f

+ 1

2

)
(2.439)

= 0 (2.440)

so that either

〈φ〉 = 0 (2.441)

or

µ2
R

4B
= 〈φ〉2

(
ln

〈φ〉2

M2
f

+ 1

2

)
(2.442)

Differentiating again, one finds (for 〈φ〉 �= 0) that

d2V

dφ2

∣∣∣∣
φ=〈φ〉

= −4B〈φ〉2
(

ln
〈φ〉2

M2
f

+ 1

2

)
+ 12B〈φ〉2

(
ln

〈φ〉2

M2
f

+ 7

6

)
(2.443)

Now, for 〈φ〉 �= 0,

V
(〈φ〉) = −B〈φ〉4

(
ln

〈φ〉2

M2
f

+ 1

)
(2.444)

to be compared with

V (0) = 0 (2.445)
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Thus, in order that the symmetry-breaking vacuum be absolutely stable, one re-
quires that

V
(〈φ〉) < V (0) (2.446)

so that

ln
〈φ〉2

M2
f

> −1 (2.447)

Hence the Higgs scalar mass m2
η satisfies

m2
η = d2V

dφ2

∣∣∣∣
φ=〈φ〉

(2.448)

> 4B〈φ〉2 (2.449)

= 3

16π2v2

(
2m4

W + m4
Z

)
(2.450)

Inserting the expressions for mW , mZ , and V from the tree approximation, one
finds that (α = e2/4π )

v4 = (
2G2)−1 (2.451)

m4
W = π2α2

2G2 sin4 θW

(2.452)

m4
Z = m4

W

cos4 θW

(2.453)

and therefore

m2
η >

3α2

16
√

2 G

2 + sec4 θW

sin4 θW

(2.454)

This expression has a minimum for θW ≈ 49.4◦; with this value for θW , one finds
that

mη > 3.75 GeV (2.455)

For the empirical value θW = 28◦, one finds that

mη > 6.80 GeV (2.456)

This mass is sufficiently large that Higgs scalars, if they exist, could have escaped
detection. (For an early phenomenology of Higgs scalars, see Ref. [45].) To summa-
rize this example, in the tree approximation the Higgs scalar mass may be made
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arbitrarily small by reducing the self-interaction λ. But when λ is so small that
λ ∼ e4, the gauge vector loop competes with the λφ4 term and the Higgs mecha-
nism fails unless the Higgs mass exceeds a substantial lower limit.

The discussion so far has made the assumption that the vacuum of the universe
is absolutely stable. In 1976 it was shown [46, 47] how to compute the lifetime of a
metastable vacuum in quantum field theory and obtain a unique finite answer. The
analysis is a four-dimensional extension of the theory of how a three-dimensional
bubble forms in a superheated liquid [48–51]. In the latter case a bubble of steam
in superheated water has a negative volume energy because steam is the lower
energy phase above boiling point but a positive surface energy because of surface
tension, and hence there is a critical minimum radius to be reached before boiling
is precipitated. For a four-dimensional hypersphere the relevant bubble action is

A = −1

2
π2R4ε + 2π2R3S1 (2.457)

where ε and S1 are the volume and surface energy densities, respectively. The sta-
tionary value of this action is given by

Am = 27

2

π2S4
1

ε3
(2.458)

corresponding to a critical radius Rm = 3S1/ε. The energy density ε is just the
difference between the effective potential evaluated for the two vacua. The action
per unit hypersurface S1 is given by the action for tunneling through the potential
barrier V (φ). In imaginary time this is the classical action for motion in a potential
−V (φ); by considering an infinitesimal change in R it is easy to see that S1 is also
the hypersurface energy per unit hyperarea.

The number of such bubbles to form in the past can be estimated as

N = (
Vu�

4) exp(−Am) (2.459)

where Vu is the space-time volume of the backward light cone (Vu ∼ 10112 cm4)

and � is the scale characterizing the bubble; we may take � ∼ R−1
m .

In this way, one may require that N � 1 be a condition for a nonglobal minimum
of V (φ) to be a candidate for the vacuum. This then has numerous consequences.
For example, in the early universe this idea plays a role in inflation [52] (see also
Refs. [53] and [54]). For the electroweak theory, it allows in principle a lower value
for the Higgs mass than given in Refs. [42] and [43].

2.6
Summary

We have arrived at the Feynman rules for pure Yang–Mills theory in the covariant
gauges, using the path integral method and making the ansatz that the volume
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of the gauge group orbits in the manifold of gauge fields could be divided out as
a field-independent multiplicative factor. For the case of the Coulomb gauge, this
recipe could be compared successfully to the canonical approach.

The result may be summarized by an effective Lagrangian containing two new
terms: One is the gauge-fixing term and the other is the ghost term. The ghosts are
fictitious scalars satisfying anticommutation relations and appearing only in closed
loops wherever a closed vector loop also occurs.

Adding one-loop corrections, including in the standard model, can alter the na-
ture of the spontaneous symmetry breaking.
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3
Renormalization

3.1
Introduction

Here we discuss the renormalization of non-Abelian gauge theories with both exact
symmetry and spontaneous symmetry breaking. First, the method of dimensional
regularization is described and applied to several explicit examples. The existence
of a regularization technique that maintains gauge invariance is crucial in what fol-
lows. The presence of triangle anomalies can destroy gauge invariance and hence
renormalizability. This is explained together with the general method to cancel the
anomalies in an SU(2) × U(1) theory.

The introduction of the Becchi–Rouet–Stora (BRS) form of the local gauge trans-
formation greatly facilitates the study of Green’s functions, and this use of anticom-
muting c-numbers and of the Faddeev–Popov ghost field as the gauge function is
explained. Using this, the iterative proof of renormalizability is given to all orders,
first for pure Yang–Mills, then with fermion and scalar matter fields. The treat-
ment is not totally rigorous (in particular, the details of handling subdivergences
are omitted), but all the principal steps are given. Finally, for massive vectors aris-
ing from spontaneous breaking, the demonstration of renormalizability is given
using the ’t Hooft gauges.

3.2
Dimensional Regularization

When we make perturbative calculations in a gauge field theory, there are loop dia-
grams that involve ultraviolet divergent momentum integrals. The renormalization
program separates out these divergent parts and reinterprets them as multiplica-
tive renormalizations of the fields, couplings, and masses in the original (bare) La-
grangian. The bare Lagrangian is written as a sum of the renormalized Lagrangian
plus counterterms

LB(φB) = LR(φR) + counterterms (3.1)
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The renormalized Lagrangian is of the same functional form as the bare La-
grangian, with the bare couplings and masses replaced by renormalized ones:

LR(φR, gR, MR) = LB(φB, gB, MB) (3.2)

Thus the number of types of divergence that occur must not exceed the (finite)
number of terms in the Lagrangian.

The calculational procedure will now be to use only the renormalized La-
grangian LR , with canonical vertices and propagators, and to omit the divergent
parts, which are already accounted for in the renormalization stage.

A very important point specific to a gauge theory is that LR should itself be
invariant under a set of local gauge transformations isomorphic to those that leave
LB invariant. This is because we insist on gauge invariance order by order in
the loop expansion, and the renormalization involves an infinite reordering of this
expansion.

While separating out the divergent parts, it is necessary to modify the integrals so
that they are finite and can be manipulated in equations. This modification or regu-

larization of the integrals will eventually be removed, in conjunction with the renor-
malization process, before comparison with experiment. The regularization must
violate some physical laws; otherwise, the regularized theory would be satisfactory
and finite without renormalization. In practice, one likes to maintain Lorentz in-
variance (except on the lattice) and, for the reason given in the previous paragraph,
gauge invariance. For quantum electrodynamics, the Pauli–Villars method [1] (see
also Refs. [2–5]) is adequate. Where there is a non-Abelian gauge group, however,
the Pauli–Villars technique proves, in general, inadequate to maintain gauge in-
variance. Instead, a better method is that of dimensional regularization where the
space-time dimensionality is continued analytically from the real physical value,
four, to a complex generic value, n. With real n sufficiently small, the ultraviolet
behavior is convergent; eventually, the limit n → 4 is taken, with the poles in
(n − 4)−1 defining the counterterms. The Ward identities implied by gauge invari-
ance are maintained for general n. (We assume that closed fermion loops involving
γ5 are absent; this special problem will be mentioned again later.) The dimensional
regularization procedure was introduced by several people independently [6–14]
(see also related earlier work [15, 16]).

Before applying dimensional regularization, one uses the Feynman parameter
formulas [17] to rewrite the propagators in a more convenient representation. The
simplest such formula is

1

ab
=

∫ 1

0

dx

[ax + b(1 − x)]2
(3.3)

This is verified at once by rewriting the right-hand side as
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∫ ∞

1

dy

[a + b(y − 1)]2
=

∫ ∞

0

dz

(a + bz)2
(3.4)

= −1

b(a + bz)

∣∣∣∣
∞

0
(3.5)

= 1

ab
(3.6)

where y = 1/x and z = y − 1.
Taking the derivative of Eq. (3.3) with respect to a gives

1

a2b
= 2

∫ 1

0

x dx

[ax + b(1 − x)]3
(3.7)

More generally, we may take the derivative

dα−1

daα−1

dβ−1

dbβ−1
(3.8)

acting on Eq. (3.3) to find

(α − 1)!(β − 1)!
aαbβ

= (α + β − 1)!

·
∫ 1

0
dx

xα−1(1 − x)β−1

[ax + b(1 − x)]α+β
(3.9)

or, equivalently,

1

aαbβ
= �(α + β)

�(α)�(β)

∫ 1

0
dx

xα−1(1 − x)β−1

[ax + b(1 − x)]α+β
(3.10)

Following similar steps, we may arrive at the following generalizations of Eqs. (3.3)
and (3.10):

1

abc
= 2

∫ 1

0
dx

∫ 1−x

0
dy

1

[a(1 − x − y) + bx + cy]3
(3.11)

and

1

aαbβcγ
= �(α + β + γ )

�(α)�(β)�(γ )

·
∫ 1

0
dx

∫ 1−x

0
dy

(1 − x − y)α−1xβ−1yγ−1

[a(1 − x − y) + bx + cy]α+β+γ
(3.12)

respectively.
As the most general case of the Feynman parameter formulas we may similarly

derive
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1

a
α1
1 a

α2
2 · · · aαn

n

= �(α1 + α2 + · · · + αn)

�(α1)�(α2) · · · �(αn)

·
∫ 1

0
dx1

∫ 1−x1

0
dx2 · · ·

∫ 1−x1−x2···−xn−1

0
dxn−1

· (1 − x1 − x2 − · · · − xn−1)
α1−1x

α2−1
1 · · · xαn−1

n−1

[a1(1 − x1 − · · · − xn−1) + a2x1 + · · · + anxn−1]�α1

(3.13)

We are ready now to consider our first integral in a generic dimension. The fol-
lowing formula is important to establish

∫
dnk

(k2 + 2k · Q − M2)α
= iπn/2�(α − n/2)

�(α)(−Q2 − M2)α−n/2
(3.14)

The n dimensions comprise one time and (n− 1) space dimensions, so let us write
the n-vector kµ = (k0, w), whereupon

∫
dnk ≡

∫ ∞

−∞
dk0

∫ ∞

0
wn−2dw

∫ 2π

0
dθ1

∫ π

0
dθ2 sin θ2

∫ π

0
dθ3 sin2 θ3

· · ·
∫ π

0
dθn−2 sinn−3 θn−2 (3.15)

Let us evaluate the integral in the rest frame Qµ = (µ, 0). Then use

∫
sinm θ dθ =

√
π�(m

2 + 1
2 )

�(m
2 + 1)

(3.16)

to arrive at

In(Q) =
∫

dnk

(k2 + 2k · Q − M2)α
(3.17)

= 2π(n−1)/2

�(n−1
2 )

∫ ∞

−∞
dk0

∫ ∞

0

wn−2 dw

(k2
0 − w2 + 2µk0 − M2)α

(3.18)

Here we used �( 1
2 ) = √

π and hence

2(
√

π )n−2 �( 1
2 )

�(1)

�(1)

�( 3
2 )

· · · �(n−3
2 + 1

2 )

�( n−3
2 + 1)

= 2π(n−1)/2

�(n−1
2 )

(3.19)

Now change the variable to kµ = (k + Q)µ, giving

In(Q) = 2π(n−1)/2

�(n−1
2 )

∫ ∞

−∞
dk0

∫ ∞

0

wn−2 dw

[k2
0 − w2 + (Q2 + M2)]α (3.20)
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It is useful to recall a representation for the Euler B function (see, e.g., Ref. [18]):

B(x, y) = �(x)�(y)

�(x + y)
(3.21)

= 2
∫ ∞

0
t2x−1(1 + t2)−x−y

dx (3.22)

with the substitutions

x = 1

2
(1 + β) (3.23)

y = α − 1

2
(1 + β) (3.24)

t = ξ

M
(3.25)

one has

∫ ∞

0
dξ

ξβ

(ξ2 + M2)α
= 1

2

�(
1+β

2 )�(α − 1+β
2 )

�(α)(M2)α−(1/2)(1+β)
(3.26)

Employing Eq. (3.26) in Eq. (3.20), one arrives at

In(Q) = 2(−1)−απ(n−1)/2�(α − 1
2 (n − 1))

�(α)

·
∫ ∞

0
dk0

1

[Q2 + M2 − k2
0]α−(1/2)(n−1)

(3.27)

The k0 integration can easily be done, using Eq. (3.26) again, to obtain, finally,

In(Q) = iπn/2

�(α)(−Q2 − M2)α−(n/2)

[
�

(
α − n

2

)]
(3.28)

which is the required result. This formula can equivalently be written

In(Q) = i(−1)−α(−π)n/2

�(α)(Q2 + M2)α−(n/2)

[
�

(
α − n

2

)]
(3.29)

In this alternative form, the term in brackets [ for the derivative formulas (3.30)
through (3.40)] would be rewritten in terms of (Q2 +M2) rather than (−Q2 −M2);
we mention this alternative because both forms appear in the literature.

By differentiating the result (3.28), we obtain successively a number of valuable
identities:
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∫
dnk kµ

(k2 + 2k · Q − M2)α
= iπn/2

�(α)(−Q2 − M2)α−n/2

[
−Qµ�

(
α − n

2

)]

(3.30)

∫
dnk kµkν

(k2 + 2k · Q − M2)α
= iπn/2

�(α)(−Q2 − M2)α−n/2

[
QµQν�

(
α − n

2

)

+ 1

2
gµν

(−Q2 − M2)�(
α − 1 − n

2

)]
(3.31)

∫
dnk kµkνkκ

(k2 + 2k · Q − M2)α
= iπn/2

�(α)(−Q2 − M2)α−n/2

[
QµQνQκ�

(
α − n

2

)

− 1

2
(gµνQκ + gνκQµ + gκµQν)

(−Q2 − M2)

· �

(
α − 1 − n

2

)]
(3.32)

∫
dnk kµkνkκkλ

(k2 + 2k · Q − M2)α
= iπn/2

�(α)(Q2 − M2)α−n/2

[
QµQνQκQλ�

(
α − n

2

)

+ 1

2
(QµQνgκλ + permutations)

(−Q2 − M2)

· �

(
α − 1 − n

2

)

+ 1

4
(gµνgκλ + permutations)

(−Q2 − M2)2

· �

(
α − 2 − n

2

)]
(3.33)

One can, of course, take contractions of the last three formulas to find (recall that
gµνg

µν = δ
µ
µ = n)

∫
dnk

k2

(k2 + 2k · Q − M2)α
= iπn/2

�(α)(−Q2 − M2)α−n/2

[
Q2�

(
α − n

2

)

+ n

2

(−Q2 − M2)�(
α − 1 − n

2

)]
(3.34)
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∫
dnk

k2kµ

(k2 + 2k · Q − M2)α
= iπn/2

�(α)(−Q2 − M2)α−n/2

·
[
−Q2Qµ�

(
α − n

2

)

+ 1

2
(n + 2)Qµ

(−Q2 − M2)

· �

(
α − 1 − n

2

)]
(3.35)

∫
dnk

k2kµkν

(k2 + 2k · Q − M2)α
= iπn/2

�(α)(−Q2 − M2)α−n/2

·
[
Q2QµQν�

(
α − n

2

)

+ 1

2

(
Q2gµν + (n + 4)QµQν

)(−Q2 − M2)

· �

(
α − 1 − n

2

)

+ 1

4
(n + 2)

(−Q2 − M2)2
gµν

· �

(
α − 2 − n

2

)]
(3.36)

∫
dnk

k4

(k2 + 2k · Q − M2)α
= iπn/2

�(α)(−Q2 − M2)α−n/2

·
[
−Q4�

(
α − n

2

)

+ (n + 2)Q2(−Q2 − M2)�(
α − 1 − n

2

)

+ 1

4
n(n + 2)

(−Q2 − M2)2

· �

(
α − 2 − n

2

)]
(3.37)

A general formula is not difficult to obtain, and we quote the result below. For
general p one has

∫
dnk

kµ1kµ2 · · · kµp

(k2 + 2k · Q − M2)α−n/2
= iπn/2

�(α)(−Q2 − M2)α
T (p)

µ1µ2···µp
(3.38)
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where the tensor T (p) is given by

T (p)
µ1µ2···µp

= (−1)p
[
Qµ1Qµ2 · · · Qµp�

(
α − n

2

)

+ 1

2

∑
permutations

{µi }

(gµ1µ2Qµ3 · · ·Qµp)
(−Q2 − M2)

· �

(
α − 1 − n

2

)

+ 1

4

∑
permutations

{µi }

(gµ1µ2gµ3µ4Qµ5 · · ·Qµp)
(−Q2 − M2)2

· �

(
α − 2 − n

2

)

+ · · · +
(

1

2

)p/2 ∑
permutations

{µi }

(gµ1µ2gµ3µ4 · · · gµp−1µp )

· (−Q2 − M2)p/2
�

(
α − p

2
− n

2

)]
(3.39)

Equation (3.39) has been written for p even; the only change for p odd is that the
last term in brackets should be written

+1[p/2]

2

∑
permutations

{µi }

(gµ1µ2 · · · gµp−2µp−1Qµp)
(−Q2 − M2)[p/2]

· �

(
α −

[
p

2

]
− n

2

)
(3.40)

where [x] means the largest integer not greater than x.
Equation (3.38) can be derived by induction on p.
This completes the principal artillery we need to address the computation of

Feynman diagrams in gauge theory, Eq. (3.13), and the regularization formula
(3.38). The Feynman rules for pure Yang–Mills theory were provided in Chapter 2;
with matter fields, the propagators are given by Bjorken and Drell [19, App. B],
whose conventions we use, and the vertices are deduced simply from the La-
grangian.

To illustrate how dimensional regularization is used, we shall work through four
examples in some detail. The first three are lowest (fourth)-order divergences in
quantum electrodynamics and are treated using Pauli–Villars regularization in the
classic text of Bjorken and Drell [19, Chap. 8]. The reader should become convinced
that the dimensional method is superior and that Chapter 8 of Ref. [19] could have
been shorter had the authors known of dimensional regularization, which was in-
vented about eight years after Ref. [19] was published.
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Figure 3.1 Vacuum polarization in QED.

Example 1. The most severe divergence of QED is the quadratic one associated
with the vacuum polarization diagram of Fig. 3.1. This diagram modifies the bare
photon propagator according to

−igµν

q2 + iε
→ −i

q2 − iε
Iµν(q)

−i

q2 + iε
(3.41)

where

Iµν(q) = (−1)

∫
d4k

(2π)2
Tr

[
(−ieγµ)

i

/k − m + iε

· (−ieγν)
i

(/k − /q) − m + iε

]
(3.42)

= −e2

(2π)2

∫
d4k Tr[γµ(/k + m)γν(/k − /q + m)]

(k2 − m2 + iε)[(k − q)2 − m2 + iε] (3.43)

We will calculate Iµν(q), including the finite q2 dependent Uehling term [20], by
two methods. The first uses Pauli–Villars regularization (following Ref. [19]); the
second employs dimensional regularization.

The integral in Eq. (3.43) diverges as
∫ ∞

(dk k) (i.e., quadratically). We first eval-
uate the Dirac trace

4Tµν = Tr
[
γµ(/k + m)γν(/k − /q + m)

]
(3.44)

Tµν = kµ(k − q)ν + kν(k − q)µ − gµν

(
k2 − k · q − m2) (3.45)

Next we use

1

k2 − m2 + iε
= −i

∫ ∞

0
dz exp

[
iz

(
k2 − m2 + iε

)]
(3.46)
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to arrive at

Iµν(q) = 4e

∫ ∞

0
dz1 dz2

∫
d4k

(2π)4
Tµν(k, q)

· exp
[
iz1

(
k2 − m2 + iε

) + iz2
(
(k − q)2 − m2 + iε

)]
(3.47)

Now complete the square in the exponent by changing the variable to

lµ = kµ − z2qµ

z1 + z2
(3.48)

so that d4k = d4l and

Iµν(q) = 4e2
∫ ∞

0
dz1 dz2

∫
d4k

(2π)4
Tµν(l, q)ei(z1+z2)l2

· exp

{
i

[
q2z1z2

z1 + z2
− (

m2 − iε
)
(z1 + z2)

]}
(3.49)

with

Tµν(l, q) = 2lµlν + z2 − z1

z2 + z1
(qµlν + qνlµ) − 2z1z2

(z1 + z2)2
qµqν

− gµν

[
l2 + z2 − z1

z2 + z1
l · q − z1z2

(z1 + z2)2
q2 − m2

]
(3.50)

Now do the l integration using

∫
d4l

(2π)4
[1, lµ, lµlν ]eil2(z1+z2) = 1

16π2i(z1 + z2)2

[
1, 0,

igµν

2(z1 + z2)

]
(3.51)

to arrive at (α = e2/4π )

Iµν(q, m) = − iα

π

∫ ∞

0

dz1 dz2

(z1 + z2)

· exp

{
i

[
q2z1z2

z1 + z2
− (

m2 − iε
)
(z1 + z2)

]}

·
{

2
(
gµνq

2 − qµqν

) z1z2

(z1 + z2)2

+ gµν

[ −i

z1 + z2
− q2z1z2

(z1 + z2)2
+ m2

]}
(3.52)

This integral is (of course) still divergent, so we now use the Pauli–Villars method,
which is to introduce fictitious heavy electrons of masses Mi (i = 2, 3, . . . ; here
M1 = me). We then consider
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Īµν(q) =
∑

i

ciIµν(q, Mi) (3.53)

The coefficients Ci are chosen such that the integral converges, and the fictitious
regulator masses will eventually be allowed to become arbitrarily large.

The first task is to show that the non-gauge-invariant term in Eq. (3.52) vanishes.
The coefficient of gµν is

∑
i

ci

∫
dz1 dz2

(z1 + z2)2
exp

{
i

[
q2z1z2

z1 + z2
− (

M2
i − iε

)
(z1 + z2)

]}

·
[
M2

i − i

z1 + z2
− q2z1z2

(z1 + z2)2

]
(3.54)

We change variables zi → λzi to rewrite Eq. (3.54) as

∑
i

ci

∫ ∞

0

dz1 dz2

(z1 + z2)2

[
M2

i − i

λ(z1 + z2)
− q2z1z2

(z1 + z2)2

]

· exp

{
iλ

[
q2z1z2

z1 + z2
− (

M2
i − iε

)
(z1 + z2)

]}
(3.55)

= iλ
∂

∂λ

∫ ∞

0

dz1 dz2

λ(z1 + z2)3

·
∑

i

ci exp

{
iλ

[
q2z1z2

z1 + z2
− (

M2
i − iε

)
(z1 + z2)

]}
(3.56)

Finally, rescale λzi → zi again to find that the integral is λ independent, and hence
this term vanishes.

For the remaining (gauge-invariant) term in Eq. (3.52), we insert the expression

1 =
∫ ∞

0

dλ

λ
δ

(
1 − z1 + z2

λ

)
(3.57)

which greatly simplifies the formula to (after putting zi → λzi )

Īµν(q) = 2iα

π

(
qµqν − gµνq

2) ∫ ∞

0
dz1 dz2 z1z2δ(1 − z1 − z2)

·
∫ ∞

0

dλ

λ

∑
i

ci exp
[
iλ

(
q2z1z2 − M2

i + iε
)]

(3.58)

We need only one regulator mass and put c1 = −c2 = +1, cn = O (n � 3),
M2 = M , and Mn = O (n � 3). Then

Īµν(q) = Iµν

(
q,m2) − Iµν

(
q, M2) (3.59)
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= 2iα

π

(
qµqν − gµνq

2) ∫ 1

0
dz z(1 − z)

·
∫ ∞

0

dλ

λ
eiλq2z1z2

[
e−λ(m2−iε) − e−iλ(M2−iε)

]
(3.60)

Now use (consider d/da, d/dA, etc.)

∫ ∞

0

dλ

λ

[
e−iλ(a−iε) − e−iλ(A−iε)

] = ln
A

a
(3.61)

to arrive at

Iµν(q) = 2iα

π

(
qµqλ − q2gµν

) ∫ 1

0
dz z(1 − z) ln

M2 − q2z(1 − z)

m2 − q2z(1 − z)
(3.62)

= 2iα

π

(
qµqλ − q2gµν

) ∫ 1

0
dz z(1 − z)

·
[

ln
M2

m2
+ q2

m2
z(1 − z) + higher order in q2

]
(3.63)

= iα

3π

(
qµqλ − q2gµν

)(
ln

M2

m2
+ q2

5m2
+ · · ·

)
(3.64)

Thus gauge invariance ensures absence of the quadratic divergence, but the loga-
rithmic divergence remains. Before interpreting the results, let us see how much
easier it is to obtain Eq. (3.64), by dimensional regularization.

Starting again at Eq. (3.43), we use a Feynman parameter formula to obtain

Iµν(q) = − 4e2

(2π)4

∫ 1

0
dx

∫
dnk

(k2 + 2k · Q − M2)2
Tµν(k, q) (3.65)

where

Qµ = −xqµ (3.66)

M2 = m2 − xq2 (3.67)

Using Eq. (3.45) for the Dirac trace, the dimensional regularization formulas give

Iµν(q) = − 4e2

(2π)4

∫ 1

0

dx

(Q2 + M2)2−n/2

·
{
gµν

(
Q2 + M2)(n

2
− 1

)
�

(
1 − n

2

)
+ �

(
2 − n

2

)

· [
2QµQν + (qµQν + qνQµ) + gµν

(−Q2 − q · Q + m2)]} (3.68)
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Now because of the identity(
n

2
− 1

)
�

(
1 − n

2

)
= −�

(
2 − n

2

)
(3.69)

we see immediately that the quadratic divergence (pole at n = 2) vanishes! Insert-
ing Eqs. (3.66) and (3.67) into Eq. (3.68) now gives

Iµν = 2iα

π

(
qµqν − gµνq

2)�(
2 − n

2

)

·
∫

dx
x(1 − x)

[m2 − q2x(1 − x)]2−(n/2)
(3.70)

= iα

3π

(
qµqν − gµνq

2)[ 2

4 − n
+ 1

5

q2

m2
+ O

(
q4)] (3.71)

That this agrees with Eq. (3.64) is evident when we identify the residue of the pole
(4−n)−1 with the coefficient of ln M in the Pauli–Villars cutoff method. The deriva-
tion is, however, obviously simpler.

For the reader unfamiliar with QED renormalization, we add some remarks
about the result. The photon propagator is modified to

− igµν

q2 + iε

[
1 − α

3π

2

4 − n
− α

15π

q2

m2
+ O

(
q4, α2)] (3.72)

The q2-independent part is absorbed into the renormalization constant

Z3 = 1 − α

3π

2

4 − n
+ O

(
α2) (3.73)

The renormalized charge is given by

αR = z3αB (3.74)

(we are here anticipating the identity Z1 = Z2 derived below). The renormalized
value αR = (137.036)−1 is the measured fine-structure constant, while the bare
value αB is not observable. We also have the field renormalization for the photon

Aµ = √
Z3AµR (3.75)

The q2-dependent Uehling term is also very interesting. For low q2 the propagator
in momentum space is modified to

1

q2

[
1 − αR

15π

q2

m2
+ O

(
α2

R, q4)] (3.76)
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Figure 3.2 Electron self-mass.

In coordinate space, this modifies the Coulomb potential to

e2
R

4πr
+ 4α2

R

15m2
δ3(x) (3.77)

The extra term affects the energy levels of the hydrogen atom, and in particular
gives a substantial contribution to the Lamb shift [21]. The levels 2S1/2 and 2P1/2

are degenerate except for field quantization effects, which lift the 2S1/2 level by
1057.9 MHz (megahertz; 106 cycles/second) relative to 2P1/2. The second term in
Eq. (3.77) contributes an amount (−27.1 MHz) to this, and since the agreement
[22] between theory and experiment is better than 0.1 MHz for the Lamb shift, the
value for the vacuum polarization graph is well checked. The successful prediction
of the Lamb shift is one of the triumphs of QED (although not the most accurate
check, as will be seen in Example 3).

Example 2. Consider the electron self-mass diagram, Fig. 3.2. We shall again com-
pare Pauli–Villars with dimensional regularization (for the last time; future exam-
ple will be done only dimensionally). The electron propagator is replaced according
to

i

/p − m
→ i

/p − m

[−�(p)
] i

/p − m
(3.78)

�(p) = −ie2

(2π)4

∫
d4k

1

k2 − λ2 + iε
γν

/p − /k + m

(p − k)2 − m2 + iε
γν (3.79)

where λ is a (small) photon mass to accommodate infrared divergences.
Now use Eq. (3.46), the change of variable (3.48), and the integrals (3.51) to arrive

at

�(p) = α

2π

∫ ∞

0

dz1 dz2

(z1 + z2)2

(
2m − /pz1

z1 + z2

)

· exp

[
i

(
p2z1z2

z1 + z2
− m2z2 − λ2z1

)]
(3.80)

To make the integral converge, we introduce, a la Pauli–Villars, a heavy photon of
mass � and define
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�̄(p) = �(p, m, λ) − �(p, m, �) (3.81)

Using the same scaling trick as in Example 1, we rescale zi → γ zi and insert

1 =
∫ ∞

0

dγ

γ
δ

(
1 − z1 + z2

γ

)
(3.82)

to find

�̄(p) = α

2π

∫ 1

0
dz

[
2m − /p(1 − z)

]

·
∫ ∞

0

dγ

γ

[
exp

{
iγ

[
p2z(1 − z) − m2z − λ2(1 − z) + iε

]}
− (λ ↔ �)

]
(3.83)

Using Eq. (3.61) gives

�̄(p) = α

2π

∫ 1

0
dz

[
2m − /p(1 − z)

]
ln

�2(1 − z)

λ2(1 − z) + m2z − p2z(1 − z)
(3.84)

Ensuring that the finite part vanish on mass shell p2 = m2 then requires us to
write this as

�̄(p) = α

2π

∫ 1

0
dz

[
2m − /p(1 − z)

][
ln

�2

m2
+ ln

m2z

m2 − p2(1 − z)

]
(3.85)

Here we have assumed that λ2 < (p2 −m2) and have subtracted ln[(1−z)/z2] from
the logarithm in Eq. (3.84) to fix the finite part uniquely.

We now need integrals (putting p2/m2 = t), namely,

∫
dz ln

z

1 − t + tz
= z ln z − 1 − t + tz

t
ln(1 − t + tz) (3.86)

∫
dz(1 − z) ln

z

1 − t + tz
=

(
z − 1

2
z2

)
ln

z

1 − t + tz

+ 1 − t

2t

[
z − 1 + t

t
ln(1 − t + tz)

]
(3.87)

Using these results in Eq. (3.85) gives

�̄(p) = 3αm

4π
ln

�2

m2
− α

2π
(/p − m) ln

�2

m2

+ αm

π

m2 − p2

p2
ln

m2 − p2

m2

− α/p

4π

m2 − p2

p2

(
1 + m2 + p2

p2
ln

m2 − p2

m2

)
(3.88)



114 3 Renormalization

Next to a free-particle spinor /p = m by the Dirac equation and with p2 � m2,

�̄(p) → 3αm

4π
ln

�2

m2
− α

4π
(/p − m)

(
ln

�2

m2
+ 4 ln

m2 − p2

m2

)
(3.89)

We absorb the divergences into the multiplicative renormalization constant

Z2 = 1 − α

4π
ln

�2

m2
+ O

(
α2) (3.90)

and an additive mass renormalization

δm = 3αm

4π
ln

�2

m2
+ O

(
α2) (3.91)

To this order the propagator may now be written

i

/p − m
+ i

/p − m

[−i�(p)
] i

/p − m
= i

/p − m − �(p)
+ O

(
α2) (3.92)

= iZ2

/p − m − δm
+ O

(
α2) (3.93)

The physical electron mass is (m + δm), m itself being unobservable. The electron
field is renormalized according to

ψ = √
Z2ψR (3.94)

As promised, we now present a simpler derivation of �(p) using dimensional
methods. From Eq. (3.79), using γν/pγν = −2/p and Feynman parameters, we have

�(p) = −2ie2

(2π)4

∫ 1

0
dx

∫
dn
k

−/p + /k + 2m

(k2 + 2k · Q − M2)2
(3.95)

with

Qµ = −xpµ (3.96)

M2 = (
m2 − r2)x (3.97)

Dimensional regularization now gives

�(p) = −2ie2

(2π)4

iπ2

�(2)
�

(
2 − n

2

) ∫ 1

0

dx(2m − /p − /Q)

(Q2 + M2)2−n/2
(3.98)
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Figure 3.3 QED vertex correction.

Expanding the denominator as

(
Q2 + M2)−2+n/2 = 1 +

(
n

2
− 2

)

· ln
[
m2x − p2x(1 − x)

] + O(n − 4)2 (3.99)

then gives

�(p) = 3αm

4π

2

4 − n
− α

4π
(/p − m)

2

4 − n

+ α

2π

∫ 1

0
dx

[
2m − /p(1 − x)

]
ln

m2x2

m2x − p2x(1 − x)
(3.100)

where we have decreed, as before, that the nonpole (finite) part vanish at the renor-
malization point, p2 = m2. This formula agrees precisely with Eqs. (3.85) and
(3.89).

Example 3. Consider the QED vertex correction of Fig. 3.3. The corresponding
amplitude is

�µ(p′, p) = (−ie)2
∫

d4k

(2π)4

( −i

k2 − λ2 + iε
γν

i

/p − /k − m + iε

· γµ

i

/p − /k − m + iε
γν

)
(3.101)

This is understood to be sandwiched between spinors ū(p′) · · · u(p), so that /p′ on
the left and /p on the right may be replaced by m according to the Dirac equation.

Writing the Dirac factor as

tµ = γν(/p
′ − /k + m)γµ(/p − /k + m)γν (3.102)
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we have, using Feynman parameters,

�µ(p′, p) = −2ie2

(2π)4

∫ 1

0
dx

∫ 1−x

0
d4k

tµ

(k2 + 2k · Q − M2)3
(3.103)

with

Qµ = −xp′
µ − ypµ (3.104)

M2 = λ2(1 − x − y) (3.105)

Q2 + M2 = m2(x + y)2 + λ2(1 − x − y) − q2xy (3.106)

Applying dimensional regularization corresponds to the recipe

kαkβ → QαQβ (aside from divergent piece) (3.107)

kα → −Qα (3.108)

1 → 1 (3.109)

Then it is straightforward but tedious to find that (putting /p′ = m on left, /p = m

on right)

Eµ = γν(/p
′ + /Q + m)γµ(/p + /Q + m)γν (3.110)

= Aγµm2 + Bγµq2 + Cmpµ + DMp′
µ (3.111)

with

A = 4 − 8(x + y) + 2(x + y)2 (3.112)

B = −2(1 − x)(1 − y) (3.113)

C = −4xy + 4x − 4y2 (3.114)

D = −4xy + 4y − 4x2 (3.115)

Thus �µ(p′, p) contains the purely finite part (here we may put n = 4 immedi-
ately),

�(1)
µ (p′, p) = −2ie2

(2π)4

−iπ2

�(3)

∫
dx dyEµ

Q2 + M2
(3.116)

There is also the log divergent part of kαkβ giving

�µ = �(1)
µ + �(2)

µ (3.117)
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with

�(2)
µ (p′, p) = −2ie2

(2π)4

−iπ2

�(3)

∫
dx dy

(Q2 + M2)2−n/2

(
−1

2

)
�

(
2
n

2

)
(γνγαγµγαγν)

(3.118)

Let us look at the divergent term only first, since it is relevant to the Ward identity.
Using

γνγαγµγαγν = 4γµ (3.119)

we have (α = e2/4π )

�(2)
µ (p′, p) ∼ α

4π
γµ

2

4 − n
(3.120)

We define a renormalization constant Z1 by

ū(p)�µ(p, p)u(p) =
(

1

Z1
− 1

)
ū(p)γµu(p) (3.121)

Thus

Z1 = 1 − α

4π

2

4 − n
+ O

(
α2) (3.122)

The reader will notice that this coincides precisely with the expression for Z2

given in Eq. (3.90). This is no accident and is the Ward–Takahashi identity [23–25]
for QED. It holds to all orders in perturbation theory, namely,

Z1 = Z2 (3.123)

At order α it is easily derived by noticing that

∂

∂pµ

1

/p − /k − m + iε
= −1

/p − /k − m + iε
γµ

1

/p − /k − m + iε
(3.124)

Thus comparing Eq. (3.79) for �(p) with Eq. (3.101) for �(p′, p), we see immedi-
ately that

d

dpµ

�(p) = −�µ(p, p) (3.125)

Since we showed in Example 2 that the divergent part of �(p) is given by

�(p) ∼ α

4π
(/p − m)

2

4 − n
+ 3αm

4π

2

4 − n
(3.126)

= (/p − m)

(
1

Z2
− 1

)
+ δm (3.127)
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we see that

λµ(p, p) = − ∂

∂pµ

�(p) (3.128)

≈ γµ

(
1

Z2
− 1

)
(3.129)

= γµ

(
1

Z1
− 1

)
(3.130)

Hence the identity (3.123) follows.
Thus there are only three independent renormalization constants in QED: Z3 for

the photon field, Z2 for the electron field, and δm for the electron mass. The mul-
tiplicative renormalization of the charge depends only on Z3, as indicated with-
out proof in Example 2. We can now verify this at order α by considering all the
diagrams that contribute. They are depicted in Fig. 3.4; these diagrams are self-
explanatory except Fig. 3.4e and f, which are depictions of the counterterms (−δm)
associated with Fig. 3.4c and d, respectively. In the limit p′

µ = pµ, the seven contri-
butions are listed below [there is a common factor (−ie)].

(a) γµ

(b) γµ(Z3 − 1)

(c) + (e) −
(

1

Z2
− 1

)
γµ

(d) + (f) −
(

1

Z2
− 1

)
γµ

(g) γµ

(
1

Z2
− 1

)

The external lines require field renormalization factors [(√Z2 )2√Z3 ]−1.
The resultant sum is thus given by

γµ

Z2
√

Z3

[
1 + (Z3 − 1) − 2

(
1

Z2
− 1

)
+

(
1

Z1
− 1

)]

= γµ

Z2
√

Z3

(
1 + Z3 − 1

Z2

)
(3.131)

= γµ

Z2
√

Z3

1 + (Z3 − 1)

1 + [(1/Z2) − 1] + O
(
α2) (3.132)

= √
Z3γµ + O

(
α2) (3.133)
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Figure 3.4 Order α contributions to charge renormalization.

This shows that the renormalization constant Z1 = Z2 cancels out and justifies
Eq. (3.74).

So far we have studied only the divergent part of �µ(p′, p). There is a finite
part proportional to γµ coming from �

(2)
µ in Eq. (3.118) and from the terms A and

B of Eq. (3.111) substituted into �
(1)
µ of Eq. (3.116); this term will not be worked

through, since it is not of special interest.
Of very great interest, for checking QED, are the remaining finite terms, which

are provided by C and D in Eq. (3.111) substituted into �
(1)
µ of Eq. (3.116). The

dimensional regularization again simplifies the calculation. We have a contribution
to �µ(p′, p) of

− 2ie2

(2π)4

−iπ2

�(3)

∫
dx dy

m2(x + y)2
m

[−(
4xy + 4x − 4y2)pµ

+ (−4xy + 4y − 4x2)p′
µ

]
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= − e2

4π2m

∫
dx dy

(x + y)2

[(−xy + x − y2)pµ + (−xy + y − x2)p′
µ

]

+ O
(
q2) (3.134)

= − α

4πm
(p + p′)µ + O

(
q2) (3.135)

where we used the integrals

∫ 1

0
dx

∫ 1−x

0
dy

1

(x + y)2

{
x, y, x2, y2, xy

} =
{

1

2
,

1

2
,

1

6
,

1

6
,

1

12

}
(3.136)

Sandwiched between spinors, we have the identity

ū(p′)
(p + p′)µ

2m
u(p) ≡ ū(p′)

(
γµ − iσµνqν

2m

)
u(p) (3.137)

where

σµν = 1

2
[γν, γν ] (3.138)

Thus the contribution (3.135) to �µ(p′, p) may be rewritten

− α

2π
γµ + iα

4πm
σµνqν (3.139)

The first term cancels against the other contributions proportional to γµ and of
order α (recall that only the q2 → 0 limit is needed). Combined with the Born
term, we therefore have the static limit

ū(p′)
(

γµ + iα

4πm
σµνqν

)
u(p)

= ū(p′)
[

(p + p′)µ
2m

+
(

1 + α

2π

)
iσµνqν

2m

]
u(p) (3.140)

The α/2π coefficient provides the lowest-order correction to the magnetic moment
of the electron whose gyromagnetic ratio g is thus given by [19, Chap. 1]

1

2
g = 1 + α

2π
+ O

(
α2) (3.141)

This correction was first calculated by Schwinger [26] in 1948 and found to agree
with the experimental value of the anomalous moment determined in 1947 by
Kusch and Foley [27, 28]. Since then the theoretical value has been computed to
order α4 giving (the numbers quoted below are from Refs. [29, 30])
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ath
e = 1

2
(ge − 2) (3.142)

= 0.5

(
α

π

)
− 0.32848

(
α

π

)2

+ 1.49

(
α

π

)3

(3.143)

= 0.001 159 652 188 3(7) (3.144)

The experimental value is

a
expt
e = 0.001 159 657 (3.145)

agreeing within errors to about 1 in 1010 for a = 1
2 (g − 2) and to 1 in 1013 for g

itself.

Example 4. As a final example of dimensional regularization technique,1) and as
a bridge to Section 3.3, we calculate the process S → γ γ , where S is a scalar and
both photons may be off-mass shell. The interaction is taken as

L = igψ̄ψφ − eψ̄γµψAµ (3.146)

and the two diagrams are depicted in Fig. 3.5.
Taking the amplitude for Fig. 3.5a as Tµν(p1, p2), the sum of the two diagrams

will be

Iµν(p1, p2, m) = Tµν(p1, p2) + Tµν(p2, p1) (3.147)

It will turn out that Tµν alone satisfies Bose symmetry, so that adding the crossed
diagram, as in Eq. (3.147), merely multiplies Tµν by a factor of 2 (this is an accident
for the present special case and should not be expected in general).

The Feynman rules give

Tµν = −(i)3g(−ie)2
∫

d4k

(2π)4

1

k2 − m2 + iε

· 1

(k − p1)2 − m2 + iε

1

(k + p2)2 − m2 + iε
4tµν (3.148)

with the Dirac trace tµν given by

4tµν = Tr
[
(/k + m)γµ(/k − /p1 + m)(/k + /p2 + m)γν

]
(3.149)

This is easily evaluated as

tµν = m
[
4kµkν + 2(kµp2ν − p1µkν)

− (p1µp2ν − p2µp1ν) + gµν

(
m2 − k2 − p1 · p2

)]
(3.150)

1) Here the technique is applied, with great convenience, to a finite amplitude.
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Figure 3.5 Diagrams for S → γ γ .

Introduce Feynman parameters to obtain

Tµν = 8ige2

(2π)4

∫ 1

0
dx

∫ 1−x

0
dy

∫
dnk

(k2 + 2k · Q − M2)3
tµν (3.151)

where

Qµ = −xp1µ + yp2µ (3.152)

M2 = −xp2
1 − yp2

2 + m2 (3.153)

Dimensional regularization now gives

Tµν = 8ige2

(2π)4

iπ2

�(3)

∫ 1

0
dx

∫ 1−x

0
dy

∫
1

(−Q2 − M2)3−n/2

·
{[

4QµQν − 2Qµp2ν + 2p1µQν − p1µp2ν + p2µp1ν

+ gµν

(
m2 − p1 · p2 − Q2)]�(

3 − n

2

)

+ gµν

(−Q2 − M2)(2 − 1

2
n

)
�

(
2 − 1

2
n

)}
(3.154)
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Since, in the final term of the braces, one has(
2 − 1

2
n

)
�

(
2 − 1

2
n

)
= �

(
3 − 1

2
n

)
(3.155)

we see that the amplitude is finite. Substituting Eqs. (3.152) and (3.153) into
Eq. (3.154) and using Eq. (3.155) now gives

Tµν = ge2m

4π2

∫ 1

0
dx

·
∫ 1−x

0
dy

1

p2
1x(1 − x) + p2

2y(1 − y) + 2p1 · p2xy − m2

· [
p1µp1ν

(
4x2 − 2x

) + p2µp2ν

(
4y2 − 2y

)
+ p1µp2ν(−4xy + 2x + 2y − 1)

+ p2µp1ν(1 − 4xy) + gµν

(
p2

1x + p2
2y − 2p2

1x
2 − 2p2

1y2

+ 4p1 · p2xy − p2
1p2

)]
(3.156)

This is seen to satisfy

Tµν(p1, p2) = Tνµ(p2, p1) (3.157)

as anticipated above.
Let us adopt the shorthand (for the rest of this section only)

∫∫
≡ ge2m

2π2

∫ 1

0
dx

·
∫ 1−x

0
dy

1

p2
1x(1 − x) + p2

2y(1 − y) + 2p1 · p2xy − m2
(3.158)

Then we define the amplitudes

A =
∫∫

(1 − 4xy) (3.159)

B1 = 1

p2
2

∫∫
2x(1 − 2x) (3.160)

B2 = 1

p2
1

∫∫
2y(1 − 2y) (3.161)

B3 = − 1

p1 · p2

∫∫
(1 − 2x)(1 − 2y) (3.162)
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Then from Eq. (3.156) we find that

Iµν = A(p2µp1ν − p1 · p2gµν) + 1

2
(B1 + B2)p

2
1p2

2gµν − B1p
2
2p1µp1ν

− B2p
2
1p1µp1ν + B3p1 · p2p1µp2ν (3.163)

We can now show that B1 = B2 = B3 (= B, say), as follows. Consider

p2
2p1 · p2(B1 − B3)

∝
∫ 1

0
dx

∫ 1−x

0
dy

(1 − 2x)[2xp1 · p2 + (1 − 2y)p2
2]

p2
1x(1 − x) + p2

2y(1 − y) + 2p1 · p2xy − m2
(3.164)

= −
∫ ∞

0
dz

∫ 1

0
dx(1 − 2x)

∫ 1−x

0
dy

· ∂

∂y

{
exp

[−z
(
p2

1x(1 − x) + p2
2y(1 − y) + 2p1 · p2xy − m2)]}

(3.165)

Introducing x′ = x − 1
2 , this expression is

p2
2p1 · p2(B1 − B3) ∼ −

∫ ∞

0
dz e−M2z

∫ +1/2

−1/2
dx′(−2x′)

·
{

exp

[
−z(p1 + p2)

2
(

1

4
− x′ 2

)]

− exp

[
−zp2

1

(
1

4
− x′ 2

)]}
(3.166)

= 0 (3.167)

The integral vanishes since it is odd x′. Similarly, we may show that B2 − B3.
Thus, we have finally, from Eq. (3.163),

Iµν = A(p2µp1ν − p1 · p2gµν)

+ B
(
p1µp2νp1 · p2 − p2

1p2µp2ν − p2
2p1µp1ν + p2

1p2
2gνµ

)
(3.168)

This satisfies gauge invariance since

p1µIµν = p2νIµν = 0 (3.169)
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Of course, this property was guaranteed from the beginning, since the integral
was convergent, but the explicit evaluation would be considerably more difficult
using Pauli–Villars regularization.

3.3
Triangle Anomalies

We now turn to a curiously profound property of gauge theories with chiral fermi-
ons, which necessarily involve γ5 in their gauge couplings. This is the case for
example, the standard Glashow–Salam–Weinberg electroweak theory.

Recall the Dirac algebra

{γµ, γν}+ = 2gµν (3.170)

and the definition

γ5 = iγ0γ1γ2γ3 (3.171)

= 1

24
εαβγ δγαγβγγ γδ (3.172)

so that

{γ5, γµ}+ = 0 (3.173)

One representation is the 4 × 4 matrices

γ0 =
(

1 0
0 −1

)
(3.174)

γγγ =
(

0 σσσ

−σσσ 0

)
(3.175)

γ5 =
(

0 1
1 0

)
(3.176)

Dimensional regularization is not straightforwardly applicable to expressions in-
volving γ5 because the definition (3.172), in particular the tensor εαβγ δ , is defined
only in four dimensions (see, however, Refs. [31–36]).

As already emphasized, the renormalization procedure must be such that the
renormalized quantities respect local gauge invariance. For Green’s functions, this
requirement is expressed by the Ward identities. In the Abelian case of quantum
electrodynamics, these are the Ward–Takahashi identities [23–25] discussed above;
in a non-Abelian theory, gauge invariance for Green’s functions is most succinctly
expressed by the Becchi–Rouet–Stora–Tyutin (BRST) identities [37], which sum-
marize the earlier forms found by Taylor [38] and Slavnov [39]. The BRST transfor-



126 3 Renormalization

Figure 3.6 Triangle, square, and pen-
tagon diagrams for anomaly consid-
erations. V, vector coupling; A, axial-
vector coupling.

mation is discussed later; for present purposes we merely state the relevant Ward
identities for the amplitudes considered.

In the presence of γ5 couplings to the gauge field, there are axial vector Ward
identities as well as vector identities. The problem of anomalies is that one finds
triangular Feynman diagrams is one-loop order of perturbation theory that violate
the axial Ward identities. Such anomalies must be canceled in order that the theory
has a chance to be renormalizable.

The triangle anomaly has a long history, going back to work, by Steinberger [40]
and Schwinger [41]. Considerably later, the anomaly was emphasized by others
[42–45].

After proof of renormalizability of Yang–Mills theory in 1971, the relevance of
anomaly cancellation to renormalizability was discussed by several authors [46–48]
(on anomalies, see also Refs. [11], and [49–57]; for reviews, see Refs. [58] and [59]).

The Feynman graph giving rise to an anomaly is a triangular fermion loop with
three gauge fields and with overall abnormal parity (i.e., one or three γ5 couplings)
as in Fig. 3.6a and b. The square and pentagon configuration indicated in Fig. 3.6c

through h must be considered also [49]. One of two useful theorems [49] (see also
Ref. [57]) is that once the AW triangle anomaly is canceled, so are all the others.
The second useful theorem, due to Adler and Bardeen [52] (see also Ref. [58]) is
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Figure 3.7 (a) Triangle graph; (b) crossed graph.

that radiative corrections do not renormalize the anomaly. Thus we need consider
only the simplest AVV graph.

The interaction Lagrangian will be taken as

L = −eAψ̄γµγ5ψZA
µ − eV ψ̄γµψAµ (3.177)

and, at first, we allow only one fermion species to propagate in the graph of
Fig. 3.7a. The full amplitude requires adding the crossed graph of Fig. 3.7b ac-
cording to

Iµνλ(p1, p2, m) = Tνµλ(p1, p2, m) + Tµνλ(p2, p1, m) (3.178)

Feynman rules now give

Tµνλ = (i)3(−ieA)(−ieV )2
∫

d4k

(2π)4

1

k2 − m2 + iε

· 1

(k − p1)2 + m2 + iε

1

(k + p2)2 − m2 + iε
4tµνλ (3.179)

where the Dirac trace is

4tµνλ = Tr
[
(/k + m)γµ(/k − /p1 + m)γλγ5(/k + /p2 + m)γν

]
(3.180)
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The crucial point is that the integral in Eq. (3.179) is superficially linearly diver-
gent, and therefore shifting the integration variable alters Tµνλ by a finite amount.
Such a shift is necessary to establish the Ward identities expected, namely

(p1 + p2)λIµνλ = 0 (3.181)

P1µIµνλ = 0 (3.182)

P2νIµνλ = 0 (3.183)

We will now show that if we impose the vector identities (3.182) and (3.183)
(as is essential in quantum electrodynamics for charge conservation), then we do
not maintain, in general, the axial-vector Ward identity, Eq. (3.181), unless extra
conditions are met.

The linear divergence is independent of the fermion mass m, which we therefore
set to zero, giving

Tµνλ = −eAe2
V

∫
d4k

(2π)4

Tr[/kγµ(/k − /p1)γλγ5(/k + /p2)γν ]
k2(k − p1)2(k + p2)2

(3.184)

Computation of Tµνλ reveals that it is Bose symmetric under the interchange
{p1, µ} ↔ {p2, ν}, so that addition of the crossed term in Eq. (3.178) merely gives
a factor 2. Thus identities (3.181) through (3.183) may be applied directly to Tµνλ.

Consider first

(p1 + p2)λTµνλ

= −eAe2
V

∫
d4k

(2π)4

Tr[/kγµ(/k − /p1)(/p1 + /p2)γ5(/k + /p2)γν]
k2(k − p1)2(k + p2)2

(3.185)

Now rewrite

(/p1 + /p2)γ5 ≡ −(/k − /p1)γ5 − γ5(/k + /p2) (3.186)

to find that

(p1 + p2)γ Tµνλ = eAe2
V

(2π)4

{∫
d4k

Tr[/kγµγ5(/k + /p2)γν ]
k2(k + p2)2

+
∫

d4k
Tr[/kγµ(/k − /p1)γ5γν ]

k2(k − p1)2

}
(3.187)

Now both terms in the braces are second-rank pseudotensors depending on only
one four-momentum. No such tensor exists, so we would conclude that Eq. (3.181)
is satisfied. (However, the reader must not stop here but read on!) Now consider

p1νTµνλ = −eAe2
V

(2π)4

∫
d4k

Tr[/k − /p1(/k − /p1)γλγ5(/k + /p2)γν]
k2(k − p1)2(k + p2)2

(3.188)
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Let us change variable to k′
µ = (k +p2)µ and be deliberately careless (temporarily),

to obtain

p1νTµνλ = −eAe2
V

(2π)4

∫
d4k

Tr[(/k − /p2)/p1(/k
′ − /p1 − /p2)γλγ5/k

′γν ]
(k′ − p2)2(k′ − p1 − p2)2k′ 2

(3.189)

Now rewrite

/p1 = −(/k′ − /p1 − /p2) + (/k − /p2) (3.190)

to obtain, apparently,

P1µTµνλ = eAe2
V

(2π)4

{∫
d4k′ Tr[(/k′ − /p2)γλγ5k

′γν ]
(k′ − p2)2k′ 2

−
∫

d4k′ Tr[(/k′ − /p1 − /p2)γλγ5/k
′γν ]

(k′ − p1 − p2)2k′ 2

}
(3.191)

which vanishes exactly as before.
By similar steps, putting k′′ = (k − p1) and rewriting

/p2 = (/k′′ + /p1 + /p2) − (/k′′ + /p1) (3.192)

we can apparently obtain

p2νTµνλ = −eAe2
V

(2π)4

{∫
d4k′′ Tr[(/k′′ + /p1)γµk′′γλγ5]

(k′′ + p1)2k′′ 2

−
∫

d4k′′ Tr[γµ/k′′γλγ5(/k
′′ + /p1 + /p2)]

k′′ 2(k′′ + p1 + p2)2

}
(3.193)

Both terms in brackets are second-rank pseudotensors depending only on one four-
vector, and hence vanish.

The fallacy in the argument above [i.e., in Eqs. (3.185) through (3.193)] is that
shifting the integration variable in a linearly divergent integral changes the value
of that integral by a finite amount. Define Sµνλ by

Tµνλ = −eAe2
V Sµνλ (3.194)

so the linearly divergent piece is

Sµνλ = 1

(2π)4

∫
d4k

Tr(/kγµ/kγλγ5/kγν)

k6
(3.195)

If we shift to k′ = (k + a), by how much does Sµνλ change? Consider the manipu-
lations
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∫
d4kf (k) =

∫
d4k′f (k′ − a) (3.196)

=
∫

d4k′f (k′) − aρ

∫
d4k

∂

∂kρ

f (k) + · · · (3.197)

If the original integral is linearly divergent, the second term in Eq. (3.197) is finite,
since when converted to a surface term by Gauss’s theorem, the integrand f (k) ∼
|k|−3 and the surface area ∼ |k|3.

In the present case, suppose that we shift the integration variable in Eq. (3.195)
to k′

µ = (k + a)µ; then we have

S′
µνλ = Sµνλ + Cµνλρaρ (3.198)

where

Cµνλρ = − 1

(2π)4

∫
d4k

∂

∂kρ

Tr(/kγµ/kγλγ5/kγν)

k6
(3.199)

= − 1

(2π)4

∫
d4k

∂

∂kρ

Tr(γ5/kγν/kγµ/kγλ)

k6
(3.200)

Recall now the trace formula

Tr(γ5γαγβγδγεγφ) = −4iεδεφk(gkαgβγ − gkβgαγ + gkγ gαβ)

+ 4iεαβγ k(gkδgεφ − gkεgδφ + gkφgδε) (3.201)

Using this one finds from Eq. (3.200) that

Cµνλρ = − 4i

(2π)2

∫
d4k

∂

∂kρ

εµνλεkε

k4
(3.202)

Going to Euclidian space (ik0 = k4) we may evaluate this as

Cµνλρ = 4i

(2π)2
εµνλε

∫
d4k

∂

∂kρ

kε

k4
(3.203)

= 4i

(2π)2
εµνλρ

∫
d4k

∂

∂kρ

kα

4k4
(3.204)

where we used the fact that terms ρ 
= ε in Eq. (3.203) vanish by oddness in k;
otherwise, k2

α = 1
4k2 (α = 1, 2, 3, 4). Now use Gauss’s theorem to obtain

Cµνλρ = 4

(2π)4
εµνλρ lim

k→∞

(
2π2k3 k

4k4

)
(3.205)

= 1

8π2
εµνλρ (3.206)
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Using this result, we see that the shifts of integration variable k′ = (k + p2) and
k′′ = (k − p1), respectively, give rise to

p1µSµνλ = 1

8π2
εµνλρp2ρp1µ (3.207)

p2νSµνλ = 1

8π2
εµνλρp2νp1ρ (3.208)

To include the crossed diagram (Fig. 3.7b) and to guarantee the vector Ward identi-
ties, we must use

Sµνλ(p1, p2) = Sµνλ(p1, p2) + Sνµλ(p2, p1) + 1

4π2
εµνλρ(p1 − p2)ρ (3.209)

This satisfies

p1µSµνλ = 0 (3.210)

p2νSµνλ = 0 (3.211)

but also

(p1 + p2)λSµνλ = 1

2π2
εµνλρp2λp1ρ (3.212)

Thus the axial-vector Ward identity contains an anomaly given uniquely by
Eq. (3.212) and independent of the fermion mass in the triangle. No method of
regularization can avoid this, for only one fermion is circulating in the triangle
loop.

To make the point again, slightly differently, if we calculate the same Feynman
diagram using different momentum labeling as in Fig. 3.8, we will arrive at ampli-
tudes differing by a finite amount, namely,

T ′
µνλ = Tµνλ + Cµνλρp2ρ (3.213)

T ′′
µνλ = Tµνλ − Cµνλρp1ρ (3.214)

with Cµνλρ given by Eq. (3.206).
The presence of this anomaly helps reconcile the problem of the rate for

λ0 → γ γ , which vanishes, for the unphysical limit Mπ → 0, according to the
Sutherland–Veltman theorem [44, 45, 60].

Consider the decay

π0(k) → γ (p1) + γ (p2) (3.215)

with matrix element

M(p1, p2) = εµ(p1)εν(p2)Tµν (3.216)
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Figure 3.8 Three different momentum label-
ings for the triangle graph amplitudes:
(a) Tµνλ; (b) T ′

µνλ; (c) T ′′
µνλ.

Then, by Lorentz invariance and parity conservation,

Tµν = εµναβp1αp2βT
(
k2) (3.217)

where the physical value is k2 = m2
π but we consider k2 a variable.

The PCAC hypothesis relates the pion field φa(x) to

φa ∼ ∂µAa
µ (3.218)

with proportionality constant fπ/m2
π , fπ = charged pion decay constant (fπ ∼

0.96m3
π ). Then

T µν ∼ (
m2

π − k2) ∫
d4x d4ye−p1·x−p2·y∂λ〈0|Jµ(x)J ν(y)J 5λ(0)|0〉 (3.219)

= (
m2

π − k2)kλTλµν (3.220)
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where

Tλµν ∼
∫

d4x d4ye−ip1·x−ip2·y〈0|T (
Jµ(x)J ν(y)J 5λ(0)

)|0〉 (3.221)

Since Tλµν is a pseudotensor, its most general invariant decomposition consistent
with Bose statistics is

Tλµν = εµνωφp1ωp2φkλF1
(
k2)

+ (
ελνωφpν

2 − ελνωφp
µ
1

)
p1ωp2φF2

(
k2)

+ (
ελµωφpν

1 − ελνωφp
µ
2

)
p1ωp2φF3

(
k2)

+ ελµνω(p1 − p2)ω
1

2
k2F3

(
k2) (3.222)

where the Fi(k
2) have no kinematical singularities. [To derive Eq. (3.222), note that

we require that p1µTλµν = P2νTλµν = 0 and p2
1 = p2

2 = 0, so that p1 · p2 = 1
2k2].

But now we find immediately that

kλT
λµν = εµνωφpω

1 p
φ
2 k2[F1

(
k2) + F3

(
k2)] (3.223)

and hence, in Eq. (3.217),

T
(
k2 = 0

) = 0 (3.224)

Thus the rate π2 → 2γ vanishes for m2
π → 0 and is predicted to be very small for

physical mπ , in contradiction to experiment.
The anomaly in Eq. (3.212) rescues this situation since Eq. (3.224) is no longer

valid. Taking the anomaly into account, one arrives at a decay width

� = m3
π

64π

(
2
√

2m2
πS

πfπ

)2

α2 (3.225)

= mπα2S2

8π3(fπ/m3
π )2

(3.226)

= (7.862 eV)(2S)2 (3.227)

where S is given by the trace over the γ5 couplings for the fermions circulating
in the triangle. With three colored up and down quarks participating in the pion
function, one has

S = Tr
(
g53Q2) (3.228)

= 3 × 1

2

(
e2
µ − e2

d

)
(3.229)
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= 3

2

(
4

9
− 1

9

)
(3.230)

= 1

2
(3.231)

Then Eq. (3.227) agrees beautifully with the observed width [61]

�
(
π0 → 2γ

) = 7.8 ± 0.9 eV (3.232)

In the absence of the color degree of freedom, the rate is too small by a factor
of 9. Thus this calculation both supports the existence of the triangle anomaly and
provides support for the color idea. It has been assumed, however, that nonpertur-
bative effects associated with the quark–antiquark confinement in the pion can be
neglected.

To allow renormalization such that the renormalized Lagrangian LR in Eq. (3.1)
be gauge invariant, the anomaly in the axial Ward identity must be canceled be-
tween different fermion species (recall that the anomaly is mass independent). Let
us focus on an SU(2) × U(1) theory with gauge bosons Aa

µ (a = 1, 2, 3) and Bµ.
Let the fermions have electric charges Qi given by

Qi = I 3
i + 1

2
Yi (3.233)

where I 3 is the third component of weak isospin and Y is the weak hypercharge.
We need not consider triangles of the type (AaAbAc) or (AaBB) because these

involve the trace of an odd number of isospin matrices and hence vanish. We need
look only at (BBB), (A0A0B), and (A+A−B). Let us distinguish left and right he-
licities by subscripts L and R, respectively; these correspond to the decomposition

ψi = 1

2
(1 + γ5)ψi + 1

2
(1 − γ5)ψi (3.234)

= ψiR + ψiL (3.235)

Clearly, L and R have opposite sign γ5 couplings, and since we are always focusing
on the triangle with one axial and two vector couplings (AVV in the notation of
Fig. 3.6) the cancellation of the BBB anomaly requires that

∑
iL

Y 3
iL

=
∑
iR

Y 3
iR

(3.236)

We may rewrite this

∑
iL

(
QiL − I 3

iL

)3 =
∑
iR

(
QiR − I 3

iR

)3 (3.237)
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Consider any given multiplet, either left-handed {iL} ⊂ ML or right-handed {iR} ⊂
MR ; then within a multiplet one has

∑
i⊂M

(
I 3
i

)3 = 0. (3.238)

Given that no massless charged fermions occur, then

∑
iL

Q3
iL

=
∑
iR

Q3
iR

(3.239)

Hence, from Eq. (3.237),

∑
iL

[
Q2

iL

(
I 3
iL

) + QiL

(
I 3
iL

)2] =
∑
iR

[
Q2

iR

(
I 3
iR

) + QiR

(
I 3
iR

)2] (3.240)

Now consider the flavor factors for (A+A−B) and use the fact that

2I+I− = (I )2 − (
I 3)2 (3.241)

to arrive at the condition

∑
iL

YiL

[
(IiL)2 − (

I 3
iL

)2] =
∑
iR

YiR

[
(IiR )2 − (

I 3
iR

)2] (3.242)

Consider the factors involved in (BA0A0) to find, in addition,

∑
iL

YiL

(
I 3
iL

)2 =
∑
iR

YiR

(
I 3
iR

)2 (3.243)

Using Eqs. (3.233) and (3.238), this gives

∑
iL

QiL

(
I 3
iL

)2 =
∑
iR

QiR

(
I 3
iR

)2 (3.244)

With Eq. (3.240), this implies that

∑
iL

Q2
iL

(
I 3
iL

) =
∑
iR

Q2
iR

(
I 3
iR

)
(3.245)

Using Eq. (3.233) in Eq. (3.242) gives a third relation:

∑
iL

QiL

(
IiL

)2 =
∑
iR

QiR

(
IiR

)2 (3.246)

The three requirements, Eqs. (3.244) through (3.246), will now be shown to be
equivalent. For consider within one multiplet the sum
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∑
i⊂M

Q2
i

(
I 3
i

) =
∑
i⊂M

(
YM

2
+ I 3

i

)2

I 3
i (3.247)

= YM

∑
i⊂M

(
I 3
i

)2 (3.248)

= 2
∑

i

(
Qi − I 3

i

)(
I 3
i

)2 (3.249)

=
∑
i⊂M

Qi

(
I 3
i

)2 (3.250)

showing that Eqs. (3.244) and (3.245) are equivalent.
Now

∑
i⊂M

(
I 3
i

)2 = 2
IM∑

M=1

M2 (3.251)

= 1

3
IM(IM + 1)(2IM + 1) (3.252)

valid for IM = integer or half-integer (where M sum starts with M + 1
2 ).

Also,

∑
i⊂M

Qi =
∑
i⊂M

(
I 3
i + 1

2
YM

)
(3.253)

= 1

2
YM(2IM + 1) (3.254)

Hence, for any complete representation,

∑
i⊂M

(Qi)
2(I 3

i

) = 2
∑
i⊂M

Qi

(
I 3
i

)2 (3.255)

= 2

3

∑
i⊂M

(IM)2Qi (3.256)

and thus Eq. (3.246) is also not independent.
The anomaly-free condition for SU(2)× U(1) quantum flavor dynamics is there-

fore summarized by

∑
ML

IML
(IML

+ 1)
∑

iL⊂ML

QiL =
∑
MR

IMR
(IMR

+ 1)
∑

iR⊂MR

QiR (3.257)
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Thus I = 0 does not contribute. In a theory with only singlets and left-handed
doublets, the condition reduces to∑

iL

QiL = 0 (3.258)

In a model with three colors of quark doublets with charges ( 2
3 ,− 1

3 ) and an equal
number of lepton doublets with charges (0, −1), the anomaly cancels between
quarks and leptons.

3.4
Becchi–Rouet–Stora–Tyutin Transformation

To ensure that renormalization is consistent with local gauge invariance, as is es-
sential to preserve perturbative unitarity, the remarkable BRST identities [37] (and
anti-BRST identities [62–66]) are much simpler to implement than the Taylor–
Slavnov [38, 39] identities to which they are equivalent.

Let us recall how classical gauge invariance works to establish notation. From
Chapter 1 we have

δAi
µ = − 1

g
∂µθi + cijkθ

jAk
µ (3.259)

= − 1

g
(Dµθ)i (3.260)

for an infinitesimal gauge function θθθ(x). Defining

cijkAjBk = (AˆB)i (3.261)

we have

δAµ = − 1

g
∂µθθθ + θθθ ˆAµ (3.262)

δFµν = θθθ ˆFµν (3.263)

Since δFµν is perpendicular to Fµν , we see that Lcl = − 1
4 (Fµν · Fµν) is invariant.

Upon quantization of the theory, in Chapter 2 we arrived at an effective La-
grangian,

Leff = Lcl + LGF + LFPG (3.264)

where the gauge-fixing term is, for example,

LGF = − 1

2α
(∂µAµ)2 (3.265)



138 3 Renormalization

for the covariant gauges. (The discussion of BRST transformations that follows is
easily modified for other choices of gauge.) The Faddeev–Popov ghost term is

LFPG = ∂µc+ · Dµc (3.266)

where c(x) and c+(x) are the anticommuting scalar ghost fields.
The ingenious idea of Becchi et al. [37] is to relate the gauge function to the ghost

field c(x) by

θθθ(x) = gc(x)δλ (3.267)

where δλ is an (infinitesimal) anticommuting c-number. We also define the opera-
tion

d

dλ
(3.268)

with the understanding that δλ has been placed at the extreme right of the expres-
sion acted upon.

The BRS transformation is now defined by

δAµ = −(Dµc)δλ (3.269)

δc = −1

2
g(cˆc)δλ (3.270)

δc+ = − 1

α
(∂µAµ)δλ (3.271)

We must first show that Leff in Eq. (3.264) is invariant under these transforma-
tions. That Lcl is invariant follows trivially, since we have only reparametrized θθθ(x).
For LGF and LFPG we find that

δLGF = 1

α
(∂λAλ)(∂µDµc)δλ (3.272)

δLFPG = − 1

α

[
∂µ(∂λAλ)

]
δλ(∂µc + gAµ ˆc)

+ ∂µc+ ·
[
−1

2
g∂µ(cˆc)∂λ − gDµcδλˆc − g2

2
Aµ ˆ(cˆc)δλ

]

(3.273)

Bearing in mind that δλ anticommutes with c and c+, we have
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d

dλ
(LGF + LFPG) = 1

α
∂µ

[
(∂µAλ) · (Dµc)

]

+ ∂µc+
[
−1

2
g∂µ(cˆc) + g(Dµc)ˆc

− 1

2
g2Aµ ˆ(cˆc)

]
(3.274)

≡ 0 (3.275)

The first term in Eq. (3.274) vanishes in the variation of the action, since it is a total
derivative. That the second term vanishes follows from the relations

∂µ(cˆc) = 2(∂µc)ˆc (3.276)

Aµ ˆ(cˆc) = 2(Aµ ˆc)ˆc (3.277)

(To prove these, use c1 and c2, then put c1 = c2 = c.) Thus∫
d4x Leff (3.278)

is invariant under the BRST transformation.
To show invariance of the generating functional and hence of the Green’s func-

tions, we need to consider the functional Jacobian or determinant

Aa
µ(x) + δAa

µ(x), ca(x) + δca(x), c+a(x) + δc+a(x)

Ab
ν(y), cb(y), c+b(y)

(3.279)

The only nonvanishing elements in the determinant are

δ[Aa
µ(x) + δAa

µ(x)]
δAb

ν(y)
= gµνδ

4(x − y)
(
δab − gf abcccδλ

)
(3.280)

δ(ca(x) + δca(x))

δcb(y)
= δ4(x − y)

(
δab + gf abcccδλ

)
(3.281)

δ(Aa
µ(x) + δAa

µ(x))

δcb(y)
= δ4(x − y)

(
gf abcAc

µδλ
)

(3.282)

Only the second of these is tricky: One must put the relevant c to the extreme right
before differentiating, as follows:

δ

δcb(y)

[
δca(x)

] = −g

2

δ

δcb(y)

[
f acdcc(x)cd(x)

]
δλ (3.283)

= −g

2
δ4(x − y)

[
f acdcc(x)δdb
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− f acdcd(x)δcb
]
δλ (3.284)

= +gδ4(x − y)f abccc(x)δλ (3.285)

as required.
The relevant determinant, in block form, is now∣∣∣∣∣∣


 1 − gf cδλ gf Aδλ 0

0 1 + gf cδλ 0
0 0 1




∣∣∣∣∣∣
[
δ4(x − y)

]3
gµν (3.286)

and since (δλ)2 = 0, we are left with the unit matrix.
Thus

d

dλ
W [J ] = 0 (3.287)

and all Green’s functions have global BRST invariance. This simplifies and system-
atizes the original Taylor–Slavnov form of the Ward identities.

It is useful to note the following nilpotencies:

δAµ = −Dµcδλ (3.288)

δ2Aµ = g

2
∂µ(cˆc)δλ2δλ1 + gDµcδλ2 ˆcδλ1

+ g2

2
Aµ ˆ(cˆc)δλ2δλ1 (3.289)

= 0 (3.290)

where we used Eqs. (3.276) and (3.277). Also

δc = −q

2
cˆcδλ (3.291)

δ2c = 1

4
g2[(cˆc)δλ2 ˆcδλ1 + cˆ(cˆc)δλ2δλ1

]
(3.292)

= 0 (3.293)

Finally, one has

δc+ = −1

α
(∂µAµ)δλ (3.294)

and hence, from Eq. (3.271),
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δ2c+ = − 1

α

(
∂µδ2Aµ

)
δλ (3.295)

= 0 (3.296)

Following from the BRST invariance of Leff, as demonstrated above, we can
straightforwardly construct the corresponding BRST Noether current. It is given
by

J BRST
µ = ∂Leff

∂(∂µφk)
(δφk)BRST (3.297)

where the sum in k is over all participating fields. Now

Leff = Lcl + L ′ (3.298)

and

∂Lcl

∂(∂µAa
ν)

= −Fa
µν (3.299)

∂L ′

∂(∂µAa
ν)

= − 1

α
gµν

(
∂λA

a
λ

)
(3.300)

∂L ′

∂(∂µca)
= ∂µc+a (3.301)

∂L ′

∂(∂µc+a)
= (Dµc)a (3.302)

whence

J BRS
µ =

[
−FµνDνc − g

2
∂µc+ · (cˆc)

]
δλ (3.303)

is the required conserved current. We have used the fact that

∂L ′

∂(∂µAa
ν)

(
δAa

ν

)
BRST = − ∂L

∂(∂µc+a)

(
δc+a

)
BRST (3.304)

3.5
Proof of Renormalizability

Historically, the renormalizability of Yang–Mills theory, for both unbroken and bro-
ken symmetry, was first made clear in the classic papers by ’t Hooft [67, 68]. [For
subsequent formal developments, see Refs. [11] and [69–81]; for specific examples
of the procedure at low orders, see, e.g., Refs. [82–88]; for salient earlier work on
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renormalization of the (nongauge) sigma model, see Refs. [89–93]; for reviews, see
Refs. [14] and [94–100].] This work confirmed the earlier conjecture by Weinberg
[101] and Salam [102] that renormalizability of a gauge theory survived under spon-
taneous symmetry breakdown.

In our treatment here (see, e.g., Ref. [103]), we rely heavily on the BRST transfor-
mation introduced in Section 3.4.

Also, although its explicit use is avoided, the existence of a regularization scheme
that maintains gauge invariance (i.e., dimensional regularization) is absolutely cru-
cial. Thus, closed fermion loops involving γ5 are still excluded.

We shall first exclude all matter fields and concentrate on pure Yang–Mills theory.
Suppose that there are Ev external gluons, the only possible external particle; then
since each extra gluon adds extra coupling g, the power of g(q0) in a tree diagram
is

q0 = Ev − 2 (3.305)

Note that we are interested only in connected diagrams (use Z ∼ ln W as generat-
ing functional); however, we are not restricting attention to proper, or one-particle-
irreducible (1PI) diagrams. Since each extra loop adds g2, with p loops we have a
power (q) of g given by

q = q0 + 2p (3.306)

The procedure will be iterative in p, the number of loops; that is, we assume the
theory has been rendered finite for (p − 1) loops, and consider p loops. Since p =
1 is trivially finite—tree diagrams have no momentum integrals—all p will then
follow. Because of Eq. (3.306), iteration in p is precisely equivalent to iteration in
powers of g, for fixed Ev .

We shall systematically assume that for any given diagram all subdivergences
have been handled already, using known theorems. Such theorems are enshrined
in the Bogoliubov–Parasiuk–Hepp–Zimmermann (BPHZ) renormalization proce-
dure, for example, and involve subtle treatment of overlapping divergences, and
so on. The interested reader who wishes to study the BPHZ program is referred to
Lee’s review [98, Sec. 3] and the references cited therein.

We begin by defining renormalization constants z, z3, and X according to

Aa
µ = √

Z3A
a
µR (3.307)

ca = √
Z ca

R (3.308)

c+a = √
Z c+a

R (3.309)

g = X

Z
√

Z3
gR (3.310)

δλ =
√

Z Z3δλR (3.311)
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α = Z3αR (3.312)

It will be convenient to define the two auxiliary operators Kµ and L according to

Kµ = Dµc (3.313)

L = cˆc (3.314)

These operators are renormalized as follows:

Kµ = 1√
Z

KµR (3.315)

L = Z LR (3.316)

Recall that the BRS transformations for unrenormalized quantities are given by

δAµ = −Kµδλ (3.317)

δc = −1

2
gLδλ (3.318)

δc+ = − 1

α
(∂µAµ)δλ (3.319)

Using Eqs. (3.307) through (3.316), the renormalized versions become

δAµR = −KµRδλR (3.320)

δcR = −1

2
XgRLRδλR (3.321)

δc+
R = − 1

αR

(∂µAµR)δλR (3.322)

The task before us is to show that all Green’s functions are finite and that the
operators KνR and LR are finite operators (i.e., their vacuum expectation values
with any combination of renormalized basic fields is finite).

Recall from Chapter 2 that the degree of superficial divergence is given by D =
4 − EB , where EB is the number of external particles (recall that the vector states
are massless).

The primitively divergent diagrams are shown in Fig. 3.9. For Fig. 3.9a and b the
effective degree of divergence is reduced one power by the derivative always present
on the outgoing ghost line. Note that the full vector propagator (Fig. 3.9c) has three
contributions, as indicated in the figure, all of which must be considered separately.
Also, remark that the two ghost–two antighost Green’s function (Fig. 3.10), super-
ficially logarithmically divergent, is rendered finite by the two external derivatives.
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Figure 3.9 Primitively divergent diagrams for Yang–Mills theory.

Figure 3.10 Two ghost–two antighost Green’s function.

At the p-loop level, we proceed by defining the renormalization constants Z3,
Z , and X such that the transverse part of Fig. 3.9c, the Green’s functions (Fig. 3.9a

and b), are finite, respectively. Now we must demonstrate the five further quantities
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are finite: (1) KµR , (2) LR , (3) the mass and longitudinal parts of the two-vector
diagram, (4) the triple-vector diagram, and finally, (5) the four-vector coupling. This
we do in five steps.

Step 1: KµR . The unrenormalized effective Lagrangian, Eq. (3.264), depends on the
ghost fields according to

LFPG = ∂µc+ · Dµc (3.323)

In the renormalized Lagrangian there appears the term

∂µc+
R · DµcR = −c+

R · ∂µDµcR + total derivative (3.324)

Thus the renormalized equation of motion for the ghost field

∂L eff
R

∂c+
R

= ∂µ

∂L eff
R

∂(∂µc+
R)

(3.325)

becomes

∂L eff
R

∂c+
R

= −∂µDµcR (3.326)

The way in which to exploit this equation of motion is to consider the vacuum
expectation of the time-ordered product of either side of Eq. (3.326) with any com-
bination of renormalized fundamental fields (hereafter denoted by “fields”). Then
one can derive that

〈0|T [
(∂µDµcR)(“fields”)

]|0〉 = −i〈0|T
[

∂

∂c+
R

(“fields”)
]
|0〉 (3.327)

This is derived by noting that the left-hand side of Eq. (3.327) is given by

−
∫

DAµDcDc+ ∂L

∂c+
R

(“fields”)eiSeff

= +i

∫
DAµDcDc+(“fields”)

∂

∂c+
R

(
eiSeff

)
(3.328)

= −i

∫
DAµDcDc+

[
∂

∂c+
R

(“field”)
]
eiSeff (3.329)

which equals the right-hand side of Eq. (3.327). In the last step, Eq. (3.329), we have
used integration by parts and dropped a surface term.

Now what combinations of gauge and ghost fields can make the left-hand side
Eq. (3.327) divergent? Only two possibilities exist: c+

R and c+
RAµR . But on the right-

hand side, one has, respectively,
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〈0|1|0〉 = 1 < ∞ (3.330)

〈0|Aµ|0〉 = 0 (3.331)

Thus KµR is a finite operator, as required.

Step 2: (LR). Consider the fact that

d

dλR

〈0|T (
cRc+

Rc+
R

)|0〉 = 0 (3.332)

This equation is written in a shorthand that will be used repeatedly. More explicitly,
using the Noether current J BRST

µ of Section 3.4, what we mean is

−
∫

d4x〈0|T (
∂µJ BRST

µ (x)cRc+
Rc+

R

)|0〉 = 0 (3.333)

Integration by parts and dropping surface terms gives Eq. (3.332).
Expanding Eq. (3.332) then gives

〈0|δcRc+
Rc+

R |0〉 + 〈0|cRδc+
Rc+

R |0〉 + 〈0|cRc+
Rδc+

R |0〉 = 0 (3.334)

The last two terms are finite by Eq. (3.322) and the definition of X. Hence LR is
a finite operator.

Step 3: Gluon Propagator. Consider

0 = d

dλR

〈0|T (
c+
RAµR

)|0〉 (3.335)

= 〈0|δc+
RAµR|0〉 + 〈0|c+

RδAµR|0〉 (3.336)

= 1

αR

〈0|∂λAλRAµR|0〉 + 〈0|c+
RδAµR|0〉 (3.337)

The second term of Eq. (3.337) is already known to be finite, αR is chosen to be
finite as a gauge choice, and hence the mass and longitudinal parts of Fig. 3.9c are
finite.

Step 4: Three-Gluon Vertex. Consider

0 = d

dλR

〈0|T (
c+
RAµRAνR

)|0〉 (3.338)

= 〈0|δc+
RAµRAνR|0〉 + 〈0|c+

RδAµRAνR|0〉 + 〈0|c+
RAµRδAνR |0〉 (3.339)
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Figure 3.11 Extra divergences when fermions
are added.

The second and third terms are finite, as, therefore, is

1

αR

∂λ〈0|AλRAµRAνR|0〉 (3.340)

as required.

Step 5: Four-Gluon Vertex. Consider

0 = d

dλR

〈0|T (
c+
RAλRAµRAνR

)|0〉 (3.341)

= −∂κ

αR

〈0|AκRAλRAµRAνR|0〉 + finite terms involving KµR (3.342)

Thus the four-gluon connected Green’s function is finite. This completes the
proof for pure Yang–Mills theory.

Now we must add matter fields: first, spin- 1
2 fermions (as in quantum chromo-

dynamics, for example). Allowing the fermions to fall in an arbitrary representation
of the gauge group, their BRST transformation is

δψ = −gT · cψδλ (3.343)

Here T is a vector of the same dimension as Aµ; it is also a matrix with the same
dimension as ψ . We introduce two renormalization constants, Z2 and Z

f
m, by

ψ = √
Z2ψR (3.344)

mf =
√

Z
f
mmf R (3.345)

These are defined such that the full fermion propagator (Fig. 3.11d) is finite (both
the A/p and the Bm pieces).
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Now consider the renormalized BRST transformation

δψR = XgRT · cRψRδλR (3.346)

To prove that dψR/dλR is finite involves one tricky argument. Consider the ghost
term in the renormalized Lagrangian

∂µc+
R(Z ∂µcR + XgRAµR ˆcR) = (−Z � c+

R + XgR∂µc+
R ˆAµR

) · cR

(3.347)

where we discard total differentials. Thus the ghost equation of motion involves

∂L eff
R

∂cR

= −Z � c+
R + XgR∂µc+

R ˆAµR (3.348)

Hence, using the same steps as for Eq. (3.327), we have

〈0|(−Z � c+
R + XgR∂µc+

R ˆAµR

)
δψRψ̄R |0〉

= +i

〈
0

∣∣∣∣ δ

δcR

(δψRψ̄R)

∣∣∣∣0
〉

(3.349)

= −iXgRT〈0|T (ψRψ̄R)|0〉 (3.350)

Consider the second term on the left side of Eq. (3.349). It may be rewritten as

XgR〈0|(∂µc+
R ˆAµR

)
δψRψ̄R |0〉

= XgR〈0|∂µ

(
c+
R ˆAµR

)
δψRψ̄R|0〉 − XgR〈0|c+

R ˆ(∂µAµR)δψRψ̄R |0〉 (3.351)

= XgR〈0|∂µ

(
c+
R ˆAµR

)
δψRψ̄R|0〉 − 1

2
XgRαR〈0|δ(c+

R ˆc+
R

)
δψRψ̄R|0〉

(3.352)

= XgR〈0|∂µ

(
c+
R ˆAµR

)
δψRψ̄R|0〉 + 1

2
XgRαR〈0|δ(c+

R ˆc+
R

)
δψRψ̄R|0〉

(3.353)

In the last step we used both

d

dλR

〈0|(c+
R ˆc+

R

)
δψRψ̄R |0〉 = 0 (3.354)

and the nilpotency

δ2ψR = 0 (3.355)
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Figure 3.12 Example of divergent graph
for the operator (c+

R
ˆAµ).

To prove Eq. (3.355), proceed as follows:

δψ = +gψT · cδλ (3.356)

δ2ψ = −gT ·
(

−g

2
cˆcδλ2

)
ψδλ1 − gT · c(−gT · cψδλ2)δλ1 (3.357)

= g2
(

TaTb − 1

2
fcabT

c

)
cacbψδλ2δλ1 (3.358)

= 1

2
g2{[Ta, Tb] − fabcT c

}
cacbψδλ2δλ1 = 0 (3.359)

Substituting Eq. (3.353) into Eq. (3.350) and dividing by X gives〈
0

∣∣∣∣
[
−Z

X
� c+

R + gR∂µ

(
c+
R ˆAµR

)]
δψRψ̄R

∣∣∣∣0
〉

+ gRαR

2
〈0|(c+

R ˆc+
R

)
δψRδψ̄R |0〉

= −igRT · 〈0|ψRψ̄R|0〉 (3.360)

Now (c+
R ˆAµR) is not a finite operator; an example of a divergent low-order graph

is given in Fig. 3.12. But its counterterm is given by (1 − Z /X)∂µc+
R/gR . This can

be seen by using the fact that δcR and δcR are finite, since by steps similar to the
above we can obtain from Eq. (3.348),

igR〈0|TˆcRc+
R |0〉

=
〈
0

∣∣∣∣
[
gR∂µ

(
c+
R ˆAµR

) − Z

X
� c+

R + αRgR

2
c+
R ˆc+

R

]
�cRc+

R

∣∣∣∣0
〉

(3.361)

= 〈0| − �c+
RδcRc+

R |0〉

+
〈
0

∣∣∣∣
[
gR∂µ

(
c+
R ˆAµR

) +
(

1 − Z

X

)
� c+

R

]
δcRc+

R

∣∣∣∣0
〉

+
〈
0

∣∣∣∣αRgR

2
c+
R ˆc+

RδcRδc+
R

∣∣∣∣0
〉

(3.362)
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Using the form of this counterterm, we conclude from Eq. (3.360) that δψR is itself
finite, as required.

There remains the vertex (Fig. 3.11b). For it, consider the matrix element

〈0|ψR∂µAµRψ̄R |0〉 = αR〈0|ψRδc+
Rψ̄ |0〉 (3.363)

= αR

[−〈0|δψRc+
Rψ̄ |0〉 − 〈0|ψRc+

Rδψ̄ |0〉] (3.364)

which is finite, as required. This completes the demonstration that quantum chro-
modynamics is renormalizable.

For electroweak forces we must include scalar fields and handle the massive
vectors created through the Higgs mechanism. The second problem is treated in
Section 3.6. Let us here add scalars (to gauge vectors and fermions) with a coupling

Lscalar = 1

2
DµφDµφ − 1

2
M2

s φ2 − 1

3
f φ3 − 1

4
λφ4 + gψ̄ψφ (3.365)

where all labels on φ have been suppressed; φ may belong to an arbitrary represen-
tation of the gauge group, and its BRST transformation is

δφ = gT · cφδλ (3.366)

We define renormalization constants Zs , Xλ, Xf , XG, and Zs
M according to

φ = √
ZsφR (3.367)

λ = Xλ

Z2
s

λR (3.368)

f = Xf√
Zs

fR (3.369)

G = XG

Z2
√

Zs

GR (3.370)

Ms = √
Zs

mMsR (3.371)

These five constants are defined such that the four Green’s functions denoted in
Fig. 3.13 are finite. Note that both Zs and Zs

m are used for Fig. 3.13a.
There remain the four possible Green’s functions of Fig. 3.14 to be proved finite.

The scalar–vector coupling (Fig. 3.14d) occurs only if the scalars are in the adjoint
representation. Note that the three cases shown in Fig. 3.15, although they have a
superficial degree of divergence D = 0, are rendered finite by the external deriva-
tive in the case of Fig. 3.15a and by Lorentz invariance (requiring an external pµ)
in the cases 3.15b and c.

When scalars are present, we must return to the proof of renormalizability for
pure Yang–Mills theory. In step 1, particularly Eqs. (3.330) and (3.331), there are
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Figure 3.13 Four Green’s functions made finite by definitions
of Zs , Xλ, Xf , XG, and Zs

m.

now three combinations of fields: c+
R , c+

RAµR , and c+
Rφ, which can make the left-

hand side of Eq. (3.327) divergent, but the proof remains, and steps 2 through 5 are
also unchanged.

Next we look at dφR/dλR , given by

dφR = (XgRφRT · cR)dλR (3.372)

That this operator is divergent can be seen by Fig. 3.16, for example. The procedure
is similar to that for the fermion case; namely, one uses the ghost equation of
motion and considers the relations

〈
0

∣∣∣∣δLδcR

δφR

∣∣∣∣0
〉

= i

〈
0

∣∣∣∣ δ

δcR

(δφR)

∣∣∣∣0
〉

(3.373)

〈
0

∣∣∣∣δLδcR

δφRφR

∣∣∣∣0
〉

= i

〈
0

∣∣∣∣ δ

δcR

(δφRφR)

∣∣∣∣0
〉

(3.374)
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Figure 3.14 Four extra divergences when scalars are added to
gauge theory with fermions.

Using the counterterm derived previously in the fermion proof, one finds that

gR

〈
0

∣∣∣∣
[
∂µ(AµR ˆcR) + 1

gR

(
Z

X
− 1

)
� c+

R

]
δφR

∣∣∣∣0
〉

(3.375)

and

gR

〈
0

∣∣∣∣
[
∂µ(AµR ˆcR) + 1

gR

(
Z

X
− 1

)
� c+

R

]
δφRφR

∣∣∣∣0
〉

(3.376)

are finite, and hence δφR itself.
To show finiteness of the four Green’s functions in Fig. 3.14 is a simple exercise.

We consider the four BRST identities

d

dλR

〈0|T (
c+
RφRAµR

)|0〉 = 0 (3.377)

d

dλR

〈0|T (
φRφRc+

R

)|0〉 = 0 (3.378)
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Figure 3.15 Three vertices rendered fi-
nite by external derivative or Lorentz in-
variance.

Figure 3.16 Example of divergent diagram for dφR/dλR .

d

dλR

〈0|T (
φRφRc+

RAµR

)|0〉 = 0 (3.379)

d

dλR

〈0|T (
c+
RφR

)|0〉 = 0 (3.380)

respectively, and the required result follows. This completes the proof for elec-
troweak dynamics, still with massless vectors, except for one loop hole, as follows.

Since we have been tacitly assuming the use of dimensional regularization every-
where, closed fermion loops that involve γ5 have been excluded. In a general Feyn-
man diagram, the closed fermion loops are necessarily disjoint and can apparently
be treated one at a time. Bardeen [50] suggested the following procedure:
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1. Dimensionally regularize all boson integrations.
2. Perform the Dirac traces in four dimensions.
3. Regularize the fermion loop momentum integrals using either dimensional or

Pauli–Villars techniques.

This prescription is suggested as preserving all Ward identities, provided that
the anomalies are canceled, as discussed in Section 3.3. No detailed proof of the
Bardeen prescription has been provided; this is a logical gap in the proof for renor-
malization of a chiral gauge theory [104].

3.6
’T Hooft Gauges

In the discussion so far, we have assumed that the vector propagator has the renor-
malizable behavior ∼1/p2, p2 → ∞. With massive vectors, this is not true, in
general, and power counting is lost because divergences can grow arbitrarily by
adding new internal massive vector lines to any given diagram.

As pointed out by ’t Hooft [67, 68], the combination of non-Abelian local gauge
invariance and spontaneous symmetry breaking (i.e., Higgs–Kibble mechanism)
gets out of this impasse. Let us progress by stages, to obtain a clear picture of how
this happens.

In an Abelian gauge theory, with only neutral vectors coupled to a conserved cur-
rent, the addition of a mass term is harmless. For supposing that we take massive
quantum electrodynamics with Lagrangian

L = −1

4
(∂µAν − ∂νAµ)2 + 1

2
M2AµAµ + ψ̄(i/D − M)ψ (3.381)

The vector propagator is

−i
gµν − kµkν/M

2

k2 − M2 + iε
(3.382)

But if we decompose the vector field Aµ into transverse and longitudinal parts,

Aµ(x) = aµ(x) + 1

M
∂µb(x) (3.383)

The pairings give

aµaν ∼ gµν (3.384)

∂µb∂νb ∼ kµkν (3.385)

in the propagator. Recall that the S-matrix depends not on L (x) but on S =∫
d4xL (x). Since L (x) contains ψ̄γµψAµ, the action contains
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∫
d4x

(
ψ̄γµψaµ + 1

M
ψ̄γµψ∂µb

)
(3.386)

Integrating the second term by parts and using the current conservation

∂µ(ψ̄γµψ) = 0 (3.387)

we see that the kµkν/M
2 part of Eq. (3.382) always gives zero contribution, and the

theory is renormalizable.
In a non-Abelian theory the self-couplings of Aµ give a new (gauge-variant) cur-

rent, coupling to the vector field, which is not, in general, conserved and the argu-
ment above fails.

This simplest place to study ’t Hooft gauge is the Abelian Higgs model [cf.
Eqs. (1.274) through (1.282)]. The Lagrangian is

L = ∣∣(∂µφ + ieAµφ)
∣∣2 − M2

s φ∗φ − λ

6
(φ∗φ)2 − 1

4
FµνFµν (3.388)

Parametrizing complex φ as the two real fields ζ and η gives

φ = eiζ/v v + η√
2

(3.389)

v =
√

−6M2
s

λ
(3.390)

one finds (recall that M2 < 0)

L = −1

4
FµνFµν + 1

2
∂µη∂µη + M2

s η2

+ 1

2
e2v2AµAµ + 1

2
∂µζ∂µζ + evAµ∂µζ

+ higher orders (3.391)

Now choose the gauge-fixing term

LGF = − 1

2α
(∂µAµ − αevζ )2 (3.392)

As for the covariant gauges considered in Chapter 2, this may be incorporated into
the functional integral by writing the functional delta function to include the auxil-
iary function f (x):

∫
Df

∏
x

δ(∂µAµ − αevζ − f ) exp

(
− 1

2α

∫
d4xf 2

)
· · · (3.393)
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There is also the ghost term in Leff, of course, but that is irrelevant to the con-
siderations of the present section. One finds (M = ev) that

L + LGF = −1

4
FµνFµν + 1

2
∂µη∂µη + M2

s η2

+ 1

2
M2AµAµ + 1

2
∂µζ∂µζ − 1

2
αM2ζ 2

− 1

2α
(∂µAµ)2 + higher orders (3.394)

The terms quadratic in Aµ are given by

1

2
AµAνM

µν (3.395)

Mµν = M2gµν − 1

α
kµkν − k2gµν + kµkν (3.396)

= −(
k2 − M2)(gµν − kµkν

k2

)

+
(

M2 − 1

α
k2

)
kµkν

k2
(3.397)

The inverse of Mµν is given by Nµν such that

MµαNαν = gµν (3.398)

One finds easily that

Nµν = − 1

k2 − M2

[
gµν − (1 − α)

kµkν

k2 − αM2

]
(3.399)

The vector propagator is thus iNµν . The crucial point is that for any finite α < ∞,
the propagator behaves ∼1/k2, k2 → ∞, just as in the massless case.

We also have the scalar η with propagator

i

k2 + 2M2 + iε
(3.400)

and ζ with propagator

i

k2 − αM2
(3.401)

Thus we have five states Aµ and ζ to discuss three components of Aµ. As α →
∞, these are reduced to three because we have a genuine spin-1 Aµ and M → ∞.
The fields Aµ and ζ separately have no significance in the ’t Hooft gauge. The
poles at k2 = αM2 in the propagators (3.399) and (3.401) can be shown to cancel in
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the S-matrix such that unitarity is preserved, although we do not present the proof
here.

From Eq. (3.399) we observe that α → 0 corresponds to the Landau gauge;
α → 1, to the Feynman gauge; and α → ∞, to the unitary gauge (discussed in
Chapter 1). In the unitary gauge, the particle content, and unitarity, are manifest,
but power-counting renormalizability is lost, since the vector propagator ∼ con-
stant, k2 → ∞.

Note that when we include the interaction terms, there are many additional ver-
tices to be accommodated in the Feynman rules, since

L + LGF = (quadratic terms)

+ 1

v2

[
(∂µζ )(∂µζ + MAµ)

]
η(2v + η)

− 1

6
λ0η

3 − 1

24
λ0η

4 + 1

2
e2AµAµη(2v + η) (3.402)

The vertices are (+i) × Lint in the Feynman rules, plus appropriate combinatorial
(p!) factors for identical fields.

Next consider an O(3) non-Abelian Higgs model [cf. Eqs. (1.286) through
(1.292)]. The Lagrangian is

L = 1

2

(
∂µφk + f εklmAl

µφm
)2 − V (φkφk) − 1

4
Fa

µνF
a
µν (3.403)

In this we parametrize the triplet φa by

φ = exp

[
− i

v
(ξ1T1 + ξ2T2)

]
 0

0
v + η


 (3.404)

�

 ξ2

−ξ1

v + η


 + higher orders (3.405)

where we used (T i)jk = −iεijk . Substitution into Eq. (3.403) gives, after some
algebra,

L = 1

2

[
(∂µξ1)

2 + (∂µξ2)
2 + (∂µη)2] + M2

s η2

+
(

1

2
M2 + g2vη + 1

2
g2η2

)(
A1

µA1
µ + A2

µA2
µ

)

+ (M + gη)
(
A1

µ∂µξ1 + A2
µ∂µξ2) − 1

4
Fa

µνF
a
µν
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− 1

4
M2

s v2 + 3M2
s

2v
η3 + M2

s

4v2
η4 + M2

s

v
ξ2η

+ M2
s

2v2
ξξξ2η2 + M2

s

2v2
ξξξ4 (3.406)

where ξξξ2 = ξ2
1 + ξ2

2 . To go to the ’t Hooft gauge we use as the gauge-fixing term,

LGF = − 1

2α

(
∂µAa

µ − αMξa
)2 (3.407)

with M = gv. The A1,2
µ − ξ1,2 mixing terms then cancel (after integration by parts)

and the propagators are seen to be

A3
µ : −igµν

k2 + iε
(3.408)

A1,2
µ : −i[gµν − (1 − α)kµkν/(k

2 − αM2)]
k2 − M2 + iε

(3.409)

ξ1,2 : +i

k2 − αM2
(3.410)

η : i

k2 + 2M2 + iε
(3.411)

The propagators for the massive A1,2
µ are seen to be renormalizable, behaving as

k−2, |k| → ∞.
As a final, more realistic example, consider the Glashow–Weinberg–Salam

model. We seek its gauge-fixing term. The part of the Lagrangian involving Higgs
scalars is

Ls =
(

∂µφ+ + ig′

2
Bµφ+ + ig

2
τ iAi

µφ+
)

·
(

∂µφ − ig′

2
Bµφ − ig

2
τ iAi

µφ

)
− µ2φ+φ − λ

(
φ+φ

)2 (3.412)

Parametrize

φ =
(

1 − i

v
τττ · ξξξ

)
1√
2

(
0

v + η

)
(3.413)

=
( − i

v
ξ1 − i

v
ξ2

1 − i
v
ξ3

)
1√
2
(v + η) (3.414)

Then we find that L contains (MB = 1
2g′v, MW = 1

2gv)

−MBBµ∂µξ3 + MW Aµ · ∂µξξξ + 1

2
∂µξξξ · ∂µξξξ (3.415)
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Thus we define the gauge fixing as

LGF = − 1

2α

(
∂µAa

µ − αMW ξa
)a − 1

2a

(
∂µBµ + αMBξ3)2 (3.416)

The masses are now given by the term

−1

2
αM2

W

(
ξ2

1 + ξ2
2

) − 1

2
αM2

Z(ξ3)
2 (3.417)

where we used

M2
W + M2

B = M2
Z (3.418)

Rewriting in terms of physical fields by

A3
µ = − sin θW Aµ + cos θW Zµ (3.419)

Bµ = cos θW Aµ + sin θW Zµ (3.420)

then

LGF = − 1

2α

2∑
i=1

(
∂µAi

µ − αMW ξi
)2 − 1

2α
(∂µAµ)2

− 1

2α

(
∂µzµ + αMZξ3)2 (3.421)

Combining this with the quadratic terms

−1

4

(
∂µAi

ν − ∂νA
i
µ

)2 − 1

4
(∂µBν − ∂νBµ)2

+ 1

2
M2

W

(
A1

µA1
µA2

µA2
µ

) + 1

2
M2

ZZµZµ (3.422)

one deduces the set of propagators

Aµ : −igµν

k2 + iε
(3.423)

W±
µ = 1√

2

(
A1

µ ± iA2
µ

) : −i[gµν − (1 − α)kµkν/(k
2 − αM2

W )]
k2 − M2

W + iε
(3.424)

Zµ : −i[gµν − (1 − α)kµkν/(k
2 − αM2

Z)]
k2 − M2

Z + iε
(3.425)

ξ1,2 : i

k2 − αM2
W

(3.426)
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ξ3 : i

k2 − αM2
Z

(3.427)

To establish unitarity, it is necessary to demonstrate that the unphysical (α-
dependent) poles cancel. This is shown in detail in Refs. [74] and [86] (note that
the Rξ gauges therein coincide with the above, with ξ = 1/α).

Using such gauges, the renormalizability of the non-Abelian Higgs models is
demonstrated. But at this point the reader may well raise the question of unique-
ness. For the models we have considered, when written in the U-gauge, renormal-
izability is not obvious and it is only after special manipulations that it becomes so.
Thus how do we know that the Higgs models are not just special cases of appar-
ently nonrenormalizable models that can eventually be rewritten, with sufficient
cleverness, in a manifestly renormalizable form?

There is a plausibility argument for uniqueness based on tree unitarity [105–
112]. Consider the N -point tree amplitude, and suppose that all momentum trans-
fers and subenergies grow ∼ E2, E → ∞ with nonexceptional momenta (i.e., all
Euclidean), or at least away from Landau singularities. Then tree unitarity requires
that

TN−n,n < E4−N, E → ∞ (3.428)

To see the reason for this, consider the unitary relation∫
d�N−2|TN−2,2|2 < Im T2,2 < constant (3.429)

(neglecting logarithms). Since the phase space �N−2 ∼ E2N−8, we find Eq. (3.428)
for consistency. The precise connection between unitarity and renormalization is
unknown, so it is only a conjecture that tree unitarity is necessary.

It can be shown that Higgs models preserve tree unitarity [112]. The inverse
problem can also be solved: What constraints are imposed on the couplings of spin
0, 1

2 , and 1 by tree unitarity? The answer is that there must be Yang–Mills cou-
plings, and for non-Abelian massive vectors, there must be Higgs scalars coupling
precisely according to the gauge theory model.

The algebraic detail is provided in the original papers cited [105–112] and is not
very illuminating in itself. Two examples may be mentioned.

Example 1. ννν + ν̄νν → W+ +W− (Longitudinal Helicities). In this case, the electron
exchange diagram (Fig. 3.17a) violates tree unitarity, but when combined with the
neutral current boson diagram (Fig. 3.17b), the amplitude behaves correctly.

Example 2. e+ + e− → W+ + W−. Here, the anomalous magnetic moment of
W makes the electromagnetic pair production badly behaved (Fig. 3.18a). All four
diagrams add to restore tree unitarity.
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Figure 3.17 Two Born diagrams for νν̄ → W+W−.

Figure 3.18 Four Born diagrams for e+e− → W+W−.
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The existence of this argument makes it likely that the only renormalizable mod-
els of charged and massive vectors are gauge theories.

Note that no field theories with a finite number of spins greater than 1 are known
to be renormalizable. For example, all extended supergravity theories are believed
to have uncontrollable divergences at the three-loop level.

3.7
Summary

To arrive at our present stage, we have used four key ideas, which we may state
briefly:

1. The combination of local gauge invariance and spontaneous breaking in the
Higgs mechanism. This introduces scalar fields.

2. The introduction of fictitious ghost fields (Faddeev–Popov) in quantization and
the Feynman rules.

3. The use of ghost fields in the gauge function to simplify proof of the Ward
identities and renormalizability (BRST).

4. The choice of gauge relating divergence of the gauge field to the Higgs scalar
field, facilitating proof of renormalization after spontaneous breaking (’t Hooft).

The payoff from all this mathematics is a new wide class of renormalizable the-
ories, on a footing with QED, and one must attempt to use them for describing
the fundamental forces. For strong interactions, the standard idea is to use exact
Yang–Mills with an octet of SU(3) gauge gluons coupling to color triplet quarks.
We have shown that this theory is ultraviolet renormalizable; the further important
ultraviolet property of asymptotic freedom is discussed in Chapters 5 and 6.

For unified weak and electromagnetic interactions, one chooses the gauge group
to be SU(2) × U(1), with appropriate representations for the fermion (lepton and
quark) matter fields. The Higgs scalars are put in doublets of the SU(2), and
one can then successfully calculate higher-order weak interactions, as described
in Chapter 4.
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4
Electroweak Forces

4.1
Introduction

As an example of a spontaneously broken gauge theory, we discuss the standard
SU(2) × U(1) electroweak theory. This theory contains many free parameters, in-
cluding the masses of the quarks and leptons. We describe how to estimate the
quark masses from consideration of spontaneous chiral symmetry.

A principal success of the electroweak theory was the prediction of charm. The
J/ψ particle discovered in 1974 was the first experimental signal of the charmed
quark necessary to obtain a consistent description of neutral weak currents cou-
pling to hadrons. The bottom and top quarks were subsequently discovered to fill
out a third generation of quarks and leptons, with the τ lepton and its neutrino.

Precision data on the electroweak theory are now at the 0.1% level of accuracy
and check the one-loop quantum corrections. A detailed comparison of many ex-
perimental results yields compelling support for the correctness of the theory. The
one missing state is the Higgs boson, for which searches are under way at the large
hadron collider at CERN.

Mixing of three quark generations gives rise to CP violation through a phase that
could underlie the observed CP violation, although whether it explains the effect
fully remains an open question. The strong CP problem remains a mystery, and
potential difficulty, for the standard model.

4.2
Lepton and Quark Masses

The elementary spin- 1
2 fermions from which everything is made are taken to be the

leptons and quarks. The leptons are singlets under the SU(3) color group and do
not therefore experience strong interactions. Six flavors of lepton are known and
these fall into the three doublets(

νe

e

) (
νµ

µ

) (
ντ

τ

)
(4.1)
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The masses of the charged leptons [1] are (in MeV) 0.511, 105.66, and 1783.5 for e,
µ, and τ .

From big-bang cosmology, there are further interesting constraints on the num-
ber of neutrinos and on their masses. First, as pointed out by Gunn, Schramm,
and Steigman [2, 3] the abundance of 4He observed in the universe and compari-
son with primordial nucleosynthesis indicates that the number of species of light
(� 1 MeV) stable neutrinos should not exceed three. The reason is that each addi-
tional neutrino increases the energy density and hence the expansion rate so that
the weak interactions converting protons to neutrons, and vice versa, freeze out
earlier, to leave a larger neutron–proton ratio. Most of the neutrons end in 4He, so
the primordial abundance of 4He is higher. The details are given in Refs. [2] and [3]
and reviewed in Refs. [4] and [5]. Terrestrially, in 1989, the invisible width of the Z

gave the number of neutrinos with mass below MZ/2 as 3.
Another cosmological constraint is an upper limit on the sum of the masses of

neutrinos (i.e., light neutral stable particles). This limit is about 1 eV.
Quarks are triplets under SU(3)c; antiquarks are antitriplets. Quarks appear in

at least six flavors, which fall into the doublets(
u

d

) (
c

s

) (
t

b

)
(4.2)

The electric charges will be taken as + 2
3 and − 1

3 for the upper and lower com-
ponents, respectively. Integral charges have been suggested by Han and Nambu
[13] and initially adapted in grand unification schemes by Pati and Salam [14–17],
though without complete commitment [18]. For the electroweak interactions, only
the average over colors matters, so we cannot distinguish the two possibilities;
but the hadronic e + e-cross-section resolved this in favor of the fractional quark
changes.

Until 1974 there was experimental evidence only for u, d, and s which underlie
the approximate flavor SU(3) symmetry of Gell-Mann and Ne’eman [19] (reprinted
in Refs. [20–22]). The quarks were suggested as more than purely mathematical
entities in 1964 by Gell-Mann [23] and Zweig [24] (reprinted in Ref. [25]). The ac-
ceptance of quarks as the true hadron constituents took a decade and received im-
petus in two important stages, in 1969 and 1974, respectively. The first (1969) was
the observation of scaling in deep-inelastic electron–proton scattering, interpreted
by Feynman [26] as due to pointlike constituents (partons) inside the proton. The
identification of partons with quarks by Bjorken and Paschos [27, 28] led to the
quark–parton model, which has proved indispensable phenomenologically (for re-
views, see, e.g., Refs. [29] and [30]).

The second development (1974) involved the discovery of the J/ψ particle
[31, 32] and the subsequent appearance of both radial and orbital excitations, which
confirmed that this hadron is an essentially nonrelativistic bound state of two spin-
1
2 quarks: actually, a charmed quark and its antiparticle. The direct evidence for
the occurrence of such heavy quarks obviously supports the idea that the light u,
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d, and s quarks be taken equally seriously as constituents of the light baryons and
mesons.

A striking fact of particle physics is that although there is overwhelming evi-
dence for quarks as hadron constituents, no evidence for free quarks exists (apart
from some unreproduced exceptions; see, e.g., Refs. [33] and [34]). This confine-
ment property is expected to be contained, as a consequence of infrared slavery, in
QCD.

Quark confinement means, however, that specification of the quark masses is
more ambiguous than for the lepton masses, and necessarily involves some arbi-
trariness in definition and convention. In particular, we must distinguish between
constituent quark masses and current quark masses, the latter being most rele-
vant for the QCD or electroweak Lagrangians used in perturbation theory. Here we
follow the discussion by Weinberg [35].

Let us first focus on the three lightest quark flavors: u, d, and s. It is obvious
from the hadronic mass spectrum that s is somewhat more massive than u and d.
The masses can be defined and calculated most conveniently from the spontaneous
breaking of U(3)L ×U(3)R chiral symmetry [36, 37] in quantum chromodynamics.
For massless quarks, the QCD Lagrangian (with quark color indices suppressed) is

L =
∑

k

ψ̄kγµ

(
∂µ − 1

2
gλaAa

µ

)
ψk − 1

4
Fa

µνF
a
µν (4.3)

This is invariant under the global chiral transformation (a = 1, 2, . . . , 9)

ψLk → (
eiλaθa

L
)
kl

ψLl (4.4)

ψRk → (
eiλaθa

R
)
kl

ψRl (4.5)

where

ψ = 1

2
(1 + γ5)ψ + 1

2
(1 − γ5)ψ (4.6)

= ψR + ψL (4.7)

This invariance for the kinetic term is seen immediately since

ψ̄γµψ ≡ ψ̄RγµψR + ψ̄LγµψL (4.8)

The “nonsimple” part UL(1) × UR(1) = UV (1) × UA(1) corresponds to baryon
number conservation [UV (1)] and the axial UA(1), which is known to be broken
by nonperturbative instanton effects [38]. The relevant chiral symmetry is therefore
only the semisimple SU(3)V ×SU(3)A subgroup. Quark mass terms will break this
chiral symmetry to only SU(3)V since

mψ̄ψ ≡ m(ψ̄RψL + ψ̄LψR) (4.9)
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is invariant only if θa
L = θa

R and if the quarks have equal nonzero mass mu =
md �= 0. This flavor SU(3)V is broken further to isospin SU(2)V for mu =
md �= ms . If SU(3)A is broken spontaneously, there are eight (approximately) mass-
less pseudoscalar Nambu–Goldstone bosons, identified as the octet of pseudoscalar
mesons (π±, π◦,K±, K◦, K̄0, η). We shall now indicate how using current alge-
bra and PCAC, the meson masses may be related to the quark mass ratios provided
that we assume that the vacuum is flavor SU(3) symmetric.

The PCAC relation

∂µJ 5a
µ (x) = Fπµ2

m

(

a

)
φa(x) (4.10)

gives for the pseudoscalar 
a propagator

Eab(q) =
∫

d4xeiq·x〈0|T (
∂µJ 5a

µ (x), ∂νJ
5b
ν (0)

)|0〉 (4.11)

= iδabF 2
πµ4

m(
a)

µ2
m(πa) − q2

(4.12)

Hence the Nambu–Goldstone boson mass is

µ2
m

(

a

) = − i

F 2
π

Eaa(0) (4.13)

But integration by parts gives

Eab(q) = −iqµ

∫
d4xeiq·x〈0|T (

J 5a
µ (x), ∂νJ

5b
ν (0)

)|0〉

−
∫

d4xeiq·x〈0|[J 5a
0 (x), ∂νJ

5b
ν (0)

]
δ(x0)|0〉 (4.14)

where we used

T
(
J 5a

µ (x), ∂νJ
5b
ν (0)

) = θ(x0)J
5a
µ (x)∂νJ

5b
ν (0) + θ(−x0)∂νJ

5b
ν (0)J 5a

µ (x) (4.15)

and

∂µθ(±x) = ±δµ0δ(x0) (4.16)

We also have

∂νJ
5b
ν (0) = −i

[
Hm(0),

∫
d3yJ 5b

0 (y)

]
(4.17)

where Hm is that part of the Hamiltonian density breaking the SU(3)A symmetry,
namely,

Hm = muūu + nd d̄d + mss̄s (4.18)
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Hence

µ2
m

(

a

) = − i

F 2
π

∫
d4xd4y〈0|[J 5a

0 (x),
[
J 5a

0 (y),Hm(0)
]
y0=0

]
x0=0|0〉 (4.19)

where Fπ is the charged pion decay constant, Fπ � 190 MeV. With the standard
normalization of the Gell-Mann matrices [Tr(λaλb) = 2δab], note that [here q =
(u, d, s)]

Hm = q̄

[
1

2
(Mu − Md)λ3 + 1

2
√

3
(Mu + Md − 2Ms)λ

8

+ 1√
6
(Mu + Md + Ms)λ

9
]

q (4.20)

and

J 5a
0 = −iq̄γ0γ5λ

aq (4.21)

Now using the algebra of SU(3) generators,

[
λa, λb

] = 2if abcλc (4.22)

we find that

µ2
m

(

+) = µ2

m

(

0) = 4

F 2
π

[
Mu〈ūu〉0 + Md 〈d̄d〉0

]
(4.23)

µ2
m

(
K+) = 4

F 2
π

[
Mu〈ūu〉0 + Md 〈s̄s〉0

]
(4.24)

µ2
m

(
K0) = 4

F 2
π

[
Mu〈d̄d〉0 + Md 〈s̄s〉0

]
(4.25)

To proceed further, we may assume that flavor SU(3) is not broken spontaneously,
so that

〈ūu〉0 = 〈d̄d〉0 = 〈s̄s〉0 (4.26)

More generally, we might assume that 〈ūu〉0 = 〈d̄d〉0 (strong isospin) but 〈s̄s〉 =
R〈d̄d〉0. For the moment we take R = 1; the possibility R �= 1 is discussed later.

The physical meson masses have a contribution from virtual photons, so that

µ2(
a
) = µ2

m

(

a

) + µ2
γ

(

a

)
(4.27)

with

µ2
γ

(

0) = µ2

γ

(
K0) = 0 (4.28)
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µ2
γ

(

+) = µ2

γ

(
K+)

(4.29)

Taking this into account, straightforward algebra then leads to the quark mass ra-
tios

Md

Mu

= (K0) − (K+) − (π+)

2(π0) + (K+) − (K0) − (π+)
(4.30)

Ms

Md

= (K0) + (K+) − (π+)

(K0) − (K+) + (π+)
(4.31)

where we used the meson symbol to denote its squared mass.
Note that such squared meson masses are related to unsquared quark masses

because of the difference between boson and fermion propagators. In units of
(GeV)2, the observed masses are

µ2(K+) = 0.2437 GeV2 (4.32)

µ2(K0) = 0.2477 GeV2 (4.33)

µ2(π+) = 0.0195 GeV2 (4.34)

µ2(π0) = 0.0182 GeV2 (4.35)

and hence the numerical values of the quark mass ratios are

md

mu

= 1.8 (4.36)

ms

md

= 20.1 (4.37)

If we take R �= 1, then md/mu is unchanged but ms/md = 20.1/R; for example, if
R = 4, the latter ratio is reduced to about 5.

Next, we consider the absolute values of the quark masses, and this requires a
normalization prescription. A sensible procedure is to assume that

〈q̄kqk〉h = NhkZm (4.38)

where Nhk is the number of valence quarks of flavor k in hadron h and m∗
k is defined

as the renormalized quark mass by

m∗
k = zmmk (4.39)

with zm a universal renormalization constant. Within a flavor SU(3) multiplet, the
mass splittings are due mainly to m∗

s :

mh � m0 + m∗
s Nhs (4.40)
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and hence m∗
s can be estimated. One has the unitary multiplets (the pseudoscalars

are unreliable here because of their special role as approximate Nambu–Goldstone
bosons from spontaneous breaking of chiral symmetry) with mass splittings [1]:

1. Vector mesons:

m(ρ) = 776 MeV (S = 0) (4.41)

m(K∗) = 892 MeV (S = −1) (4.42)

2. Tensor mesons:

m(A2) = 1312 MeV (S = 0) (4.43)

m(K∗∗) = 1434 MeV (S = −1) (4.44)

3. Octet baryons:

m(N) = 939 MeV (S = 0) (4.45)

m(�) = 1318 MeV (S = −2) (4.46)

4. Decuplet baryons:

m(N∗) = 1232 MeV (S = 0) (4.47)

m(�) = 1672 MeV (S = −3) (4.48)

These four multiplets give mean mass increments per unit strangeness of 116, 122,
190, and 147 MeV, respectively. As an approximate working average value, we may
take

m∗
s = 150 MeV (4.49)

Using the ratios derived previously, we then obtain

m∗
u = 4.2 MeV (4.50)

m∗
d = 7.5 MeV (4.51)

Of course, these values are much less than the “constituent” quark masses, which
may be taken as about 1

2m(ρ) or 1
3m(N), that is, 350 MeV for u and d and 500 MeV

for s. Most of this mass comes not from mass terms in the QCD Lagrangian but
from nonperturbative effects, necessary for infrared slavery and confinement, that
are less amenable to estimation. If we assume that this extra contribution 350 MeV
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is flavor independent, we can then estimate the renormalized current masses for c,
b, and t . Using the masses m(J/ψ) = 3.10 GeV and m(T ) = 9.4 GeV, one arrives at

m∗
c = 1200 MeV (4.52)

m∗
b = 4400 MeV (4.53)

m∗
t = 174,000 MeV (4.54)

With respect to these masses, we should add the following remarks:

1. The different (m∗
d − m∗

u) is not necessarily equal to the difference in the corre-
sponding constituent quarks because of extra electromagnetic contributions (of
order ∼ 350 MeV × 1/137 ∼ 2 MeV); nevertheless, the value obtained by the
combinations, for example,

1

2

[
m(n) − m(p) + m

(
�−) − m

(
�0)] = 3.7 MeV (4.55)

1

2

[(
�−) − m

(
�+)] = 4.0 MeV (4.56)

are impressively close.
2. By increasing the value of R from R = 1 to, say, R = 4, as an extreme case we

increase m∗
u and m∗

d by a factor of 4 to, for example, m∗
d = 30 MeV. But then

(m∗
d − m∗

u) = 13.2 MeV seems too high.
3. Other approaches to the quark masses, involving global fits to both the baryon

spectrum and the baryon sigma term [39, 40] or exploiting the “MIT bag” model
[41], generally give higher mass values. But it is futile to attempt a more accurate
calculation than we have already given.

4.3
Weak Interactions of Quarks and Leptons

Electromagnetic interactions are described successfully by quantum electrodynam-
ics (QED), which is an abelian U(1) gauge theory with coupling g = e > 0, the
electric charge of the positron. Under a gauge transformation β(x) the fields trans-
form as

φa → eiqaβ(x)φa (4.57)

where qa is the electric charge eigenvalue for φa . For example, in the first family

e− → e−iβ(x)e− (4.58)

νe → νe (4.59)
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u → e2/3iβ(x)u (4.60)

d → e−1/3iβ(x)d (4.61)

and similarly for (µ−, νµ, c, s) and (τ−, ντ , t, b).
The amplitude for the basic electromagnetic process is

−ieAµJ EM
µ (4.62)

with

J EM
µ = −ēγµe + 2

3
ūγµu − 1

3
d̄γµd + · · · (4.63)

Clearly, electric charge and all flavors are conserved. Because J EM
µ is nonchiral,

parity is conserved; also, QED is even under C and T separately.
The electric charge U(1) is unbroken; hence the electromagnetic force is long

ranged. There is a limit on the photon mass given by [42]

mγ < 6 × 10−16 eV (4.64)

obtained by space-probe measurements of the Jovian magnetosphere. The fine-
structure constant is αe = e2/4π = (137.036)−1 at q2 = 0.

Weak interactions are responsible for β-decay, µ-decay, and most hyperon de-
cays. These forces are very weak and have a range less than 10−2 fermi = 10−15 cm,
corresponding to an energy scale > 20 GeV. The original knowledge of weak in-
teractions (for a review of the subject up to 1969, see Ref. [43]; some of the impor-
tant original papers are reprinted in Refs. [20], [44] and [45]) was based on the fact
that strangeness, S, and the third component of strong isospin, T3, are violated,
although both are conserved by strong and electromagnetic interactions. Charge
conjugation, C, and parity, P, are both violated, although the product CP is con-
served approximately. There is a small violation of CP in the neutral kaon system
which is a very important feature of the electroweak forces and is discussed in
Section 4.7.

Prior to the discovery of neutral currents in 1973, most known properties of weak
interactions were describable by a modernized Fermi [46, 47] (reprinted in Ref. [44])
interaction of the form

LW = 1

2

G√
2

(
JµJ †

µ + J †
µJµ

)
(4.65)

with G = 1.027 × 10−5M−2
p (Mp = proton mass). The charged weak current was

given by Cabibbo [48] (see also Ref. [49]). The (V–A) structure had been established
earlier in Refs. [50] and [51]; the conserved vector current hypothesis of Ref. [51]
was discussed earlier in Ref. [52] as

Jµ = ēγµ(1 − γ5)νe + µ̄γµ(1 − γ5)νµ

+ cos θcd̄γµ(1 − γ5)u + sin θcs̄γµ(1 − γ5)u + · · · (4.66)
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where only three flavors (u, d, s) have been included, as well as only two families
of leptons. Defining

ψL = 1

2
(1 − γ5)ψ (4.67)

allows one to rewrite

Jµ = 2(ēLγµνeL + µ̄LγµνµL + cos θcd̄LγµuL + sin θcs̄LγµuL + · · ·) (4.68)

in terms of two-component Weyl spinors. One finds phenomenologically the value
of the Cabibbo angle sin θc = 0.228, so that rates for strangeness-changing decays
have a suppression ∼ tan2 θc = 0.055.

From Eq. (4.68) we see that charged current interactions satisfy �S = �Q = ±1.
Processes with �Q = −�S are never observed. In nonleptonic weak decays, the
strong isospin satisfies the empirical selection rule �T = 1

2 ; this may be explicable
in terms of, for example, s(T = 0) → u(T = 1

2 ), as discussed later in connection
with CP violation.

Because the electroweak interactions violate C and P, it is useful to discuss here
in detail how C and P act on fermions. Such a discussion facilitates the formulation
of electroweak theory as well as preparing the ground for later treatment of grand
unified theories. Consider a four-component Dirac field ψ(x, t) which annihilates a
particle or creates an antiparticle. From it we may define two two-component Weyl
spinors ψR,L by

ψR,L = 1

2
(1 ± γ5)ψ (4.69)

with adjoints ψ̄ = ψ+γ0 satisfying

ψ̄R,L = ψ̄ · 1

2
(1 ∓ γ5) (4.70)

so that the nonvanishing terms in fermion-conserving bilinears involve LR and
RL for even numbers of Dirac matrices and LL and RR for odd numbers. For
example,

ψ̄ψ ≡ ψ̄RψL + ψ̄LψR (4.71)

ψ̄γµψ ≡ ψ̄RγµψR + ψ̄LγµψL (4.72)

For zero rest mass, ψR(L) annihilates a right (left)-handed neutrino or creates a left
(right)-handed antineutrino. For nonzero mass m, the same becomes true only in
the ultrarelativistic limit with energy E 
 m; nevertheless, the Weyl spinors can
still be defined in this fully Lorentz invariant manner.

If neutrinos are precisely massless and only νL is ever observed together with
(ν̄)R , only ψL is needed to describe the physical degrees of freedom. This is the
two-component neutrino theory [53–57]. The two-component description does not
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necessarily imply that the neutrino is massless, however, unless we also assume
that there is a conserved fermion number. The point is that as an alternative to a
Dirac mass term, Eq. (4.71), we may construct a Lorentz scalar

εαβψα
Lψ

β
L (4.73)

from ψL alone. Here, ε12 = −ε21 = +1 and α, β = 1, 2 denote the two compo-
nents of the Weyl spinor. Expression (4.73) is usually called a Majorana mass term
and does not allow definition of a conserved fermion number. The presence of Ma-
jorana mass terms that violate lepton number is suggested by some grand unified
theories of strong and electroweak interactions, as will be discussed much later.

We now digress to explain how expression (4.73) is a Lorentz scalar. (Some fur-
ther details are given in, e.g., Ref. [12].) The spinors ψL and ψR need to be identified
with the ( 1

2 , 0), (0, 1
2 ) representations of the Lorentz group O(4) ∼ SU(2)×SU(2).

Because of the indefinite metric, although rotations may be identified by J = 1
2σσσ ,

the boosts must be identified nonunitarily by K = ±(i/2)σσσ for ψRL, respectively.
Thus the action of Lorentz transformations is given by

ψR,L → �R,LψR,L (4.74)

with

�R,L = exp

[
i
σσσ

2
· (θθθ ± iβββ)

]
(4.75)

Here θθθ and βββ are the rotation and boost parameters, respectively.
With the conventional choice for the Pauli matrices, one has

σ2σiσ2 = −σ ∗
i (4.76)

and hence

σ2�
−1
R,Lσ2 = �T

R,L (4.77)

since under transposition

σT
i = σ ∗

i (4.78)

Thus we have

λT
R,Lσ2�R,L = σ2 (4.79)

From Eq. (4.79) it follows that a Lorentz scalar bilinear in ψR is given by

ψT
R σ2ψR → ψT

R �T
Rσ2λRψR (4.80)

= ψT
R σ2ψR (4.81)
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Since σ2 is antisymmetric, this scalar is seen to arise from the antisymmetric part
of (0, 1

2 ) × (0, 1
2 ). Similarly, ψT

L σ2ψL is a scalar, being the antisymmetric part of
( 1

2 , 0) × ( 1
2 , 0); this is then precisely of the form (up to a factor −i) of Eq. (4.73), as

required.
Let us now consider the effects of P and C. Under P (parity), a Dirac spinor

transforms as [see, e.g., Ref. [58], Eq. (2.33)]

ψ(x, t) P−→ ψ ′(−x, t) = γ0ψ(−x, t) (4.82)

because

pµ
P−→ p′

µ = (p0′ − p) (4.83)

/p = γ0/p
′γ0 (4.84)

(/p − m)ψ(x, t) = 0 P−→ (/p′ − m)ψ ′(−x, t) = 0 (4.85)

Note that there is an overall phase in Eq. (4.81) which has been chosen arbitrarily.
It follows that for the Weyl spinors

ψL,R(x, t) P−→ γ0ψR,L(−x, t) (4.86)

and

ψL,R(x, t) P−→ ψR,L(−x, t)γ0 (4.87)

The Cabibbo charged current involves terms of the form (not summed on µ)

ψ1L(x, t)γµψ2L(x, t) P−→ ψ1R(−x, t)γµψ2R(−x, t)gµµ (4.88)

and clearly Lw is not invariant under P. Note that Lw involves (gµµ)2 = +1, so
there is no problem with Lorentz invariance.

Under charge conjugation C, the behavior of a Dirac spinor is [cf. Ref. [58],
Eq. (5.4)]

ψ
C−→ ψc = Cψ̄T = Cγ0ψ

∗ (4.89)

with (the overall phase is arbitrary)

C = iγ2γ0 (4.90)

This follows from requiring that

(i/∇ − e/A − m)ψ = 0 C−→ (i/∇ + e/A − m)ψc = 0 (4.91)

Hence

(
Cγ 0)γ ∗

µ

(
Cγ 0)−1 = −γµ (4.92)
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and since

γ 0γ ∗
µγ 0 = γ T

µ (4.93)

one needs

Cγ T
µ C−1 = −γµ (4.94)

In the standard representation with γ0 and γ2 symmetric and γ1 and γ3 antisym-
metric, this mean that [C, γ0,2] = {C, γ1,3}+ = 0; these relations are clearly satis-
fied by Eq. (4.90).

For the Weyl spinors, it follows that

ψR,L
C−→ (ψR,L)c = (

Cψ∗
R,L

) = (
ψc

)
L,R

(4.95)

and hence in the charged weak current

ψ̄1Lγµψ2L
C−→ −ψ̄2Rγµψ1R (4.96)

so that Lw is not invariant.
Under the product CP, we have from Eqs. (4.88) and (4.96),

ψ̄1L(x, t)γµψ2L(x, t) CP−−→ ψ̄2L(−x, t)γµψ1L(−x, t) (4.97)

and hence for the Lagrangian density Lw ,

Lw(x, t) → Lw(−x, t) (4.98)

Thus the action∫
d4xLw(x, t) (4.99)

is invariant under CP. This assumed that the coupling G in Eq. (4.65) is real.
With the Cabibbo structure, Lw described charged current weak interactions suc-

cessfully, except CP violation and possibly the nonleptonic kaon and hyperon de-
cays. However, Lw cannot be exact since at high energies it violates unitarity. For ex-
ample, in the process νee

− → νee
−, the cross section is given by, ignoring masses,

σ(S) = G2
F S

π
(4.100)

where S is the squared center of mass energy. But being a point interaction, the
process is pure S-wave and hence must satisfy partial-wave unitarity of the total
cross section:

σ(S) <
4π

S
(4.101)

Thus if S > 2π/GF ∼ (700 GeV)2, there is a violation of unitarity.
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We might hope to unitarize by higher-loop corrections, but the problem then is
that the four-fermion interaction, Eq. (4.65), is nonrenormalizable and has uncon-
trollable ultraviolet divergences.

The next step is to assume that the four-fermion interaction is the low-energy
limit of a finite-range force. The Lagrangian then becomes

Lw = g

2
√

2

(
JµW−

µ + J †
µW+

µ

)
(4.102)

with a propagator for the intermediate vector boson (IVB) of the form

Dµν(k) = −i(gµν − kµkν/M
2
w)

k2 − M2
w + iε

(4.103)

with the low-energy limit

Dµν(k) −→
k2�M2

w

igµν

M2
w

(4.104)

Hence with the identification

GF√
2

= g2

8M2
w

(4.105)

the low-energy limit coincides for Lw from Eqs. (4.65) and (4.102).
The IVB is like the photon of QED in being a vector (spin 1) intermediary, but

there are very important differences: (1) the IVB is massive, (2) the IVB is electri-
cally charged, and (3) the IVB couples only to left-handed particles and to right-
handed antiparticles; that is, it violates parity conservation.

Introduction of the IVB partially cures the unitarity problem because νee
− →

νee
− is no longer pure S-wave. But, for example, e+e− → W+W− violates unitar-

ity for
√

S � G
−1/2
F , as before. This is closely related to the nonrenormalizability

arising from the kµkν term in the propagator, Eq. (4.103), as detailed in Chapter 3.
This sort of problem with unitarity afflicted weak interaction theory for a very long
time from 1934 [46, 47] to 1971 [59, 60].

The problem is that the IVB is not yet a gauge theory, and for renormalizability
we need to embed the Fermi theory somehow into a renormalizable quantum field
theory. One suggestion was to make double scalar exchange mimic the V–A inter-
action [61, 62]. However, the standard model uses spontaneous symmetry breaking
and a gauge theory.

In terms of the charged weak current Jµ(x, t) defined in Eq. (4.66), define

Q− =
∫

d3xJ0(x, t) (4.106)

Q+ = (Q−)† (4.107)
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Also, the electromagnetic charge

Q =
∫

d3xJ em
0 (x, t) (4.108)

is a third generator. But then so is

[
Q−, Q+] = 2

∫
d3x

[
ēγ0(1 − γ5)e − ν̄γ0(1 − γ5)ν + · · ·] (4.109)

Hence, we need at least two neutral gauge bosons. One may try to avoid this, but
the necessary Higgs structure is complicated [63].

Another possibility is to write a gauge field theory for the weak interactions alone
[64], but the unification of more forces is clearly superior and actually correct (i.e.,
agrees with experiment).

Let us retrace the history of the standard model: The first article to propose a
theory unifying weak and electromagnetic interactions was by Schwinger [65], who
was unfortunately misled by incorrect experiments indicating tensor weak cou-
plings. The principal ingredients of the now-standard SU(2) × U(1) electroweak
theory were provided in 1960 by Glashow [66], who also surmised (see also Ref. [67])
that explicit symmetry breaking by vector mass terms might preserve renormaliz-
ability. A similar theory was proposed by Salam and Ward [68]. The Higgs mech-
anism [69–76] was introduced into SU(2) × U(1) theory by Weinberg [77], and
Salam [78], normalized the neutral current strength; both conjectured that this
softer spontaneous breaking would keep renormalizability. This Weinberg–Salam
conjecture was vindicated a few years later through the work of ’t Hooft [61], com-
pleted by him and Veltman [79, 80] and by Lee and Zinn-Justin [81].

As proposed initially (e.g., Ref. [77]), this theory included only the leptons; in-
deed, a straightforward extension to include the u, d, and s flavors gave substan-
tial strangeness-changing neutral currents, which disagreed with experimental lim-
its. A crucial contribution in 1970 by Glashow, Iliopoulos, and Maiani (GIM) [82]
showed how a fourth flavor, “charm” of quark, can cancel this unwanted neu-
tral current. Combined with the GIM mechanism, the standard electroweak the-
ory therefore stood in 1971 with two major predictions: (1) charm and (2) neu-
tral currents, both of which were confirmed, as discussed in subsequent subsec-
tions.

Here we begin by introducing the SU(2) × U(1) gauge theory. The generators of
the weak isospin and weak hypercharge are T i (i = 1, 2, 3) and Y , respectively; the
corresponding gauge vectors and couplings are Ai

µ, Bµ and g, g′. The theory is a
chiral one which violates parity by assigning ψL and ψR matter fields to different
representations of SU(2)×U(1). All the ψL are SU(2) doublets; all ψR are singlets.
Both ψL and ψR transform under U(1) such that electric charge Q = T3 +Y . Thus,
the left-handed quarks and leptons form SU(2) doublets:

qmL =
(

um

dm

)
L

, lmL =
(

νm,

em

)
L

(4.110)
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where m = 1, 2, 3, . . . is a family label. These doublets have T3 = ± 1
2 and Y = + 1

6
and − 1

2 , respectively; note that Y is just the mean electric charge of the weak iso-
multiplet. The isosinglets umR , dmR , and emR have Y = + 2

3 , − 1
3 , and −1, respec-

tively. The kinetic term for the fermions is therefore

Lf =
∑
m

(q̄mLi/DqmL + l̄mLi/DlmL

+ ūmRi/DumR + d̄mRi/DdmR + ēmRi/DemR) (4.111)

Here the covariant derivatives follow from the SU(2) × U(1) charges:

DµqmL =
(

∂µ − ig
τ

2
· Aµ − i

g′

6
Bµ

)
qmL (4.112)

DµlmL =
(

∂µ − ig
τ

2
· Aµ − i

g′

6
Bµ

)
lmL (4.113)

DµumR =
(

∂µ − i
2

3
g′Bµ

)
umR (4.114)

DµdmR =
(

∂µ + i

3
g′Bµ

)
dmR (4.115)

DµemR = (∂µ + ig′Bµ)emR (4.116)

In the minimal model there is a Higgs scalar doublet (Y = + 1
2 )

φ =
(

φ+
φ0

)
(4.117)

Hence the scalar piece Lφ is

Lφ = 1

2
(Dµφ)†(Dµφ) − V (φ) (4.118)

with

Dµφ =
(

∂µ − ig
τ

2
· Aµ − i

g′

2
Bµ

)
φ (4.119)

V (φ) = m2φ†φ + λ(φ†φ)2 (4.120)

Here V (φ) is the most general SU(2) × U(1) invariant renormalizable potential.
The kinetic term for the gauge vectors is

LV = −1

4
F i

µνF
i
µν − 1

4
GµνGµν (4.121)

with
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F i
µν = ∂µAi

ν − ∂νA
i
µ + gεijkAj

µAk
ν (4.122)

Gµν = ∂µBν − ∂νBµ (4.123)

Finally, in the full classical Lagrangian L there is a Yukawa piece LY necessary to
give the fermion masses upon spontaneous symmetry breaking:

L = Lf + Lφ + LV + LY (4.124)

The explicit form of LY is

LY =
∑
m,n

(
�u

mnq̄mLφunR + �d
mnq̄mLφdnR + �e

mnl̄mLφenR

)

+ Hermitian conjugate (4.125)

with a double sum over families. This then completes the unbroken classical La-
grangian.

4.4
Charm

The standard electroweak theory for leptons already predicts a weak neutral current
with definite strength, isospin, and Lorentz properties. Incorporation of quarks
needs another ingredient: the fourth, “charm” flavor of quark.

Let us first trace the history of the charm concept, since the evolution of this
idea from 1962 through 1973 and the remarkable experimental results of Novem-
ber 1974 and the subsequent two years together form a beautiful paradigm of the
“scientific method.”

The first suggestion of a fourth flavor was motivated by an analogy between lep-
tons and hadrons, or what in modern language would be the lepton–quark anal-
ogy. Before the postulation of quarks, such an analogy was based on the Sakata
model [83], in which hadrons were supposed to be composed from the constituents
P , N , and �. After the discovery [84] that νe and νµ are different neutrinos, this
analogy suggested [85–90] that a fourth constituent be considered for hadrons to
keep the balance with the four leptons e, µ, νe, and νµ.

This argument was sharpened through the invention of flavor SU(3) by Gell-
Mann [91, 92] (reprinted in Ref. [20]) and by Ne’eman [93] (reprinted in Ref. [20]).
This SU(3) theory gained universal acceptance following the experimental discov-
ery [94] (reprinted in Ref. [20]) of the predicted �− particle. There followed the pro-
posal by Gell-Mann [95] (reprinted in Ref. [20]) and Zweig [96] that there might be
entities transforming as the defining representation of SU(3); these entities were
named quarks by Gell-Mann [95]. Although in 1964 quarks were suggested as per-
haps no more than mathematical quantities, they are now universally accepted as
the actual constituents of hadrons, although they are probably permanently con-
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fined within hadrons and unable to exist as free particles. The two principal his-
torical reasons for the promotion of quarks from mathematics to physics were (1)
the experimental discovery in the late 1960s of scaling behavior in deep-inelastic
electron–nucleon scattering which was interpreted as evidence for pointlike con-
stituents in the nucleon, and (2) the experimental discovery in 1974 and subse-
quent years of hadrons containing the charmed quark, which is our present sub-
ject.

The success of flavor SU(3) as a generalization of SU(2) isospin led Tarjanne
and Teplitz [97] to take the next step to SU(4); other authors [98–102] followed suit.
Several of these papers again mention the quark–lepton analog but the general
proposition is: If SU(3), why not SU(4)? In particular, Bjorken and Glashow [101]
introduced the name charm to designate the fourth flavor of quark beyond up (u),
down (d), and strange (s). Alternative schemes were proposed based, for exam-
ple, on two triplets of quarks [103, 104], but such theories were not borne out by
experiment.

Following this extensive theoretical activity providing somewhat vague motiva-
tions for charm, there followed a hiatus until 1970 when the true raison d’etre was
given in the classic paper by Glashow, Iliopoulos, and Maiani [82], who introduced
a mechanism for suppression of strangeness-changing weak neutral currents. This
was incorporated into gauge field theories by Weinberg [105, 106]. Yet another mo-
tivation for charm is the cancellation of γ5 triangle anomalies as emphasized by
Bouchiat, Iliopoulos, and Meyer [107]. But the most physical argument was the
GIM explanation [82] as to why the weak neutral current usually respects quark
flavor (a fact noted much earlier [108]).

How does the fourth flavor help to suppress the strangeness-changing neutral
current? Consider the electroweak forces alone acting on the doublets(

νe

e−
)

L

(
νµ

µ−
)

L

(
u

d

)
L

(
c

s

)
L

(4.126)

and right-handed singlets

e−
R , µ−

R, uR, dR, cR, SR (4.127)

Suppose we first take all Higgs couplings to vanish so that there are massless
fermions coupling to massless gauge bosons. In this limit, the charged gauge
bosons W±

µ couple only u to d, and c to s, within the same irreducible repre-
sentation of SU(2), and no strangeness-changing processes such as s → uW−
exist. How, then, do the strangeness-changing processes �S = �Q = ±1 occur at
all?

To obtain such processes, it is essential to break the symmetry by turning on the
Higgs couplings, thus allowing the Higgs to develop nonzero vacuum expectation
values (VEVs). The Higgs give masses to the quarks (and to the charged leptons),
but there is no reason for the mass eigenstates thus generated simultaneously to be
eigenstates of the gauge group; thus the Higgs mix c ↔ u and s ↔ d in expression
(4.126). At first glance, this gives two Cabibbo angles, but one is unobservable since
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if we mix c → u and s → d by the same amount, nothing changes. The convention
is to mix d ↔ s so that expression (4.126) becomes

(
u

d ′
)

L

(
c

s′
)

L

(4.128)

d ′ = d cos θc + s sin θc (4.129)

s′ = −d sin θc + s cos θc (4.130)

The neutral current is invariant under this rotation since

d̄ ′d ′ + s̄′s′ = d̄d + s̄s (4.131)

Thus the presence of s′, which was absent until motivated as a partner of charm,
is the key to canceling the unwanted strangeness-changing neutral current. The
original Cabibbo proposal would contain only u and d ′, but then if a gauge theory
contained the charged gauge bosons W±

µ coupling to generators of SU(2)L with
the associated quark currents

J
µ
± = q̄γ µ 1

2
(1 − γ5)T

L± q (4.132)

it should also contain the neutral current

J
µ
0 = q̄γµ

1

2
(1 − γ5)T

L
0 q (4.133)

where T L
0 = [T L+ , T L− ]. But with only u and d ′ one then finds that

J
µ
0 = s̄γµ

1

2
(1 − γ5)d sin θc cos θc (4.134)

Such a strangeness-changing neutral weak current would disagree with the strong
empirical bounds, such as

�(K0
L → µ+µ−)

�(K0
L → all)

∼ 10−8 (4.135)

�(K± → π±νν̄)

�(K± → all)
< 0.6 × 10−6 (4.136)

�(K± → π±e+e−)

�(K± → all)
= (2.6 ± 0.5) × 10−7 (4.137)

Once charm is added, however, the weak neutral current contains a piece

−s̄γ µ 1

2
(1 − γ5)d sin θc cos θc (4.138)
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Figure 4.1 Double W± exchange diagrams.

to cancel precisely Eq. (4.134) at lowest order, as well as giving substantial cancel-
lations even at the one-loop level, as we shall see. Thus the mechanism gave a firm
prediction (in 1970) of the existence of charm, which was discovered experimen-
tally in 1974.

The mechanism can be generalized to any number of flavors if we postulate that
the weak neutral current is flavor diagonal to order Gα [109–111]. We can change
from mass eigenstates to flavor eigenstates by applying separate unitary transfor-
mations to the left and right helicities,

q = 1

2
(1 − γ5)U

Lq + 1

2
(1 + γ5)U

Rq (4.139)

But then the neutral current coupling matrices are transformed according to

T L,R
0 = UL,RT

L,R
0

(
UL,R

)−1 (4.140)

where T L
0 is defined in Eq. (4.133) and T R

0 would be nontrivial if there were also
a gauge group under which the right-handed quark transformed. At order G, we
require that T L,R

0 be flavor diagonal for any choice of UL,R ; this is the condition
of naturalness that the property not depend on special tuning of parameters in the
Lagrangian. The UL,R must commute with exactly conserved charges, such as the
electric charge (or, of course, color). But then since

[
UL,R, Q

] = 0 (4.141)

the T
L,R

0 must be functions of quark charge: T
L,R

0 (Q). This accounts for the Born
diagram. At order Gα , there are further possible neutral interactions induced by
double W± exchange (Fig. 4.1), as well as renormalizations of single Z0 exchange
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Figure 4.2 Renormalization of single Z◦ exchange.

(Fig. 4.2). The latter are already diagonalized, but the diagrams of Fig. 4.1 give
neutral couplings proportional to [110, 111]

�T
L,R
0 ∼ 3

[(
TL,R

)2 − (
T

L,R
3

)2] ± 5
(
T

L,R
3

)
(4.142)

where the ± signs refer to the uncrossed (Fig. 4.1a) and crossed (Fig. 4.1b) di-
agrams, respectively. Thus, to avoid flavor-changing neutral weak interactions at
order Gα requires also that (IL,R)2 = (IL,R(Q))2, a function only of charge.

To summarize: All quarks of the same charge must have the same value of
(IL,R)2 as well as of (T

L,R
0 ).

The mechanism for charm is a special case: Since s has the same electric charge
as d, it must have the same T L

3 (= − 1
2 ) and the same (IL)2 = 1

2 ( 1
2 + 1). Hence

there must be a quark (c) with T L
3 = + 1

2 in the same multiplet.
If we take the standard electroweak theory with gauge group SU(2) × U(1) and

assume that all quarks have electric charge 2
3 and − 1

3 , natural absence of flavor-
changing neutral interactions dictates that all left-handed helicities are paired into
SU(2) doublets, while all right-handed helicities are in SU(2) singlets. Hence dis-
covery of the b quarks with charge − 1

3 , as discussed below, implied the existence
of a t (top) quark with charge + 2

3 in this sequential picture. It was possible to con-
struct topless models (e.g. Refs. [112] and [113]) only by invoking a new quantum
number for b [112] or by maintaining GIM through a complicated Higgs sector
[113]; of course, here we have been assuming weak processes to be mediated by
vector gauge boson exchange, not by scalar exchanges.
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Figure 4.3 Loop diagram for K1 − K2 mass difference.

Reverting to just four flavors, the next question is: Can the charmed quark have
arbitrarily large mass and still cause the appropriate cancellation, or could the mass
be predicted? The answer, presaged in reference [82] and provided in detail by Gail-
lard and Lee [114], is that the charm mass is highly constrained. The cancellation is
precise in loops only if mc = mu and hence the symmetry breaking is proportional
to some power of the mass difference (mc −mu); only if mc is not too large can one
avoid disagreement with experiment. The most stringent limit is provided by the
K1 − K2 mass difference. The relevant loop diagram is shown in Fig. 4.3 and gives
an effective Lagrangian [114] of

L ∼ −GF√
2

α

4π

(
mc

37.6 GeV

)2

cos2 θc sin2 θc

·
[
s̄γµ

1

2
(1 − γ5)ds̄γµ

1

2
(1 − γ5)d

]
(4.143)

assuming that mw 
 mc 
 mu. Here θc is the Cabibbo angle, α = (137.036)−1

and 37.6 GeV = 1
2ev, v being the VEV for the Higgs doublet. Taking the matrix

element between K0 and K̄0 states then gives for the mass difference �mk ,

�mk � 1

mk

〈K̄0| − L|K0〉 (4.144)

= GF√
2

f 2
k mk

α

4π

(
mc

37.6 GeV

)2

cos2 θc sin2 θc (4.145)

where fk is the charged kaon decay constant, fk � 130 MeV. Substituting sin θc =
0.22, GF m2

p = 1.02 × 10−5, and the measured value �mk � (0.7 × 10−14)mk gives
a prediction that the charmed quark mass is mc � 1.5−2 GeV. This mass is then
consistent [114] with the other data on flavor-changing neutral currents given in
Eqs. (4.135) through (4.137). Thus one might expect (c̄c) bound states to show up
in the mass region 3 to 4 GeV. Also, the asymptotic freedom of QCD [115, 116] leads
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us to expect considerable weakening of the QCD coupling strength, and hence to a
long lifetime if the c̄c state is lying below the threshold for decay into two charmed
mesons. This prediction was available in 1974 but made slightly too late [117, 118]
to anticipate the spectacular experimental discovery of November 1974. The long
lifetime successfully exemplifies the quark-line rule suggested phenomenologically
by Okubo, Zweig, and Iizuka [119–121] known commonly as the OZI rule.

The prediction of charm was verified dramatically by the simultaneous and inde-
pendent discoveries at Brookhaven National Laboratory [122] and at Stanford Lin-
ear Accelerator Center [123] of a narrow vector resonance (J/ψ) at mass 3.10 GeV,
and less than two weeks later SLAC [124] found a recurrence (ψ ′) at 3.68 GeV. The
striking appearance of these new states precipitated extensive theoretical analysis
and further detailed experiments. The theory is reviewed in Ref. [125] and inter-
prets J/ψ as a charmonium system based on an atomic model of heavy c̄c quarks
bound in a static, confining potential. Such a model is very successful in describing
the spectrum of observed c̄c states (some representative early papers are Refs. [126–
130]), The level spacings are much less than the mass scale, suggesting that the
states may be treated nonrelativistically by the Schrödinger equation. This is not
the whole story because the hyperfine (spin-dependent) splitting is comparable to
the radial and orbital excitation energy. The type of static potential employed is
typically

V (r) = −k

r
+ r

a2
(4.146)

where k � 0.2 and 1/a2 � 1 GeV/f � 0.2 (GeV)2.
These cc̄ states have vanishing charm quantum number (C = 0) and it was in

1976 [131] that mesons with explicit charm were discovered. By now, the mesons
necessary to fill out the (badly broken) flavor-SU(4) multiplets have been shown to
exist for the vector and the pseudoscalar states. These developments confirm the
reality of the charmed quark and hence indirectly that of the lighter u, d, and s

quarks. The mechanism requires that c decay weakly more into s (cos θc) that d

(sin θc). Indeed, experiment shows that, for example,

�(D0 → π+π−)

�(D0 → K−π+)
≈ tan2 θc (4.147)

thus confirming the expected couplings.

4.5
Bottom and Top Quarks

It was expected in 1975 that the discovery of charm might complete the flavor count
of quarks. However, a third charged lepton, the τ , was discovered at a mass of
Mτ = 1777 MeV [132, 133], signaling that the quark–lepton spectrum contained
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a third generation, since by quark–lepton symmetry one expected a corresponding
third doublet of quarks.

This expectation was soon partially confirmed with the discovery of the bottom
quark (Q = − 1

3 ) [134] in 1977, first as a bottomonium bound state, the ϒ , and
then as hadrons with explicit B quantum number [135]. The mass of the bottom
quark turned out to be ∼ 4.2 GeV.

The top quark partner (Q = 2
3 ) of the bottom quark proved elusive for well over

a decade since it is remarkably heavier than all the other five quark flavors. It was
eventually discovered in 1994 at Fermilab [136, 137] with a mass ∼ 174 GeV.

Since experiments on the invisible Z width strongly suggest only that three neu-
trinos exist with mass < 45 GeV, it appears likely that the top quark is the last
flavor of light quark. See, however, Ref. [138] for a discussion of the possibility of
further quark flavors beyond top.

4.6
Precision Electroweak Data

As described in Chapter 7, the standard model (SM) has 19 free parameters. Never-
theless, its comparison to experimental data over the period 1973–2008 has given
it more and more credence as the correct theory up to energies of at least E � Mz.
In particular, there have been extremely accurate (one per mille, or 1 in 103) tests
at the Z factories of LEP at CERN and of SLC at SLAC.

The weak neutral currents predicted by the SM were discovered in 1973 by the
Gargamelle experiment using the proton synchrotron (PS) at CERN [139] and then
confirmed at Fermilab [140]. Subsequent neutrino scattering experiments con-
firmed the SM at the 1% level. The scattering of electrons from deuterons and
protons, and atomic parity violation, being sensitive to γ − Z interference, were
also crucial to confirm the basic classical structure of the SM. The W± and Z0

were eventually discovered in 1982 and 1983 by the UA1 [141] and UA2 [142,
143] groups at CERN, respectively. The history of these developments is given in
Ref. [144].

The three colliders involved in the higher precision (0.1%) tests were SLC (the
SLD detector), the LEP collaborations (ALEPH, DELPHI, OPAL, and Z3) and the
Tevatron at Fermilab (CDF and DO collaborations). These colliders derived excep-
tionally accurate (0.002%) determination of the Z mass and one-per-mille accuracy
for numerous other observables which are tabulated in this section. These mea-
surements were made at the Z-pole in e+e− scattering and are based on over 20
million such Z events.

It is necessary to define the observables before presenting the experimental com-
parison to the SM. The total width of the Z is �Z and partial decay widths are
�(had) for hadronic decays, �(inv) for invisible decays and �(l+l−) for decays
l = e, µ, τ , which should be equal from universality and neglecting the lepton
masses. Thus �Z = �(had) + �(inv) + 3�(l+l−) within the SM. The cross sec-
tion σhad refers to the process e+e− → Z0 → hadrons at the resonance peak.
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Table 4.1 Z-Pole Precision Observables from LEP and the SLC

Quantity Group(s) Experimental results Standard modela) Pull

Mz(GeV) LEP 91.1867 ± 0.0021 91.1865 ± 0.0021 0.1
Tz(GeV) LEP 2.4939 ± 0.0024 2.4957 ± 0.0017 −0.8
�(had)(GeV) LEP 1.7423 ± 0.0023 1.7424 ± 0.0016 0.0
�(inv)(MeV) LEP 500.1 ± 1.9 501.6 ± 0.2 0.0
�(l+l−)(MeV) LEP 83.90 ± 0.10 83.98 ± 0.03 0.0
σhad(nb) LEP 41.491 ± 0.058 41.473 ± 0.015 0.3
Re LEP 20.783 ± 0.052 20.748 ± 0.019 0.7
Rµ LEP 20.789 ± 0.034 20.749 ± 0.019 1.2
Rτ LEP 20.764 ± 0.045 20.794 ± 0.019 −0.7
AFB(e) LEP 0.0153 ± 0.0025 0.0161 ± 0.003 −0.3
AFB(µ) LEP 0.0164 ± 0.0013 0.2
AFB(τ ) LEP 0.0183 ± 0.0017 1.3
Rb LEP + SLD 0.21656 ± 0.00074 0.2158 ± 0.0002 1.0
Rc LEP + SLD 0.1735 ± 0.0044 0.1723 ± 0.0001 0.3
Rs,d/Ru+d+s Opal 0.371 ± 0.023 0.3592 ± 0.0001 0.5
AFB(b) LEP 0.0990 ± 0.0021 0.1028 ± 0.0010 −1.8
AFB(c) LEP 0.0709 ± 0.0044 0.0734 ± 0.0008 −0.6
AFB(s) Delphi + Opal 0.101 ± 0.015 0.1029 ± 0.0010 −1.0
Ab SLD 0.867 ± 0.035 0.9347 ± 0.0001 −1.9
Ac SLD 0.647 ± 0.040 0.6676 ± 0.0006 −0.5
As SLD 0.82 ± 0.12 0.9356 ± 0.0001 −1.0
ALR(hadrons) SLD 0.1510 ± 0.0025 0.1466 ± 0.0015 1.8

Source: Data from Ref. [145].
a) The SM errors are from uncertainties in MZ ,

ln MH , α(MZ), and αS . They have been
treated as Gaussian; correlations are
incorporated.

The Rl are the ratios of the leptonic-to-hadronic widths Rl = �(l+l−)/�(had) for
l = e, µ, τ . The AFB(l) are the forward–backward asymmetries AFB(l) = 3

4AeAl .
In this relationship

Af

2vf af

v2
f + a2

f

(4.148)

with af = I3,f and vf = I3,f − 2Qf s̄2
f as the axial-vector and vector Zf f̄ cou-

plings. The effective electroweak mixing angle is written s̄2
f = sin2 �eff

f .
In Table 4.1 are shown comparisons of numerous observables between the SM

and experiment. The last column gives the “pull”, which is the number of standard
deviations by which the experimental value differs relative to the SM prediction.
The overall fit is an impressive success for the SM since no pull is even as much as
two standard deviations.

At higher energy above the Z-pole, LEP2 [146], together with the CDF [147] and
DO [148] collaborations at Fermilab, have determined the W mass from W+W−
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production as

MW = 80.388 ± 0.063 GeV (4.149)

The top quark has been discovered in 1994 and its mass has an overall mean value

mt = 173.8 ± 3.2(stat) ± 3.9(syst) GeV (4.150)

Lower-energy data in deep-inelastic scattering, atomic parity violation, and
(g − 2)µ are all fully consistent with the standard model. Deviations from the
SM are conveniently parameterized by oblique parameters. The first of these to be
defined historically [149] was

ρ0 = M2
W

M2
Zc2

Zρ̂(mt ,MH )
(4.151)

where ρ̂ includes the SM contributions and hence ρ = 1, by definition. Related to
ρ0 is the quantity T [150]

T = 1 − ρ−1

α
(4.152)

The S parameter is defined through

α(MZ)S

4s2
Zc2

Z

= 
new
ZZ (M2

Z) − 
new
ZZ (0)

M2
Z

(4.153)

where the “new” superscript means to include only new physics contributions. An
overall fit gives [145]

S = −0.27 ± 0.12 (4.154)

T = 0.00 ± 0.15 (4.155)

These ranges of S and T are a severe constraint on the forms of new physics al-
lowed. For example, although low-energy supersymmetry is allowed, most techni-
color models give too positive a value for S and are excluded.

4.7
Higgs Boson

The only particle in the standard model remaining to be discovered is the Higgs
boson. In the minimal standard the expected mass range is [145]

114.4 GeV < MH < 194 GeV (4.156)
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where the lower bound is a direct experimental limit from the combined LEP ex-
periments at the four detectors ALEPH, DELPHI, L3 and OPAL.

The upper bound in (4.156) comes from comparison of radiative corrections to
the standard model with precision electroweak data. The entire range of Higgs
mass allowed by (4.156) would be accessible to the LHC expected to be commis-
sioned at CERN in 2008 with pp collisions at center of mass energy 14 TeV and
design luminosity 1034 cm−2 s−1.

Of course, once discovered, it would be useful to construct a Higgs factory: for
example, a muon collider running continuously at the direct-channel Higgs boson
resonance.

4.8
Quark Flavor Mixing and CP Violation

The gauge group of the standard model is SU(3)C × SU(2)L × U(1)Y broken at
the weak scale to SU(3)C × U(1)Y . Under the standard group the first generation
transforms as

QL =
(

u

d

)
L

, ūL, d̄L; LL =
(

νe

e−
)

L

, e+
L (4.157)

and the second (c, s, νµ, µ) and third (t, b, ντ , τ ) generations are assigned simi-
larly.

Quarks acquire mass from the vacuum expectation value (VEV) of a complex

SU(2)L doublet of scalar φ = (φ+
φ0

)
, giving rise to up and down quark mass matri-

ces:

M(U) = λU
ij

〈
φ0〉; M(D) = λD

ij

〈
φ0〉 (4.158)

which are arbitrary matrices that may, without loss of generality, be chosen to be
Hermitian. The matrices M(U) and M(D) of Eq. (4.158) are defined so that the
Yukawa terms give, for example, Q̄LM(U)uR + hermitian conjugate and can be
diagonalized by a biunitary transformation:

K(U)LM(U)K(U)−1
R = diag(mu,mc,mt ) (4.159)

K(D)LM(D)K(D)−1
R = diag(md, ms, mb) (4.160)

These mass eigenstates do not coincide with the gauge eigenstates of Eq. (4.157)
and hence the charged W couple to the left-handed mass eigenstates through the
3 × 3 CKM (Cabibbo–Kobayashi–Maskawa) matrix VCKM, defined by

VCKM = K(U)LK(D)−1
L (4.161)
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This is a 3 × 3 unitary matrix that would in general have nine real parameters.
However, the five relative phases of the six quark flavors can be removed to leave
just four parameters, comprising three mixing angles and a phase. This KM phase
underlies the KM mechanism of CP violation.

With N generations and hence an N × N mixing matrix there are N(N − 1)/2
mixing angles and (N − 1)2 parameters in the generalized CKM matrix. The num-
ber of CP violating phases is therefore (N −1)2 −N(N −1)/2 = (N −1)(N −2)/2.
This is zero for N = 2, one for N = 3, three for N = 4, and so on. In particular,
as Kobayashi and Maskawa [151] pointed out, with three generations there is auto-
matically this source of CP violation arising from the 3 × 3 mixing matrix. This is
the most conservative approach to CP violation. This source of CP violation is nec-
essarily present in the standard model; the only question was whether it is the only

source of CP violation. When the only observation of CP violation remained in the
neutral kaon system, there was not yet sufficient experimental data to answer this
question definitively. With the data from B factories, a positive answer emerged.

There are various equivalent ways of parameterizing the CKM matrix. That pro-
posed [151] by KM involved writing

VCKM =
( cos θ1 − sin θ1 cos θ3 − sin θ1 sin θ3

sin θ1 cos θ2 cos θ1 cos θ2 cos θ3 − sin θ2 sin θ3eiδ cos θ1 cos θ2 sin θ3 + sin θ2 cos θ3eiδ

sin θ1 sin θ2 cos θ1 sin θ2 cos θ3 + cos θ2 sin θ3eiδ cos θ1 sin θ2 sin θ3 − cos θ2 cos θ3eiδ

)

(4.162)

Another useful parametrization [152] writes

VCKM =

 1 − 1

2λ2 λ λ3A(ρ − iη)

−λ 1 − 1
2λ2 λ2A

λ3A(1 − ρ − η) −λ2A 1


 (4.163)

In Eq. (4.163), λ is the sine of the Cabibbo angle sin θ1 in Eq. (4.162) and CP viola-
tion is proportional to η. If we write the CKM matrix a third time as

VCKM =

Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb


 (4.164)

then the unitarity equation (VCKM)†VCKM = 1 dictates, for example, that

V ∗
ubVud + V ∗

cbVcd + V ∗
tbVtd = 0 (4.165)

This relation is conveniently represented as the addition of three Argand vectors to
zero is a unitarity triangle. Dividing out the middle term of Eq. (4.165) and using
the parametrization of Eq. (4.163) leads to the prediction of the standard model
with KM mechanism that the vertices of the unitarity triangle in a ρ−η plot are
at the origin (0, 0), at (1, 0), and at (ρ, η). Thus, the area of the unitarity triangle
is proportional to η and hence to the amount of CP violation. The measurement
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of the angles and sides of this unitarity triangle were the principal goals of the B

factories (see, e.g., Ref. [153] for a review).
Next we turn to a brief outline of the strong CP problem in the standard model.

(More detailed reviews are available in Refs. [154–156].) The starting observation is
that one may add to the QCD Lagrangian an extra term:

L =
∑

k

q̄k(iγµdµ − m)qk − �GµνGµν (4.166)

where the sum over k is for the quark flavors and Dµ is the partial derivative for
gauged color SU(3)C . The additional term proportional to � violates P and CP
symmetries. This term is a total divergence of a gauge noninvariant current but
can contribute because of the existence of classical instanton solutions. It turns out
that chiral transformations can change the value of � via the color anomaly but
cannot change the combination:

�̄ = � − arg det M(U) − arg det M(D) (4.167)

where det M(U, D) are the determinants of the up and down quark mass matrices,
respectively. Thus �̄, which is an invariant under chiral transformations, measures
the violation of CP symmetry by strong interactions. A severe constraint on �̄ arises
from the neutron electric dipole moment dn, which has been measured to obey
dn � 10−25e − cm [157, 158]. A calculation of dn [159, 160] leads to an estimate
that �̄ < 10−10. This fine-tuning of �̄ is unexplained by the unadorned standard
model and raises a serious difficulty thereto.

A popular approach (which does not necessitate additional fermions) involves the
axion mechanism, which we describe briefly, although since only a relatively nar-
row window remains for the axion mass, and since the mechanism is non unique,
it is well worth looking for alternatives to the axion for solving the strong CP prob-
lem.

In the axion approach, one introduces a color-anomalous global U(1) Peccei–
Quinn symmetry [161, 162] such that different Higgs doublets couple to the up
and down quarks. The effective potential now becomes a function of the two Higgs
fields and �̄(x) regarded as a dynamical variable. An analysis then shows that the
potential acquires the form

V = V (H1,H2) − cos �̄ (4.168)

and hence the minimum energy condition relaxes �̄ to zero.
Because a continuous global symmetry is broken spontaneously, there is a

pseudo-Goldstone boson [163, 164] the axion, which acquires a mass through the
color anomaly and instanton effects. The simplest model predicts an axion with
mass of a few times 100 keV, but this particle was ruled out phenomenologically.
Extensions of the axion model [165–168] lead to an axion mass which becomes a
free parameter. Empirics constrain the mass to lie between about a micro-electron
volt and a milli-electron volt, and searches are under way for such an axion.
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In the kaon system, the CP violation parameter ε′/ε, which measures direct CP
violation in the decay amplitude KL → 3π (as opposed to indirect CP violation in
K0 − K̄0 mixing),

ε′

ε
= 1

6

( [KL → π+π−]/[KS → π+π−]
[KL → π0π0]/[Ks → π0π0] − 1

)
(4.169)

The value found by KTeV [175] at Fermilab and by NA48 [176] at CERN, both in
1999, averages to the value

ε′

ε
= 2.1 × 10−3 (4.170)

One other limit on CP violation is from the neutron electric dipole moment, for
which the present limit is dn � 6 × 10−26 electron-cm. Observation of nonzero
dn and evaluation of the parameters ρ and η in Eq. (4.163) from B decay suggest
strongly that the KM mechanism is responsible for all of the observed CP violation.

4.9
Summary

We have seen how the precision measurements, especially at the Z-pole, brilliantly
confirm the standard electroweak theory. The Higgs boson remains undiscovered
and the most enigmatic of the standard model particles: Is it really an elementary
scalar field or a composite? This should be clarified at the LHC.

Flavor mixing between three families gives a natural mechanism for CP violation
and it remains to be checked empirically whether this is the only source for CP
noninvariance. The strong CP problem is an outstanding difficulty for QCD, as is
the proliferation of parameters in the standard theory.

Going beyond the standard model, for example to grand unification, gives hope
that some of the many parameters may be related, but generally it adds more and
gives rise to the new problem of the “hierarchy”: the huge ratio of the GUT scale to
the weak scale. It is possible that a completely different approach to extending the
SM will be necessary.
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5
Renormalization Group

5.1
Introduction

Here we introduce the renormalization group equations, which are essential for
understanding of quantum chromodynamics (QCD) and grand unification. This
approach was introduced into quantum electrodynamics by Gell-Mann and Low in
1954, then remained somewhat in the background in elementary particle theory
until the 1970s.

The discovery of asymptotic freedom of non-Abelian gauge theories by ’t Hooft
in 1972 played a major role in establishing QCD as the generally accepted theory
of strong interactions between quarks, since it provided a natural explanation for
why quarks become weakly coupled at very short distances. Also, it enables us to
explore the short-distance regime by perturbative expansion in a small coupling
constant.

Shortly afterward, in 1974, it was realized by Georgi, Quinn, and Weinberg
that by extrapolating the renormalization group equations to even much shorter
distances, one could speculate on how the strong and electroweak interactions
might unify into a single coupling constant at about 10−29 cm. This improved
the understanding of grand unified theories [e.g., the SU(5) theory of Georgi
and Glashow], there remains no empirical support for this level of unifica-
tion.

We first derive the Callan–Symanzik equation, which characterizes the renor-
malization group. Then the β− function for Yang–Mills theory will be calculated in
covariant gauge; there follows the conditions for asymptotic freedom. Next, grand
unification of the strong and electroweak interactions is discussed.

To illustrate use of anomalous dimensions, we analyze scaling violations in
deep inelastic lepton–hadron scattering and show the quantitative agreement be-
tween QCD and experiment. Finally, the background field gauge is explained. This
method makes calculations much easier and, consequently, gained popularity.
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5.2
Renormalization Group Equations

The renormalization group involves the manipulation of a deceptively simple dif-
ferential equation leading to surprisingly strong results concerning, for example,
the asymptotic behavior of Green’s functions for large external momenta; the re-
sults apply to the sum of all Feynman diagrams, including every order of per-
turbation theory. For the differential equation to be useful it is necessary that
the quantum field theory have (1) ultraviolet divergences and (2) renormalizabil-
ity.

The renormalization group has a history that goes back to 1953 with the work
of Stückelberg and Petermann [1], Gell-Mann and Low [2], and Ovsiannikov [3].
A good summary of the results of the 1950s is provided by Bogoliubov and Shirkov
[4, Chap. 8], who also provide citations of the relevant Russian papers.

After more than a decade of quiescence (in particle theory, although not in con-
densed matter theory; see, e.g., Ref. [5]), the experimental observation of approxi-
mate scaling in deep-inelastic electron–nucleon scattering prompted a resurgence
of interest in the renormalization group, in particular the important contributions
of Callan [6, 7] and Symanzik [8–10] in 1970. Also of significance was the introduc-
tion of the operator product expansion by Wilson in 1968 [11].

The first great success of the renormalization group in particle theory, specifically
in gauge field theories, was the discovery by ’t Hooft [12], subsequently emphasized
by Politzer [13, 14], and Gross and Wilczek [15–17] that QCD is asymptotically free
and hence can explain the approximate scaling observed experimentally. A Yang–
Mills non-Abelian gauge theory is essential to achieve this result [18, 19]. The as-
ymptotic freedom was, and still is, a dominant reason for the general acceptance of
QCD as the correct theory of strong interactions. A second use for the renormaliza-
tion group came in 1974, when Georgi, Quinn, and Weinberg [20] demonstrated
how strong and electroweak couplings may be unified, hence supporting the SU(5)

model of Georgi and Glashow [21]. Excellent reviews of the renormalization group
in field theory exist [14, 22–28].

Let us first consider the QCD of quarks and gluons. The full quark–gluon vertex,
which includes all connected (and not only the proper or one-particle irreducible)
Feynman diagrams will have contributions of order g, g3, g5, . . . in the renormal-
ized perturbation expansion, corresponding to diagrams such as those in Fig. 5.1.
Let qµ be the momentum of the outgoing gluon–Euclidean spacelike (nonexcep-
tional) −q2 � µ2, where µ2 > 0 is arbitrary but preassigned. Then one finds that
the leading order-by-order behavior of the full vertex is

g → g + O

(
g3 ln

(−q2

µ2

))
+ O

(
g5 ln2

(−q2

µ2

))
+ · · · (5.1)
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Figure 5.1 Corrections to quark–gluon vertex.

and these leading logarithms actually sum to

g2(q2) = g2

1 + bg2 ln(−q2/µ2)
(5.2)

The fact that Eq. (5.1) is a geometric series in g2 ln(−q2/µ2) would be impossi-
ble to verify by direct calculation of Feynman diagrams but will be an elementary
consequence of the renormalization group equation.

Consider the proper Green’s function �(n)(p1, p2, . . . , pn) with n external lines
and with naive dimension �(n) ∼ Md with d = integer. In the limit p2

i → ∞
with the pipj /

√
p2

i p
2
j held finite, we would at tree level obtain canonical scaling in

terms of such kinematic invariants (having overall dimension d) provided that the
(−p2

i ) all greatly exceed every squared physical mass parameter in the theory. In the
quantum theory, however, this is no longer true since at the regularization stage an
arbitrary scale µ must be introduced: It is the mass unit of � in Pauli–Villars reg-
ularization, and it is the corresponding scale in dimensional regularization where
(4 − n)−1 ↔ ln(�/µ). Note that in dimensional regularization we must introduce
µ in order to relate the pole in the complex dimension plane to the logarithmic
divergence of the loop-momentum integral, merely on dimensional grounds [d is
dimensionless but � is not]. Thus, in the renormalized Green’s function we expect
that a change in µ can be compensated by a change in g and the renormalization
constants Z. If n = nA + nF , where nA and nF are the numbers of external gluons
and quarks, respectively, the renormalizability of QCD enables us to write

�(pi, µ, g) = lim
�→∞

[
ZA

(
g0, �

µ

)nA

ZF

(
g0, �

µ

)nF

�(n)
u (pi, g0, �)

]
(5.3)

where �
(n)
u is the unrenormalized proper Green’s function and g0 is the bare cou-

pling constant.
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The key observation now is that �
(n)
u simply does not depend on µ since µ is

introduced only by the regularization procedure. Operate on both sides of Eq. (5.3)
with µd/dµ to find(

µ
∂

∂µ
+ µ

∂g

∂µ

∂

∂g

)
�(pi, µ, g)

= µ lim
�→∞

(
nA

ZA

∂ZA

∂µ
+ nF

ZF

∂ZF

∂µ

)
Z

nA

A Z
nF

F �(n)
u (pi, g0,�) (5.4)

Hence if we make the definitions

β(g) = lim
�→∞

[
µ

∂

∂µ
g

(
g0, �

µ

)]
(5.5)

γi(g) = − lim
�→∞

[
µ

∂

∂µ
ln Zi

(
g0, �

µ

)]
(5.6)

where i = A,F , we arrive at the fundamental equation[
µ

∂

∂µ
+ β(g)

∂

∂g
+ nAγA(g) + nF γF (g)

]
�(nA,nF )(pi, µ, g) = 0 (5.7)

This first-order partial differential equation in two variables µ and g is the renor-
malization group equation. Here β(g) is the Callan–Symanzik β-function or,
henceforth, simply the β-function, while the γi(g) are, for reasons to become clear
shortly, the anomalous dimensions. We may say that while renormalization is it-
self technically complicated but conceptually simple, the renormalization group is
technically simple but conceptually subtle. For example Eq. (5.7) yields extraordi-
narily powerful results for partial sums (e.g., leading logarithms) over all orders of
perturbation theory.

Instead of varying µ with pi fixed, we wish to make pi → λpi , but this is easy
since µ also sets the scale for pi . We may always write

�(nA,nF )(λpi, µ, g) = µdf

(
λ2pipj

µ2

)
(5.8)

where d, as before, is the naive dimension and f is a dimensionless function.
Putting t = ln λ, one finds immediately that(

µ
∂

∂µ
+ ∂

∂t
− d

)
�(nA,nF )(λpi, µ, g) = 0 (5.9)

and, hence, substitution into Eq. (5.7) gives[
− ∂

∂t
+ β(g)

∂

∂g
+ γ (g)

]
�(nA,nF )(λpi, g) = 0 (5.10)
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with

γ (g) = d + nAγA(g) + nF γF (g) (5.11)

This explains why the γi(g) are named anomalous dimensions, since if β(g) = 0,
we see that Eq. (5.10) implies that

�(nA,nF ) ∼ λd+nAγA+nF γF (5.12)

as λ → ∞, so that scale invariance holds but with the naive dimension d modified
by the γi(g).

When β(g) �= 0, we must solve Eq. (5.10). The two independent variables g and
t = ln λ make this tricky to visualize at first, but a beautiful mechanical analog
makes the solution perspicuous [22]. Consider the equation for ρ(x, t):

∂ρ

∂t
+ v(x)

∂ρ

∂x
= L(x)ρ (5.13)

This describes the density p of bacteria moving in a fluid in a pipe where v(x) is
the fluid velocity and L(x) is the illumination determining the rate of reproduction
of the bacteria. To solve Eq. (5.13) is a two-step process: First, we find the position
x′(x, t) at time t of the fluid element that is at x at time t = 0. It satisfies

dx′(x, t)

dt
= v(x′) (5.14)

with the initial condition x′(x, 0) = x. The solution of the original equation is then

ρ(x, t) = f
(
x′(x, −t)

)
exp

[ ∫ 0

−t

dt ′L
(
x′(x, t)

)]
(5.15)

where f (x) is the initial density distribution at t = 0.
To go from this hydrodynamical–bacteriological analog model to Eq. (5.10) we

merely identify x, t , L, ρ, v → g, −t , −γ , �, and β and arrive at the solution

�(λpi, g) = �(pi, ḡ) exp

[ ∫ t

0
dt ′γ

(
ḡ(g, t)

)]
(5.16)

where ḡ is the sliding coupling constant, which satisfies

dḡ(g, t)

dt
= β(ḡ) (5.17)

subject to the boundary condition ḡ(g, 0) = g.
We may rewrite Eq. (5.16) as

�(λpi, g) = �(pi, ḡ) exp

[ ∫ ḡ

g

dg′ γ (g′)
β(g′)

]
(5.18)
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Provided that g2 � 1, we may calculate γ and β in the lowest-order one-loop of
perturbation theory to estimate accurately the exponent in Eq. (5.18). The criterion
ḡ2 � 1 replaces the separate conditions

ḡ2 � 1 and g2 ln
q2

µ2
� 1 (5.19)

necessary in conventional perturbation theory, where large logarithms appear in
each order. Thus the renormalization group enables summation of all leading log-
arithms.

5.3
QCD Asymptotic Freedom

We now calculate the β-function to one-loop order very explicitly. The principal
interest is QCD with gauge group SU(3) and quarks in the 3 representation. The
calculation will, however, be done for an arbitrary simple gauge group and arbitrary
representations of fermion and scalar fields. We shall also quote from the literature
the corresponding results for two- and three-loops.

Consider first a pure Yang–Mills theory without matter fields, only gluons. For
this theory we calculate the renormalization constants, Z3 corresponding to the
field renormalization of the gluon as well as Z1 for the triple–gluon coupling, re-
spectively. With these conventions the gauge coupling is renormalized according
to

gr = Z
3/2
3

Z1
gu (5.20)

since each gluon leg carries a factor Z
1/2
3 at the three-gluon vertex. Thus the β-

function is given by

β = µ
∂gr

∂µ
= −gu

∂

∂(ln �)

Z
3/2
3

Z1
(5.21)

since the Zi depend only on the ratio �/µ,
Let Z3, Z1 denote the renormalization constants for the ghost field and the

ghost–gluon vertex, respectively. (Note that Z3 was denoted simply by Z in our
earlier proof of renormalizability.) Then according to the Taylor–Slavnov identify,
one has [29, 30]

Z1 = Z3

(
Z1

Z3

)
(5.22)

and this provides a simpler method, using the usual covariant gauges, of calculat-
ing Z1. Somewhat later we shall exhibit a simpler calculation of the β-function in
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Figure 5.2 Graph contributing to Z3.

background field gauge, but here it is useful to calculate these four renormalization
constants up to order g2 (one loop) in a general covariant gauge.

Consider first Z3, for which the only graph is Fig. 5.2. The Feynman rules give
for this [here C2(G) is the quadratic Casimir C2(G)δab = ∑

c,d CacdCbcd ]

δabC2(G)

k4

g2

16π4
I (k) (5.23)

with the integral

I (k) =
∫

d4p(k − p)µkν

(k − p)2p2

[
gµν − (1 − α)pµpν

p2

]
(5.24)

The first term in brackets gives, using Feynman parameters and dimensional reg-
ularization,

∫ 1

0
dx

dnp(k2 − k · p)

(p2 − 2xk · p + xk2)2
	 iπ2k2 ln � (5.25)

The second term of Eq. (5.24) becomes

−2(1 − α)

∫ 1

0

dx(1 − x)dnp[(k · p)2 − p2k · p]
(p2 − 2xk · p + xk2)3

	 iπ2(1 − α)
k2

2
ln � (5.26)

Thus

I (k) 	 iπ2k2
(

3

2
− α

2

)
ln � + finite terms (5.27)

and the full diagram becomes

iδab

k2

(
g

4π

)2(3

2
− α

2

)
C2(G) ln � + · · · (5.28)

whence

Z3 = 1
g2

16π2

(
3

2
− α

2

)
C2(G) ln � + O

(
g4) (5.29)
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Figure 5.3 Graphs contributing to Z1.

The ghost–gluon coupling renormalization constant Z1 needs evaluation of two
Feynman diagrams corresponding to Fig. 5.3a and b. Figure 5.3a gives an ampli-
tude

−ig3

16π2
CcabC2(G)kεIεβ(k, q) (5.30)

where the integral is convergent for the Landau gauge α = 0, and hence the diver-
gence is related to the Feynman gauge α = 1 by

Iεβ(k, q) ≈ αIF
εβ(k, q) (5.31)

IF
εβ(k, q) =

∫
d4p

(k − p)2p2(p + q)2
(p − k)δ

[
(−2p − q)βgεδ

+ (p + 2q)εgβδ + (−q + p)δgβε

]
(5.32)

≈ 2
∫

dx dy d4p

(denominator)3
pδ(−2pβgεδ + pεgβδ + pδgβε) (5.33)
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where we keep only the divergent terms; note that the Feynman denominator can-
cels in the leading logarithmic divergence, so is not needed explicitly. Dimensional
regularization then gives

IF
εβ ∼ 3

2
iπ2gεβ ln � (5.34)

and hence the incremental contribution to Z1 is


Z1 (Fig. 5.3a) = g2C2(G)

16π2

(
−3α

2

)
ln � (5.35)

The second diagram for Z1, depicted in Fig. 5.3b, gives the contribution

ig3

16π4
kµαIF

µα(k, q)C2(G)Ccab (5.36)

where the integral in Feynman gauge α = 1 (this diagram also has no logarithmic
divergence in Landau gauge α = 0) is

IF
µα = 2

∫
dx

dy dnp pαpµ

(denominator)3
(5.37)

= 1

2
iπ2gµα ln � (5.38)

This provides the incremental contribution


Z1 (Fig. 5.3b) = g2C2(G)

16π2

(
+α

2

)
ln � (5.39)

and hence we arrive at

Z1 = 1 + g2

16π2
C2(G)(−α) ln � + O

(
g4) (5.40)

Finally, we turn to the gauge field renormalization constant Z3 (recall that Z1

will be deduced from the Taylor–Slavnov identity), for which the relevant Feynman
diagrams are shown in Fig. 5.4. Figure 5.4a has a quadratic divergence but no
logarithmic divergence, hence does not contribute to Z3; in terms of dimensional
regularization we state that

∫
d4p/p2 = 0.

Turning to Fig. 5.4b we find [bearing in mind the (−1) factor for the ghost loop]
the amplitude

δab

C2(G)g2

64π4
Iαβ(k) (5.41)

where the integral is
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Figure 5.4 Graphs contributing to Z3.

Iαβ(k) =
∫

d4p(k + p)α(k − p)β

(k + p)2(k − p)2
(5.42)

=
∫ 1

0
dx

dnp(k + p)α(k − p)β

[p2 + 2p · k(2x − 1) + k2]2
(5.43)

≈ iπ2 ln �

(
4

3
kαkβ + 2

3
gαβk2

)
(5.44)

Hence the full diagram gives

−ig2

16π2
C2(G)δab ln �

(
1

3
kαkβ + 1

6
gαβk2

)
(5.45)
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This diagram by itself is not gauge invariant and only becomes so on addition to
Fig. 5.4c, to which we now turn. Remembering a combinatorial factor of 1

2 for the
identical bosons, the amplitude is

δab

g2

16π4
C2(G)Iαφ(k) (5.46)

with the integral

Iαφ(k) = 1

2

∫
d4p

(k + p)2(k − p)2
�βδ(k + p)�γε(k − p)

· �αβγ

(
k,

−k − p

2
,
−k + p

2

)
�φδε

(
−k,

k + p

2
,
k − p

2

)
(5.47)

in which we defined

�µν(k) = gµν − (1 − α)kµkν

k2
(5.48)

�αβγ (p, q, r) = gαβ(q − p)γ + gβγ (r − q)α + gγα(p − r)β (5.49)

It is convenient to write

Iαφ(k) = IF
αφ(k) + (1 − α)I

(1)
αφ (k) + (1 − α)2I

(2)
αφ (k) (5.50)

where the superscript F means Feynman gauge α = 1.
The first remark is that I (2) has no divergence; to see this, note that

�αβγ

(
k,

−k − p

2
,
−k + p

2

)
(k + p)β(k − p)γ = −2pµ

(
k2gµα − kµkα

)

(5.51)

�φδε

(
−k,

k + p

2
,
k − p

2

)
(k + p)δ(k − p)ε = 2pµ

(
k2gµφ − kµkφ

)
(5.52)

and hence

I
(2)
αφ (k) = −2

(
k2gµα − kµkα

)(
k2gνφ − kνkφ

) ∫
d4p pµpν

(k + p)4(k − p)4
(5.53)

which is ultraviolet finite and hence does not contribute to Z3.
Next we observe that there are two equal contributions to I

(1)
αφ (k), coming from

the (1−α) terms of the two vector propagators, respectively. Indeed, we may exhibit
this equality (which holds only for the symmetric choice of momenta),
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∫
d4p

(k + p)4(k − p)2
�αβγ

(
k,

−k − p

2
,
−k + p

2

)

· �φδε

(
−k,

k + p

2
,
k − p

2

)
(k + p)β(k + p)δgγ ε

=
∫

d4p

(k + p)2(k − p)4
�αβγ

(
k,

−k − p

2
,
−k + p

2

)

· �φδε

(
−k,

k + p

2
,
k − p

2

)
(k − p)γ (k − p)δgβδ (5.54)

by using the symmetry

�αβγ (p, q, r) = −�αγβ(p, q, r) (5.55)

and the fact that the integrals satisfy

Iαφ(k) = Iαφ(−k) = Iφα(k) = Iφα(−k) (5.56)

since by Lorentz invariance there must always be a decomposition

Iαφ(k) = f1
(
k2)gαφ + f2

(
k2)kαkφ (5.57)

Thus to compute I
(1)
αφ (k) we need compute only, say, the left-hand side of Eq. (5.54),

then multiply by 2. Now use for the tensor in the integrand

Tαφ(k, p) = �αβγ

(
k,

−k − p

2
,
−k + p

2

)

· �φδε

(
−k,

k + p

2
,
k − p

2

)
(k + p)β(k + p)δgγ ε (5.58)

and then Feynman parametrization with dimensional regularization gives

I
(1)
αφ (k) = 2

∫ 1

0

dx xdnp

[p2 + 2p · k(2x − 1) + k2]3
Tαφ(k, p) (5.59)

≈ −iπ2 ln �(kαkφ − k2gαφ) (5.60)

There remains only the evaluation in Feynman gauge, which needs

tFαφ(k, p) = �αβγ

(
k,

−k − p

2
,
−k + p

2

)
�φδε

(
−k,

k + p

2
,
k − p

2

)
gβδgγ ε

(5.61)

= gαφ

(
−9

2
k2 − 1

2
p2

)
− 5

2
pαpφ + 9

2
kαkφ (5.62)
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whence

IF
αφ(k) = 1

2

∫ 1

0

dx dnp

[p2 + 2p · k(2x − 1) + k2]2
T T

αφ(k, p) (5.63)

≈ −iπ2 ln �

(
11

3
kαkφ − 19

6
k2gαφ

)
(5.64)

The fact that Eq. (5.64) is not gauge covariant is no surprise: It was known in
advance from Eq. (5.45) for the ghost loop. Combining the logarithmic divergences
from Eqs. (5.45), (5.60), and (5.64) now enables us finally to compute

Z3 = 1 + g2

16π2
C2(G) ln �

(
13

3
− α

)
+ O

(
g4) (5.65)

Together with the expressions for Z1 and Z3 in Eqs. (5.40) and (5.29), we may now
use the identity of Eq. (5.22) to derive

Z1 = 1 + g2

16π2
C2(G) ln �

[(
13

3
− α

)
+ (−α) −

(
3

2
− α

2

)]
(5.66)

= 1 + g2

16π2
C2(G) ln �

(
17

6
− 3α

2

)
+ O

(
g4) (5.67)

Direct calculation of the graphs for Z1 depicted in Fig. 5.5 gives the same answer.
For pure Yang–Mills theory, the β-function follows from Eq. (5.21) as

β = −g
∂

∂(ln �)

Z
3/2
3

Z1
(5.68)

= −g

(
g2

16π2

)
11

3
C2(G) + O

(
g5) (5.69)

The negative sign is the crucial signal for asymptotic freedom—the origin g = 0
is now an ultraviolet fixed point of the renormalization group—and, as we shall
see, leads to an explanation of the weak coupling between quarks observed at high
energies. The result of this calculation was known to ’t Hooft in 1972 [12].

We now add fermion (spin- 1
2 ) and scalar matter fields, which will contribute pos-

itively to β, and hence the question is: How much matter may we include before
the origin g = 0 switches from ultraviolet to infrared fixed point and asymptotic
freedom is lost?

First consider the spin- 1
2 loop of Fig. 5.6, which gives

T (R)δab g2

16π4
Iαβ(k) (5.70)
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Figure 5.5 Graphs contributing to Z1.

Figure 5.6 Fermion loop diagram.

with

Iαβ(k) =
∫

d4p

(k − p)2p2
Tr(γα/kβ/p − γα/pγβ/p) (5.71)



5.3 QCD Asymptotic Freedom 213

and the index T (R) for an arbitrary representation R of the gauge group G is given
by

Tr
(
T a(R)T b(R)

) = δabT (R) (5.72)

Here the T a(R) are generators of G written in the d(R) × d(R) basis, with d(R)

the dimensionality of R.
The integral is

Iαβ(k) = 4
∫ 1

0
dx

dnp

p2 − 2xk · p + xk2

· (
kαpβ + kβpα − gαβk · p − 2pαpβ + p2gαβ

)
(5.73)

≈ 8iπ2

3
ln �

(
kαkβ − k2gαβ

)
(5.74)

Combining this with Eq. (5.70), we find a contribution for Dirac four-component
fermions in representation R:


Z1 = 
Z3 = − g2

16π2

(
8

3

)
T (R) ln � (5.75)

The fact that 
Z1 = 
Z3 (since 
Z1 = 
Z3 = 0) is an example of a Ward–
Takahashi identity [31, 32], as in QED.

For scalar particles, the diagrams are shown in Fig. 5.7. The amplitude for
Fig. 5.7a is quadratically divergent and gives no contribution to Z3. Figure 5.7b

gives

−g2δabT (R)Iαβ(k) (5.76)

with

Iαβ(k) =
∫ 1

0
dx

dnp

(p2 − 2k · px + xk2)2
(k − 2p)α(k − 2p)β (5.77)

≈ 2

3
iπ2(kαkβ) − k2gαβ ln � (5.78)

Hence


Z1 = 
Z3 = − g2

16π2

(
2

3

)
T (R) ln � (5.79)

as the contribution from complex scalars in representation R.
Thus we have

Z1 = 1 + g2

16π2
ln �

[
C2(G)

(
17

6
− 3α

2

)
− 8

3
T (RD) − 2

3
T (RC)

]
(5.80)
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Figure 5.7 Scalar loop diagrams.

Z3 = 1 + g2

16π2
ln �

[
C2(G)

(
13

3
− α

)
− 8

3
T (RD) − 2

3
T (RC)

]
(5.81)

and hence

β = −g
∂

∂(ln �)

Z
3/2
3

Z1
(5.82)

= − g3

16π2

[
11

3
C2(G) − 4

3
T (RD) − 1

3
T (RC)

]
(5.83)

where the subscripts D and C refer to Dirac fermions and complex scalars, respec-
tively. For Weyl fermions or for real scalars, the contribution would be halved; that
is,

β = − g3

16π2

[
11

3
C2(G) − 2

3
T (RW ) − 1

6
T (RR)

]
(5.84)

where the subscripts W and R refer to Weyl and real, respectively.
Note that although Z1 and Z3 are gauge dependent, β is not; this is true to all

orders of perturbation theory [33, 34]. Also note that for any irreducible represen-
tation, we may identify the index as

T (R) = C2(R)d(R)

r
(5.85)

where C2(R) is the quadratic Casimir, d(R) is the dimension, and r is the dimen-
sion of the group [r = N2 − 1 for SU(N)].
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Let us first consider QCD for which G = SU(3), C2(G) = 3, and T (RM) = Nf ,
the number of quark flavors. In lowest order,

β = − g3

16π2

(
11 − 2

3
Nf

)
(5.86)

which is negative for Nf � 16, showing that we may add up to 16 quark flavors
without losing asymptotic freedom. The calculation has been extended to two loops
[35, 36] and to three-loops [37–39], with the result [39]

β = − g3

16π2

(
11 − 2

3
Nf

)
− g5

(16π2)2

(
102 − 38

3
Nf

)

− g7

(16π2)3

(
2857

2
− 5033

18
Nf + 325

54
N2

f

)
+ O

(
g9) (5.87)

Another interesting case is supersymmetric Yang–Mills theory, with a chiral mat-
ter superfield in the adjoint representation. From Eq. (5.84) we then have at lowest
order

β = − g3

16π2

C2(G)

6

[
22 − 4ν(M) − ν(R)

]
(5.88)

where ν(M) and ν(R) are the numbers of Majorana fermions and real scalars,
respectively. The gauge supermultiplet contains (for unextended N = 1 super-
symmetry) one Majorana fermion, while each chiral superfield contains one Majo-
rana fermion and two real scalars. Thus for N = 1 and n chiral superfields,

β = − g3

16π2

C2(G)

6
(18 − 6n) (5.89)

which vanishes for n = 3. This was noticed by Ferrara and Zumino [40] and by
Salam and Strathdee [41], who all wondered about higher loops. The two-loop result
for N − 1 supersymmetry was computed by Jones [42], with the result

β = − −g3

16π2

C2(G)

6
(18 − 6n) − g5

(16π2)2
C2(G)2(6 − 10n + 4n) (5.90)

which fails to vanish for n = 3. In the final set of parentheses, the −10n is
from gauge couplings and the +4n is from Yukawa couplings for vanishing super-
potential. Hence this fails to generalize. However, a more geometrical theory is
N = 4 extended supersymmetric Yang–Mills, where in Eq. (5.88) one has ν(M) =
4 and ν(R) = 6, so that β vanishes at one loop. In two-loops, the Yukawa couplings
give 8n rather than 4n with n = 3 in Eq. (5.90), and hence the two-loop β-function
vanishes, too [43, 44]. In fact, at three-loops [45, 46], the β-function remains zero. It
has even been shown [47] that N = 4 extended supersymmetric Yang–Mills theory
is finite to all orders of perturbation theory. In N = 2 extended supersymmetric
Yang–Mills, if the one-loop β-function vanishes the theory is finite to all orders [48].
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For the N = 1 case (the most phenomenologically interesting because it allows chi-
ral fermions) vanishing of the one-loop β-function implies two-loop finiteness [49,
50]; for this N = 1 case, however, the finiteness does not persist, in general, at the
three-loop level [51, 52].

5.4
Grand Unification

As already mentioned, the first triumph for the renormalization group applied to
particle theory was the explanation of approximate scaling using QCD. Chronolog-
ically, second application involved grand unification [20].

Consider the low-energy (� 100 GeV) phenomenological gauge group

SU(3) × [
SU(2) × U(1)

]
(5.91)

with gauge couplings gi(µ), i = 3, 2, 1, in an obvious notation. We may take the
phenomenological values at some µ ∼ 100 GeV, say, then study how they evolve
according to the renormalization group, which gives at lowest one-loop order

µ
d

dµ
gi(µ) = big

3
i (µ) (5.92)

with, for SU(N),

b = − 1

16π2

[
11

3
N − 2

3
T (RW )

]
(5.93)

where we include Weyl fermions but ignore scalars. Thus we have, for SU(N),
T (RM = N) = 1

2 . Each quark–lepton family has four triplets of color SU(3) and
four doublets of electro weak SU(2), giving

b3 = − 1

16π2

(
11 − 2

3
Nf

)
(5.94)

b2 = − 1

16π2

(
22

3
− 2

3
Nf

)
(5.95)

Since in a grand unifying group, G, the contribution of a complete irreducible
fermion representation of G to the vacuum polarization will be the same for any
gauge particle of G, the equality visible in Eqs. (5.94) and (5.95) is already sugges-
tive of

SU(3) × [
SU(2) × U(1)

] ⊂ G (5.96)

such that each quark–lepton family forms one or more complete irreducible repre-
sentations of G.
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Suppose that we define weak hypercharge Y by Q = T3 + Y ; then T (RM) for the
corresponding U(1)Y will be given by the eigenvalue Y 2. In fact, the normalization
of the U(1) generator is more arbitrary, so we write Q = T3 + CY . Each family has
six states with Y = 1

6 , three each with Y = − 2
3 and + 1

3 , two with Y = − 1
2 , and one

with Y = +1. Thus

b1 = 1

16π2
· 2

3
Nf

5

3C2
(5.97)

This suggests C2 = 5
3 as the appropriate identification for grand unification.

Indeed, taking G = SU(5) and each family as (10 + 5̄)L, it is immediate to check
that since Tr(T 2

3 ) = Tr(Y 2) = 1
2 and Tr(T3Y ) = 0, then

Tr
(
Q2) = Tr(T3 + CY)2 = 1

2

(
1 + C2) = 4

3
(5.98)

since in the defining representation Q = ( − 1
3 − 1

3 − 1
3 0 +1 ), correspond-

ing to 5 = ( d1 d2 d3 ν̄e e+ ), for example. Thus we see that

b2 = b1 − 11

24π2
(5.99)

b3 = b1 − 11

16π2
(5.100)

At the unification mass M the three couplings gi(µ) (i = 1, 2, 3) become equal:

g1(M) = g2(M) = g3(M) = gG(M) (5.101)

Thus, the unification enables us to determine the electroweak mixing angle
sin2 θW evaluated at mass M . In the notation of Weinberg [53], who denotes the
gauge couplings of SU(2)L and U(1)Y as g and g′, respectively, the electroweak
mixing angle is

sin2 θW (µ) = g′ 2(µ)

g2(µ) + g′ 2(µ)
(5.102)

Here we have acknowledged the fact that θW (µ) is dependent on the energy scale by
virtue of the renormalization group. We now observe that g = g2 while g′ = g1/C,
and hence that

sin2 θW (M) = 1

1 + C2
= 1

2 Tr(Q2)
(5.103)

and, in particular, sin2 θW (M) = 3
8

21
for SU(5), where C2 = 5

3 .
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Provided that the gi(µ) remain sufficiently small so that perturbation theory is
reliable, we may solve Eq. (5.92) to give, for µ � M (we follow Ref. [20] precisely
here),

g−2
i (µ) = g−2

G (M) + 2bi ln
M

µ
(5.104)

Assuming that only complete representations of G make up the light fermions
(masses m � 100 GeV) and that there are no fermions with masses in the “desert”
energy region 100 GeV � m � M , we may use Eqs. (5.99) and (5.100) for the entire
interpolation between 100 GeV and M . Defining the sliding electric charge of the
electron by

e2(µ) = g2
2(µ) sin2 θW (µ) (5.105)

we find by straightforward algebra that

C2

g2
1(µ)

+ 1

g2
2(µ)

− 1 + C2

g2
3(µ)

= 1

e2(µ)
− 1 + C2

g2
3(µ)

(5.106)

= 2 ln
M

µ

[
b1C

2 + b2 − b3
(
1 + C2)] (5.107)

and

C2[g1(µ)−2 − g2(µ)−2] = e(µ)−2[1 − (
1 + C2) sin2 θW (µ)

]
(5.108)

= 2C2(b1 − b2) ln
M

µ
(5.109)

Substitution of (b1 − b2) and (b1 − b3) from Eqs. (5.99) and (5.100) then gives the
final formulas for M and sin2 θW (µ) as follows:

ln
M

µ
= 24π2

11(1 + 3C2)

[
1

e2(µ)
− 1 + C2

g3(µ)2

]
(5.110)

sin2 θW (µ) = 1

(1 + 3C2)

[
1 + 2C2e2(µ)

g3(µ)2

]
(5.111)

For g3(µ) consider the one-loop QCD formula

αs(µ) = g3(µ
2)

4π
= 12π

(33 − 2Nf ) ln(µ2/�2)
(5.112)

The value of �, the QCD scale, needs to be determined phenomenologically. Be-
cause of precocious scaling, we know that for µ2 = 2 GeV2 the parameter αs/π

which governs the convergence of perturbation theory must be small (� 0.3); on
the other hand, perturbation theory must break down at the charge radius of, say,
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the proton rp = 0.8f or µ2 = 0.3 GeV, so here αs/π � 0.3. Putting Nf = 4, this
gives the allowed range

200 MeV � � � 600 MeV (5.113)

Analyses favor a value � ∼ 200 MeV (see, e.g. Ref. [54]). Let us take µ = 100 GeV
as our low-energy scale, sufficiently close to the mass of the weak gauge bosons
W± and Z0. Then for � = 200 MeV, αs(µ) = 0.12, and g3(µ)2 = 1.51.

Next consider e(µ)2. In Ref. [20], Georgi, Quinn, and Weinberg used simply
e(µ)2/4π = α−1 = (137.036)−1, but as pointed out in Refs. [55] and [56], this
value is too low since it also runs with increasing energy. The appropriate formula
is, for αe(µ) = e(µ)2/4π ,

α−1(µ) = α−1 − 2

3π

∑
f

Q2
f ln

µ

mf

+ 1

6π
(5.114)

where the sum is over all fermions, leptons, and quarks with mf < µ (a color
factor of 3 is necessary for quarks) and Qf is the fermion’s electric charge. For
µ = 100 GeV this gives α−1(µ) 	 128 (see also Rev. [57]), e(µ)2 = 0.10.

We are now ready to substitute into Eqs. (5.110) and (5.111) with the results, for
SU(5), that

M = 7 × 1014 GeV (5.115)

sin2 θW = 0.203 (5.116)

In SU(5) [21] there are superheavy-gauge bosons with mass M that mediate pro-
ton decay. By dimensional considerations we may estimate

τp = 1

αG(M)2

M4

M5
p

= 1.1 × 1032 years (5.117)

with a large uncertainty (at least an order of magnitude) due to the long extrap-
olation in energy and the occurrence of M to the fourth power. The values in
Eqs. (5.116) and (5.117) are now excluded by experiment.

5.5
Scaling Violations

Returning now to QCD, the significance of asymptotic freedom is that the origin in
coupling constant space g = 0 becomes an ultra violet fixed point of the renormal-
ization group. Consider β as a function of g and the possible behaviors exhibited
in Fig. 5.8. Bearing in mind that β = µdg/dµ, we see that in Fig. 5.8a the value
g1 is approached by g for increasing µ provided that we start from 0 < g < g2.
Similarly, g3 is approached from g2 < g < g4 and g5 from g4 < g < ∞. Thus
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Figure 5.8 Some possible behaviors of
β(g).

g1, g3, and g5 in Fig. 5.8a are ultraviolet fixed point. Conversely, g = 0, g2, and
g4 in Fig. 5.8a are infrared fixed points approached by g(µ) for decreasing µ. The
general picture is clear: If the slope β ′(g) is positive at β = 0, there is an infrared
fixed point; if β ′ is negative at β = 0, there is an ultraviolet fixed point.

In Fig. 5.8b the origin is an ultraviolet fixed point, and any g such that 0 < g < g6

decreases toward zero at high energy (i.e., asymptotic freedom). At low energies, g

increases to g6.
The situation of QCD is depicted in Fig. 5.8c, where the origin is asymptoti-

cally free (as we have proved above for 16 flavors) and at low energy the coupling
eventually becomes infinite. Such low-energy behavior has not been proven but is
expected since it yields color confinement, and strongly supported by lattice calcu-
lations.
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What is so physically compelling about the asymptotic freedom of QCD? We
have derived in Eq. (5.16) that Green’s functions transform under scaling pi → λpi

according to

�(λp, g) = �(p, ḡ) exp

[∫ t

0
γ
(
ḡ(g, t ′)

)
dt ′

]
(5.118)

Keeping at lowest order β = −bg3 and γ = cg2, we then see that

ḡ2(t) = g2

1 + 2bg2t
(5.119)

where g = ḡ(0) and hence the exponential factor in Eq. (5.118) becomes

exp

(
cg2

∫ t

0

dt ′

1 + 2bg2t ′

)
=

(
g2

ḡ2

)c/2b

(5.120)

≈ (ln λ)c/2b (5.121)

so that we have logarithmic corrections to scaling. Because of this, high-energy
processes give a unique testing ground for perturbative QCD.

The processes that have been checked against QCD predictions include:

1. Electron–positron annihilation, particularly the total cross section and produc-
tion of jets.

2. Deep-inelastic lepton–hadron scattering, particularly scaling violations.
3. Hadron–hadron scattering, particularly large transverse momentum processes

and lepton pair production.
4. Decays of heavy quarkonium systems.

We shall presently concentrate on inclusive lepton–hadron scattering,

l(pl) + N(p) → l′(pl′) + X(px) (5.122)

since it will sufficiently illustrate use of both the β and γ (anomalous dimension)
functions. Following tradition, we define q = pl′ −pl and Q2 = −q2 as the “space-
like squared mass” of the exchanged vector boson, be it any of the four electroweak
intermediaries γ , W±, or Z0. We also define ν = (p · q)/MN . In the laboratory
frame where the target nucleon is at rest, ν = E′ − E is the energy transfer.

As indicated in Fig. 5.9, the squared matrix element is written LµνWµν , where
Lµν refers to the well-established leptonic part while Wµν is expressed in terms of
three structure functions Wi(ν, Q2) as follows:

Wµν = 1

4π

∫
d4z eiq·z〈p|[J †

µ(z), Jν(0)
]|p〉 (5.123)
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Figure 5.9 Squared matrix element for lepton–nucleon scattering.

=
(

−gµν + qµqν

q2

)
1
+ 1

M2
N

(
pµ − p · q

q2
qµ

)(
pν − p · q

q2
qν

)
W2

− i
εµναβpαqβ

2M2
N

W3 (5.124)

The third structure function, W3, contributes only to parity violating effects such
as A–V interference and hence is absent for photon exchange. Indeed, for deep-
inelastic electroproduction, the differential cross section is given by

dσ

dQ2dν
= 4πα2

MNQ4

E′

E

(
2W1 sin2 θ

2
+ W2 cos2 θ

2

)
(5.125)

For charged W± exchange (mass MW ) the corresponding formulas for ν(ν̄)+N →
µ−(µ+) + X are

dσν(ν̄)

dQ2dν
= G2

F

2πMN

E′

E

(
M2

W

Q2 + M2
W

)2

·
(

2W1 sin2 θ

2
+ W2 cos2 θ

2
∓ E + E′

M
W3 sin2 θ

2

)
(5.126)

In Eqs. (5.125) and (5.126), θ is the scattering angle of the lepton given by Q2 =
4EE′ sin2(θ/2).

Further kinematic variables that may be useful are x = ω−1 = Q2/2MNν, y =
ν/E, and W 2 = (p + q)2 = p2

x . Since W 2 � M2
N , we have that 0 � x � 1. Also,

y is the fraction of the energy transferred to the hadronic system in the laboratory
frame. The deep inelastic regime is defined as that where Q2, MNν, W 2 � M2

N at
fixed x, and the scaling phenomenon, sometimes termed Bjorken scaling [59–61],
is the experimental observation that in this limit
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Figure 5.10 Handbag diagram.

W1
(
ν, Q2) → F1(x) (5.127)

ν

MN

W2,3
(
ν,Q2) → F2,3(x) (5.128)

so that the structure functions depend only on the dimensionless ratio x (scaling
variable) of the two available variables. The naive quark–parton model is defined
in this deep inelastic region and is based on the impulse approximation. (For an
excellent introductory review, see, e.g., Ref. [62].) The constituent quarks define an
electromagnetic source

J em
µ = 2

3
ūγµu − 1

3
d̄γµd − 1

3
s̄γµs + · · · (5.129)

and a charged weak source (neglecting charm and higher flavors)

J weak
µ = cos θcūγµ(1 − γ5)d + sin θcūγµ(1 − γ5)s + · · · (5.130)

The dominant process contributing to Wµν is the handbag diagram of Fig. 5.10 and
gives

FeN
2 = x

∑
q

e2
q

[
q(x) + q̄(x)

]
(5.131)

where the quark distribution functions are the expectations of quarks having frac-
tional momentum x to x → δx; that is,

〈N |q̄q|N〉 = qN(x) + q̄N (x) (5.132)

Thus, for the proton one has

F
ep

2 (x) = 4

9
x
[
up(x) + ūp(x)

] + 1

9
x
(
dp(x) + d̄p(x)

) + · · · (5.133)
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while for the neutron

F
ep

2 (x) = 4

9
x
[
un(x) + ūn(x)

] + 1

9
x
(
dn(x) + d̄n(x)

) + · · · (5.134)

From isospin invariance, one expects that

up(x) = dn(x) (5.135)

ūp(x) = d̄n(x) (5.136)

dp(x) = un(x) (5.137)

d̄p(x) = ūn(x) (5.138)

For spin- 1
2 quarks one can derive the Callan–Gross relation [63] that

F2(x) = 2xF1(x) (5.139)

to be compared to F1 = 0 for scalar quarks.
For neutrino scattering, one has

F
νp

2 (x) = F ν̄n
2 (x) = 2x

[
dp(x) + ūp(x)

] + · · · (5.140)

Fνn
2 (x) = F

ν̄p

2 (x) = 2x
[
up(x) + d̄p(x)

] + · · · (5.141)

while

F
νp

3 (x) = F ν̄n
3 (x) = 2x

[
ūp(x) − dp(x)

] + · · · (5.142)

F
ν̄p

3 (x) = Fνn
3 (x) = 2x

[
d̄p(x) − up(x)

] + · · · (5.143)

Clearly, the quark distributions must be normalized such that

∫ 1

0
dx


 up(x) − ūp(x)

dp(x) − d̄p(x)

sp(x) − s̄p(x)


 =


 2

1
0


 (5.144)

A very important result of the experimental analysis concerns the total fraction of
momentum carried by quarks and antiquarks in the nucleus:

∑
q

∫ 1

0
dx x

[
q(x) + q̄(x)

] = 1 − ε (5.145)
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the result is [64–66] that ε ≈ 0.5; we interpret this as about half the proton mo-
mentum being carried by gluons. There are other important sum rules, such as
the Adler sum rule [67],

∫ 1

0

dx

2x

[
F

ν̄p

2 (x) + F
νp

2 (x)
] = 1 (5.146)

following from current algebra assumptions; similar considerations lead to the
Gross–Llewellyn Smith sum rule [68], which states that

∫ 1

0
dx

[
F

νp

3 (x) + F
ν̄p

3 (x)
] = −6 (5.147)

The usual fractional-charge quarks allow

1

4
�

Fen
2

F
ep

2

� 4 (5.148)

while Han–Nambu integer charges [69] would have required

Fen
2

F
ep

2

� 1

2
(5.149)

which seems to be ruled out near x = 1.
Comparison of weak and electromagnetic exchanges dictates that

F
νp

3 − F
ν̄p

3 = 12
(
F

ep

1 − Fen
1

)
(5.150)

F
νp

2 + Fνn
2 = 18

5

(
F

ep

2 + Fen
2

)
(5.151)

and these strikingly confirm the expectation that the same quark substructure is
probed by the photon and W± bosons.

The quark distribution functions themselves should be calculable from QCD,
perhaps by lattice methods. It is amusing that certain features of the x-dependence
can be understood in terms of Regge poles. Experimental measurements indicate
that F1(x) ∼ 1/x and F2(x) ∼ constant as x → 0. A Regge pole will give Fig. 5.11

W1
(
ν, Q2) ∼ ναf1

(
Q2) (5.152)

νW2
(
ν,Q2) ∼ να−1f2

(
Q2) (5.153)

so Bjorken scaling requires that f1 ∼ (Q2)−α and f1 ∼ (Q2)1−α , whereupon
F1 ∼ x−α and F2 ∼ x1−α . Thus phenomenology suggests that α = 1 near x ∼ 0;
this is reasonable and says that the quark sea of qq̄ pairs dominates at small x

since it is flavor singlet and experiences Pomeron (α = 1) exchange. (Such a sepa-
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Figure 5.11 Regge pole interpretation of x dependen-
cies.

ration of diffractive sea and normal Regge valence quarks was used in, for example,
Ref. [70].)

This completes a brief overview of the naive model with exact scaling. Perturba-
tive QCD makes no claim to calculate the x-dependence; the point at issue is that
Bjorken scaling is strict only for Q2 → ∞ and, in fact, the scaling functions do
exhibit some departure and do depend on Q2: Fi(x, Q2) (i = 1, 2, 3). Asymptotic
freedom not only underwrites the scaling limit but allows calculation of the scaling

violations [i.e., the logarithmic Q2 dependence of Fi(x,Q2)].
The point is that QCD insists that in addition to the diagram of Fig. 5.12a, there

are the inevitable corrections of Fig. 5.12b and higher orders. Even though, as it
will turn out, we can presently check these QCD corrections quantitatively only at
a 10% level, we should recall that the nature of the Q2 → ∞ limit already uniquely
distinguishes QCD as the correct theory [19].

To apply the renormalization group to the deep Euclidean region, it is convenient
to use the operator product expansion [11] on the light cone [71–74]. The Fourier
transform

Wµν = 1

4π

∫
d4z eiq·z〈p|J+

µ (z)Jν(0)|p〉 (5.154)

is dominated, when |q2| → ∞ by the neighborhood of z2 ∼ 0. We wish to predict,
in particular, the momentum dependence of moments of structure functions in the
form ∫ 1

0
dx xn−2F2

(
x,Q2) = Cn

(
Q2)〈N |0n|N〉 (5.155)

where the large Q2 dependence of Cn will be determined by QCD and the renor-
malization, while the matrix element is related to the quark distribution functions
to be fitted to experiment. The Cn and On are often called [11] Wilson coefficients
and Wilson operators, respectively. For z2 ≈ 0 we thus write

A(z)B(0) 	
∑
i,n

Cn
i

(
z2)zµ1zµ2 · · · zµnO

µ1µ2···µn

i (0) (5.156)
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Figure 5.12 QCD corrections to parton model.

where the sum is over spin (n) and operator types (i). The operators are symmetric
and traceless in the indices µ. As z2 → 0, the Wilson coefficients behave as

Cn
i

(
z2) ∼

z2→0

(
1

z2

)(dA+dB+n−d0i
)/2

(5.157)

where dA, dB , and d0 are the naive dimensions. For given A and B the strongest
singularity on the light cone will be from the term in Eq. (5.156) of minimum twist
(τ ) defined by the difference of dimension and spin:

ρ = d0i
− n (5.158)
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To give examples, for a scalar field φ the following operators have twist τ = 1:

φ, ∂µφ, ∂µ∂νφ (5.159)

Of course, these are irrelevant to deep-inelastic scattering where the fields are
quarks ψ and gluons Aµ and the lowest twist is τ = 2 for the two types of operator,

On
F = 1

n!
[
ψ̄γµ1Dµ2 · · · Dµn

(
λa

1

)
ψ + · · · permutations

]
(5.160)

On
V = 1

n! (Fαµ1Dµ2Dµ3 · · ·Dµn−1Fαµn + · · · permutations) (5.161)

where in On
F the λa matrix is in flavor space, and its replacement by 1 is the flavor-

singlet case. For flavor nonsinglet there is only one type of operator (OF ), while for
flavor singlet there are two (OF and OV ). As we shall see, the consequent operator
mixing makes moments of the flavor-singlet structure functions somewhat more
complicated to analyze.

The first step is to go into momentum space by the Fourier transform (suppress-
ing two obvious Lorentz indices):

∫
d4z eiq·z〈p|J (z)J (0)|p〉

≈
z2→0

∑
i,n

∫
d4z eiq·zCn

i

(
z2)zµ1zµ2 · · · zµn〈p|Qµ1µ2···µn

i |p〉 (5.162)

=
∑
i,n

(
Q2)−n

qµ1qµ2 · · · qµnC
n
i

(
Q2)〈p|Qµ1µ2···µn

i |p〉 (5.163)

Next we expand the matrix element of the Wilson operator according to

〈p|Qµ1µ2···µn

i |p〉 = An
i

(
pµ1pµ2 · · ·pµn − m2gµ1µ2µ3µ4 · · ·pµn · · ·) (5.164)

where trace terms are subtracted to make the tensor symmetric and traceless, and
hence of definite spin. In terms of the scaling variable x = (Q2/2p · q), this gives
an expansion

∑
i,n

Cn
i

(
Q2)x−nAn

i + O

(
x−n+2 m2

Q2

)
(5.165)

To calculate the scaling violations at leading order, one will omit both (1) the trace
terms, which give quark mass effects, and (2) higher-twist τ � 4 operators, which
give m2/Q2 corrections that are more challenging to calculate.
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Now any physically measurable quantity must satisfy a renormalization group
equation to exhibit independence of the scheme chosen. In particular, the matrix
elements must satisfy(

µ
∂

∂µ
+ β

∂

∂g
+ 2γφ

)
〈φ|(JJ )|φ〉 = 0 (5.166)

where |φ〉 may be any basic state of QCD (i.e., either a quark or a gluon state). In
Eq. (5.166) we substituted the anomalous dimension γJ = 0. It follows that for
each On

i we must have

(
µ

∂

∂µ
+ β

∂

∂g
+ 2γφ

)
Cn

i

(
Q2

µ2, g(µ)

)
〈φ|On

i |φ〉 = 0 (5.167)

since each On
i has a different and independent tensor structure. But the matrix

element in Eq. (5.167) is itself a physically measurable quantity corresponding to a
parton distribution function and hence(

µ
∂

∂µ
+ β

∂

∂g
+ 2γφ + γOn

i

)
〈φ|On

i |φ〉 = 0 (5.168)

and it follows that(
µ

∂

∂µ
+ β

∂

∂g
− γOn

i

)
Cn

i

(
Q2

µ2, g(µ)

)
= 0 (5.169)

The method to calculate γOn
i

is already evident from Eq. (5.168) since if we normal-
ize at p2 = −µ2 such that

〈φ|On
i |φ〉 = 1

(
p2 = −µ2) (5.170)

and then radiative corrections give for the leading logarithmic correction

〈φ|On
i |φ〉 = 1 + g2bn

i ln

( |p2|
µ2

)
+ O

(
g4) (5.171)

we have from Eq. (5.168)

γOn
i

= 2g2bn
i − 2γφ (5.172)

The solution of the renormalization group equation for Cn
i , Eq. (5.169), is given by

Cn
i

(
Q2

µ2, g(µ2)

)
= Cn

i

(
1, ḡ

(
µ2)) exp

{∫ 1/2 ln Q2/µ2

0
dt ′γOn

i

[
ḡ(t ′)

]}
(5.173)

where the exponential sums the leading-logarithmic corrections to all orders of
perturbation theory, as usual.
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If there is more than one operator On
i with the same Lorentz structure and inter-

nal quantum numbers, the On
i are not separately multiplicatively renormalizable.

Then we must replace Eq. (5.169) by the matrix equation

∑
j

[
δij

(
µ

∂

∂µ
+ β

∂

∂g

)
− γ n

ij

]
Cn

j

(
Q2

µ2, g(µ)

)
= 0 (5.174)

and the matrix γ n
ij must be diagonalized before solving, as in Eq. (5.173) for the

mixed operators. For the leading twist τ = 2 flavor-nonsinglet case, there is
only one operator type, given in Eq. (5.160), so we can solve immediately as in
Eq. (5.173).

Going back to Eq. (5.165), we explain now why it is the moments of structure
functions for which the Q2 dependence is most directly provided by the renor-
malization group. From Eqs. (5.162) through (5.165) we have that the transition
T -matrix for virtual Compton scattering has the leading-order expansion

T
(
x,Q2) =

∑
i,n

Cn
i

(
Q2

µ2, g(µ)

)
x−nAn

i (5.175)

In the complex x-plane, T is analytic apart from the physical cut along the real axis
for −1 � x � +1. Encircling this cut by a Cauchy contour C gives

1

2πi

∫
C

dx xn−2T
(
x,Q2) =

∑
i

Cn
i

(
Q2

µ2, g(µ)

)
An

i (5.176)

Shrinking C to the physical cut gives the discontinuity formula required and by an
obvious generalization of the optical theorem one obtains for a generic structure
function F(x,Q2)

∫ 1

0
dx xn−2F

(
x, Q2) =

∑
i

Cn
i

(
Q2

µ2, g(µ)

)
An

i (5.177)

as promised earlier. Here F may be xF1, F2, or xF3. Adopting the convenient short-
hand that

〈
F

(
Q2)〉

n
=

∫ 1

0
dx xn−2F

(
x, Q2) (5.178)

and using Eq. (5.173), we see that, normalizing to some Q2 = Q2
0, we have

〈
F

(
Q2)〉

n
= 〈

F
(
Q2

0

)〉
n

exp

[
−

∫ 1/2 ln Q2/µ2

1/2 ln Q2
0/µ

2
dt ′γOn

i

(
ḡ(t ′)

)]
(5.179)

In lowest order, β = −bg3 and γOn
i

= Cn
i g2, and hence
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〈Fi(Q
2)〉n

〈Fi(Q
2
0)〉n

=
[

αs(Q
2
0)

αs(Q2)

]−Cn
i /2b

(5.180)

= exp(−an
i s) (5.181)

where we used

αs = 1

4πb ln(Q2/�2)
(5.182)

and defined

s = ln
ln(Q2/�2)

ln(Q2
0/�

2)
(5.183)

an
i = Cn

2b
= γOn

i

2bg2
= γOn

i

8πbαs

(5.184)

We can delay no longer calculation of at least the flavor-nonsinglet anomalous di-
mension for the operator On

F of twist 2 given in Eq. (5.160). In particular, we wish
to calculate γ F

FF for the matrix element of On
F between fermion (quark) states and

then compute γOn
F

by using Eq. (5.172). To accomplish this, we need the Feynman
rules for the insertion of On

F ; these are indicated in Fig. 5.13, where 
µ is an ar-
bitrary fixed four-vector. Let Z = Z(�/µ, g) be the multiplicative renormalization
constant for On

F ; then the anomalous dimension is

γOn
F

= µ
∂

∂µ
ln Z

(
�

µ, g

)
= − ∂

∂(ln �)
ln Z

(
�

µ, g

)
(5.185)

The relevant Feynman diagrams are shown in Fig. 5.14. Let us for clarity write

Z = 1 + (c1 + c2 + c3) ln � + two-loops (5.186)

where c1, c2, and c3 refer, respectively, to the contributions of Fig. 5.14a through c.
To proceed with the calculation, we first state and prove by induction the follow-

ing identity:

1

2π2

∫
d� k̂µ1 k̂µ2 · · · k̂µn

=
{

2
(n+2)!!

∑
pairs gµ1µ2gµ3µ4 · · · gµn−1µn (n even)

0 (n odd)
(5.187)

Here the integral is over the three-dimensional surface of a unit four-hyper-sphere.
For n odd, kµ → −kµ merely interchanges hyperhemispheres but changes the

overall sign. Hence the integral vanishes.
For n even, let us denote the correct normalization of the right-hand side by N(n);

it is then required to prove by induction that N(n) = 2/(n + 2)!!
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Figure 5.13 Feynman rules for insertion of opera-
tor On

F
.

Figure 5.14 Feynman diagrams used to compute anomalous dimension of On
F

.

For n = 0, N(0) = 1 (surface area). Also by inspection N(2) = 1
4 (contraction

with gµ1µ2
) and N(4) = 1

24 (contraction with gµ1µ2
gµ3µ4

).
Suppose that the required result is correct for N(n), then consider N(n+ 2). The

sum over pairs now has ν(n + 2) terms, where

ν(n + 2) = (n + 1)ν(n) (5.188)
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as can be seen from counting pairs

ν(n) =
(

n

2

)(
n − 2

2

)
· · ·

(
2

2

)
1

(n/2)! = n!
n!! (5.189)

Now consider the expression for (n+2) and contract with gµn+1µn+2 . There are ν(n)

terms containing gµn+1µn+2 and hence giving a factor of 4; the other nν(n) terms do
not contain gµn+1µn+2 and give a factor of 1. Thus

N(n) = (4 + n)N(n + 2) (5.190)

But we are assuming that N(n) = 2/(n+2)!! and Eq. (5.190) then gives N(n+2) =
2/(n + 4)!!. Since the formula is correct for n = 0, it is true for all even n. Q.E.D.

The Feynman rules for Fig. 5.14a give the amplitude

ig2C2(R)

∫
d4p

(2π)4

1

p2(p − k)2
(
 · p)n−1γµ/p/
/pγµ (5.191)

where Tr[T α(R)T β(R)] = δαβC2(R) and we shall work in Feynman gauge (α = 1)
since at lowest order the anomalous dimension is gauge independent.

Hence

c1(
 · k)n−1/
 ln � ≈ 2ig2C2(R)

∫
d4p

(2π)4
(
 · p)n−1 p2/
 − 2(p · 
)/p

p2(p − k)2

(5.192)

in which it is understood to mean the log divergence of the right-hand integral is
to be taken.

Now differentiate Eq. (5.192) (n − 1) times with respect to kµ by acting with

D
ε1ε2···εn−1
n−1 = dn−1

dkε1dkε2 · · · dkεn−1

(5.193)

On the left-hand side,

Dn−1(
 · k)n−1 = (n − 1)!
ε1
ε2 · · ·
εn−1 (5.194)

while on the right-hand side the log divergence is from

Dn−1
1

(p − k)2
≈ (2n − 2)!!pε1pε2 · · ·pεn−1

(p2)n
(5.195)

The right-hand side of Eq. (5.192) is, therefore, after rotating to Euclidean space,

g2C2(R)
δ1
δ2 · · · 
δn−1 ln �(2 − 2)!!

·
∫

d�

(2π)4
p̂δ1 p̂δ2 · · · p̂δn−1(/
 − 2p̂δnγεn p̂εn
δn)p̂ε1 p̂ε2 · · · p̂εn−1 (5.196)
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Now using the identity, Eq. (5.187), enables us to evaluate this integral to find
(choosing 
2 = 0 is most convenient)

g2C2(R)
δ1
δ2 · · · 
δn−1(ln �)(2n − 2)!! 2π2/

(2π)4

·
[
(n − 1)! 2

2n!! − (n − 1)(n − 1)! 4

(2n + 2)!!
]

(5.197)

and hence

c1 = + αs

2π
C2(R)

2

n(n + 1)
(5.198)

Next we compute c2 from Fig. 5.14b. Again in Feynman gauge (α = 1) we find that

c2(
 · k)n−1/
 ln � ≈ −ig2C2(R)

·
∫

d4p

(2π)4

γµ/p
µ/

p2(p − k)2

n−2∑
j=0

(
 · p)j (
 · k)n−2−j (5.199)

Using 
2 = 0 we may rewrite /
/p/
 = 2/

 · p. Now act with Dn−1 of Eq. (5.193)
on both sides of Eq. (5.199). As before, the left-hand side uses Eq. (5.194). The
right-hand side is

−g2C2(R)2/

∫

d4p

(2π)4

p · 


p2

n−2∑
j=0

(
 · p)jDn−1
(
 · k)n−2−j

(p − k)2
(5.200)

Now use, for the log divergent piece,

D
ε1···εn−1
n−1

(
 · k)n−2−j

(p − k)2
≈

(
n − 1

j + 1

)
(n − j − 2)!(2j + 2)!!

(p2)j

· pε1pε2 · · · pεj+1
εj+2
εj+3 · · · 
εn−1 (5.201)

to obtain

−g2C2(R)2/

∫

d4p

(2π)4

n−2∑
j=0

(
 · p)j+1

(p2)j+1

(n − 1)!(2j + 2)!!
(j + 1)!

· pε1pε2 · · ·pεj+1
εj+2 · · · 
εn−1

= −g2C2(R)/
 ln �

n−2∑
j=0


δ1 · · · 
δj+1
εj+2 · · · 
εn−1(n − 1)!(2j + 2)!!

· 1

(2π)4

∫
d�p̂δ1 · · · p̂δj+1 p̂ε1 · · · p̂εj+1 (5.202)
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and, using identity (5.187), this becomes

−g2

8π2
C2(R)/

ε1 · · · 
εn−1(n − 1)!

n−2∑
j=0

(2j + 2)!! 2 ln �

(2j + 4)!! (5.203)

and hence

c2 = −αsC2(R)

2π

n∑
j=2

2

j
(5.204)

It is easy to show that the graph of Fig. 5.14c gives the same result c3 = c2, and
hence from Eqs. (5.186), (5.198), and (5.204),

γOn
F

= αsC2(R)

2π

[
− 2

n(n + 1)
+ 4

n∑
j=2

1

j

]
(5.205)

For the dimension γ F
FF ,

γ F
FF = γOn

F
+ 2γF (5.206)

But we have

γF = − ∂

∂ ln �
ln ZF

(
�

µ, g

)
(5.207)

and from Fig. 5.15 (evaluated for the Abelian case of quantum electrodynamics in
Chapter 3),

ZF = 1 − αs

4π
C2(R) ln � (5.208)

whence

γOn
F

= αsC2(R)

2π

[
1 − 2

n(n + 1)
+ 4

n∑
j=2

1

j

]
(5.209)

is the anomalous dimension to be used for the nonsinglet moments in Eq. (5.180).
We defer a detailed phenomenology but it is irresistible to show two of the early

figures that exemplify the excellent qualitative support for perturbative QCD from
experimental data. Present 2008 data more strongly confirm this support.

Figure 5.15 Graph giving anomalous dimension γF .
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Figure 5.16 Logarithmic Q2 dependence of structure function moments. (Data from Ref. [75].)

In Eq. (5.180) the nonsinglet structure function may be taken as xF νN
3 . Then ac-

cording to Eq. (5.180), a plot of the nth moment 〈xF3〉n raised to the power (−1/an)

should be linear in ln Q2. Experimental support for such logarithmic dependence
of the scaling violations is shown in Fig. 5.16.

Further, we may compare the QCD prediction for the relative slopes of the differ-
ent moments since if we write Eq. (5.209) as

γOn
F

= αC2(R)

2π
δ(n) (5.210)

we find that δ(3) = 4.166, δ(4) = 5.233, δ(5) = 6.066, δ(6) = 6.752, and δ(7) =
7.335. Thus from the basic formula (5.181) we see that

d ln〈FNS(Q2)〉n
d ln〈FNS(Q2)〉n′

= δ(n)

δ(n′)
(5.211)
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Figure 5.17 Perkins plot checks n dependence of anomalous dimension of On
F

. (From Ref. [64].)

The resulting log-log plots are shown in Fig. 5.17. There is excellent qualita-
tive agreement with the three ratios δ(6)/δ(4) = 1.290, δ(5)/δ(3) = 1.456, and
δ(7)/δ(3) = 1.760. Figure 5.17 depicts a Perkins plot after an Oxford member of
the collaboration.

The scaling violations offer good qualitative confirmation of QCD. Recall that
quantum electrodynamics is confirmed to an accuracy of 1 in 106 at order α3 in the
electron anomalous magnetic moment (1 in 109 in the magnetic moment itself);
here QCD is tested at a 10% level. Nevertheless, the results are so encouraging
and positive that in grand unification we shall assume QCD. Also, as we shall see,
although scaling violations are a most important test, there are other independent
checks of the theory.

To study flavor-singlet moments we need (in an obvious notation) γ V
FF , γ F

V V , γ V
V V

as well as γ F
FF , and then the matrix

(
γ F
FF γ V

FF

γ F
V V γ V

V V

)
(5.212)



238 5 Renormalization Group

must be diagonalized to obtain simple predictions which are again supported by
experimental data (e.g., Ref. [64]).

The anomalous dimensions were first computed by Gross and Wilczek [16, 17]
and independently by Georgi and Politzer [76]. The origin of the various terms in,
for example, Eq. (5.209) was a little mysterious when we computed the Feynman
graphs. A more intuitive approach, based on parton (quark and gluon) splitting
functions, was presented, for example, in an article by Altarelli and Parisi [77].

5.6
Background Field Method

Returning to formal considerations, we now introduce a procedure for quantiza-
tion which keeps explicit gauge invariance. Normally, the classical Lagrangian is
constructed to be gauge invariant, but on quantization the explicit gauge invari-
ance is lost in the Feynman rules because of the necessity to add gauge fixing
and Faddeev–Popov ghost terms. The background field method maintains explicit
gauge invariance at the quantum level and hence is simpler both conceptually and
technically. Here we shall introduce it only because of its technical superiority and
lasting importance.

Historically, the method was introduced by DeWitt [78, 79], then by Honerkamp
[80, 81], and was made popular by ’t Hooft [82]. It is now being widely exploited
[83–92] including its use in grand unification [88, 90], gravity [78, 79, 82, 91], and
supergravity (e.g., Ref. [92]).

Here we shall derive the Feynman rules, then merely exemplify the method by
calculating the β-function of the renormalization group. We follow closely the clear
presentation of Abbott [87].

Let us begin with a nongauge theory of a scalar field � for which we write the
generating functional

Z[J ] =
∫

D� exp

[
i

(
S[�] +

∫
d4xJ · �

)]
(5.213)

The generating functional W [J ] for connected diagrams is

W [J ] = −i ln Z[J ] (5.214)

The effective action is then

�(�̄) = W [J ] − J · �̄ (5.215)

�̄ = δW

δJ
(5.216)

�(φ̄) generates the proper, one-particle-irreducible diagrams.



5.6 Background Field Method 239

Now let us decompose

� = B + φ (5.217)

and quantize φ while leaving the background field B unquantized. We generalize
the definitions above to

Z [j, B] =
∫

Dφ exp

{
i

(
S[B + φ] +

∫
d4xJ · φ

)}
(5.218)

W [J, B] = i ln Z [J, B] (5.219)

�̃[φ̃, B] = W [J, B] − J · φ̃ (5.220)

φ̃ = δW

δJ
(5.221)

Why do this? The magic begins to appear when we substitute Eq. (5.217) into
Eq. (5.218) to find that

Z [J, B] = Z[J ] exp(−iJ · B) (5.222)

and hence

W [J, B] = W [J ] − J · B (5.223)

From Eqs. (5.216), (5.221), and (5.223) we deduce that

φ̃ = �̄ − B (5.224)

and substitution into Eq. (5.220) gives

�[φ̃, B] = �[φ̃ + B] (5.225)

This is an important result, especially the special case worth writing as a new equa-
tion

�[φ̃ = 0, B] = �[B] (5.226)

Thus the normal effective action �(B) where B would be quantized can be com-
puted by summing all vacuum graphs (no external φ lines) in the presence of the
background B. This is already quite remarkable.

The two approaches are now:

1. Treat B exactly and find the exact φ propagator in the presence of B. This is
possible only for very simple B.

2. Treat B perturbatively. Here we use normal φ propagators and introduce B only
on the external lines.
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The second approach is used here.
In a gauge theory, we can use this procedure provided that we make a sufficiently

clever choice of gauge. We write

Z [J, B] =
∫

DA det M ab exp

{
iS[B + A] −

∫
d4x

(
1

2α
G · G + J · A

)}

(5.227)

The appropriate (background) gauge is

G a = ∂µAa
µ + gCabcBb

µAc
µ (5.228)

This is the covariant derivative, with respect to Ba
µ, acting on Aa

µ. Now consider the
infinitesimal transformation (ua = gauge function)

δBa
µ = −CabcubBc

µ + 1

g
∂µua (5.229)

δJ a
µ = −CabcubJ c

µ (5.230)

δAa
µ = −CabcubAc

µ (5.231)

It is not difficult to see that this leaves Z [J, B] of Eq. (5.227) invariant. First, J · A
is invariant since

J ′ · A′ = (J − uˆJ) · (A − uˆA) (5.232)

= J · A2 + O(u) (5.233)

Next, since

δ
(
Ba

µ + Aa
µ

) = −uˆ(B + A) + 1

g
∂µu (5.234)

is a gauge transformation, S[B +A] is invariant. Because of the choice, Eq. (5.228),
the adjoint rotation, Eq. (5.231), leaves G a invariant. For similar reasons, the
Faddeev–Popov determinant det M ab is invariant.

Hence Z [J, B] is invariant. Making the steps

W [J, B] = − ln Z [J, B] (5.235)

�[A , B] = W [J, B] − J · A (5.236)

A = δW

δJ
(5.237)
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one finds that, in background field gauge, the effective action

�[A = 0, B] = �[B] (5.238)

is gauge invariant.
To compute this gauge-invariant action, we need to establish the Feynman rules

to compute all 1PI diagrams with B appearing only on external lines. The Faddeev–
Popov ghosts term can be computed from Eqs. (5.228), (5.229), and (5.231): as

M ab = g
δG a

δub
= �δab − g∂̄µCacb

(
Bc

µ + Ac
µ

)
+ gCacbBc

µ∂̄µ + g2CaceCedbBc
µ

(
Bd

µ + Ad
µ

)
(5.239)

and thence

SFPG = ca†Mabcb (5.240)

The internal propagators and totally internal vertices are given by the old Feynman
rules of Fig. 2.6. These must now be augmented by the external vertices displayed
in Fig. 5.18.

This completes quantization, so let us discuss renormalization, which is our
main concern. It is actually redundant to renormalize

ca = √
Z ca

R (5.241)

Aa
µ = √

ZAAa
µR (5.242)

since each internal propagator carries a
√

Z at each end due to field renormaliza-
tion and a 1/Z from propagator renormalization. We do need

g = ZggR (5.243)

B = √
ZBBR (5.244)

But Zg and ZB have the simple relation

Zg

√
ZB = 1 (5.245)

as can be seen immediately by renormalization of the gauge-invariant quantity

Fa
µν = ∂µBa

ν − ∂νB
a
µ + gCabcBb

µBc
ν (5.246)

From Eq. (5.243) we have that

µ
∂

∂µ
g = 0 = Zgµ

∂

∂µ
gR + gRµ

∂

∂µ
Zg (5.247)
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Figure 5.18 Feynman rules in background field gauge. These
rules involving external Ba

µ fields augment the rules given in
Fig. 2.6.

and hence, as usual,

β = µ
∂

∂µ
gR = −gRµ

∂

∂µ
ln Zg (5.248)

But because of Eq. (5.245), this becomes

β = 1

2
gRµ

∂

∂µ
ln ZB = gRγB (5.249)
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where γB is the anomalous dimension of B.
Let us use dimensional regularization, defining dimension d = (4 − 2δ) and

expand:

ZB = 1 +
∞∑
i=1

Z
(i)
B

δi
(5.250)

Since, in a generic dimension, we must redefine g → µ−δg, we see that (now we
replace gR simply by g from here on)

µ
∂

∂µ
g = −δg + β (5.251)

Substitution of Eq. (5.250) into Eq. (5.249) gives

2ZBγB = µ
∂

∂µ

[
1 +

∞∑
i=1

Z
(i)
B

δi

]
(5.252)

Now use Eq. (5.251) to replace

µ
∂

∂µ
= β

∂

∂g
− δg

∂

∂g
(5.253)

to discover that, by considering the coefficient of δ−i ,

β

(
2 − g

∂

∂g

)
Z

(i)
B = −g2 ∂

∂g
Z

(i+1)
B (5.254)

In particular, since Z
(0)
B = 1, we have

β = −1

2
g2 ∂

∂f
Z

(1)
B (5.255)

This sets up the calculation of β in a simple form since once we evaluate the coef-
ficient ζ in

ZB = 1 + ζ

δ

(
g

4π

)2

+ O
(
g4) (5.256)

it follows that

β = −gζ

2

(
g

4π

)2

+ O
(
g5) (5.257)

To find ζ , only two diagrams are necessary, as shown in Fig. 5.19. Let us write

ζ = ζ1 + ζ2 (5.258)
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Figure 5.19 Feynman diagrams needed to compute one-loop β-function in background gauge.

where ζ1 and ζ2 are the contributions, respectively, from Fig. 5.19a and b.
To compute ζ1 the amplitude corresponding to Fig. 5.19a is

−
∫

d4p

(2π)4

1

16
· 4i

(k + p)2

4i

(k − p)2
g2CacdCbdcpαpβ

= δabC2(G)

(
g

4π

)2 1

π2

∫
d4p pαpβ

(k + p)2(k − p)2
(5.259)

The integral is

∫ 1

0
dx

d4p pαpβ

[p2 + 2p · k(2x − 1) + k2]2

= iπ2 ln �

∫ 1

0
dx

[
kαkβ(2x − 1)22

+ 1

2
gαβ

(−k2(2x − 1)2 + k2)(−2)

]
(5.260)

= −iπ2 2

3

(
k2gαβ − kαkβ

)
(5.261)
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and hence

ζ1 = 2

3
C2(G) (5.262)

Finally, Fig. 5.19b gives the amplitude (remembering a factor 1
2 for the identical

particles!). We put α = 1 for simplicity; this diagram is separately gauge invariant.

(
g

4π

)2 1

π2
C2(G)Iµν(k) (5.263)

Iµν(k) = 1

2

∫ 1

0

dx d4p

[p2 − 2p · k(2x − 1) + k2]2
Iµν(k, p) (5.264)

Iµν(k, p) = [
gµβ(−2k)γ + gβγ (p)µ + gγµ(2k)β

]
· [

gνδ(2k)ε + gδε(−p)ν + gεν(−2k)δ
]
gβδgγ ε (5.265)

= 4
(
2kµkν − 2k2gµν − pµpν

)
(5.266)

Hence

Iµν(k) = −2
(
iπ2 ln �

)(10

3

)(
k2gµν − kµkν

)
(5.267)

and

ζ2 = 20

3
C2(G) (5.268)

The one-loop formula for the β-function is thus

β = − 11g3

48π2
C2(G) + O

(
g5) (5.269)

in agreement with Eq. (5.69). Note that only two-point functions were needed, in
contrast to the earlier derivation in Section 5.3. Also, it is more agreeable to see
the gauge invariance of each diagram here than the more inelegant restoration of
gauge invariance by combination of different Feynman diagrams. The procedure
has been continued to two loops (see Abbott [87]), and there the technical advan-
tages become even more apparent.

5.7
Summary

We have seen already here very remarkable consequences of the renormalization
group. It enables us to sum up, to all orders of perturbation theory, the leading log-
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arithms from computation of only the logarithmic divergence of a one-loop graph.
At first sight, this appears paradoxical since it seems that information is being cre-
ated from nowhere. But it is crucial that a renormalizable theory is such that once
we compute Z at one loop, we control the leading divergences at all orders, so
renormalizability itself correlates every order of perturbation theory. We may say
that the “disease” of ultraviolet divergences is being converted into a virtue.

Asymptotic freedom identifies QCD as the unique theory of strong interactions,
as well as placing a curious constraint on the number of quark flavors. Fortunately,
this constraint appears to be comfortably satisfied at least in the energy region
presently accessible experimentally it may well change at LHC energy. Further, we
have seen how QCD predicts logarithmic scaling violations, and for the moments
of the flavor-nonsinglet structure functions, these are qualitatively in agreement
with experiment.

Grand unification is likewise underwritten by the renormalization group and it
further supports the idea that a group such as the SU(5) or SO(10) could eventu-
ally unify strong and electroweak interactions, if the desert hypothesis is partially
correct.

Finally, we have noted the technical advantage of using the background field
method to compute the quantities appearing in the renormalization group equa-
tion.
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6
Quantum Chromodynamics

6.1
Introduction

Here we treat quantum chromodynamics (hereafter QCD), the universally accepted
theory of strong interactions. We discuss the limitations of perturbative techniques,
especially the arbitrariness of the renormalization scheme. As an application we
discuss the total annihilation cross section of electron and positron. Two and three
jet processes in this annihilation present good agreement with perturbative calcu-
lations, at least at a one per mil level.

For nonperturbative calculations, we first treat instantons and show how they
solve one problem, that of the fourth (or ninth) axial current and its missing Gold-
stone boson. Instantons create another problem of why strong interactions con-
serve CP to an accuracy of at least 1 in 109.

Expansion in 1/N , where N is the generic number of colors, leads to successful
qualitative explanations of phenomenological selection rules and of the absence of
exotic mesons. Remarkably, baryons appear as topological solitons (Skyrmions) in
chiral pion theories.

The most powerful quantitative method for handling nonperturbative QCD is
on a space–time lattice which leads to automatic quark confinement at large dis-
tances. Monte Carlo simulations connect this strong coupling regime smoothly to
the scaling regime at weak coupling and lead to quantitative estimates of the string
tension, the interquark force, and glueball and hadron masses. Comparison with
experiment works well within the (a few %) errors.

6.2
Renormalization Schemes

QCD is the non-Abelian gauge theory based on an unbroken gauge group SU(3)

with an octet of gluons as gauge bosons. Quarks are in the defining three-
dimensional representation, and antiquarks in the conjugate representation. QCD
is hence an extremely simple gauge field theory in the sense of specifying the clas-
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sical Lagrangian density. The task of showing that QCD correctly describes the
wealth of data on hadronic processes is, however, far from simple.

The QCD theory was first proposed in the early 1970s [1–4], although the idea
of gauging color had been mentioned in 1966 by Nambu [5]. Key ingredients are,
of course, the quarks, which were first suggested by Gell-Mann [6] and Zweig [7]
(reprinted in Ref. [8]). Also, the color concept arose from the conflict of spin and
statistics in the quark wavefunctions for the lowest-lying baryon states [9, 10]. But
really it was the proof of renormalizability of Yang–Mills theory [10] and the estab-
lishment of the property of asymptotic freedom [11, 12] which led to the general
acceptance of QCD.

Unlike the situation for quantum electrodynamics (QED) over 20 years earlier,
there is no simple static property comparable to the Lamb shift [13] or anomalous
moment [14, 15] in QED, so precise checks of QCD remain elusive beyond the
0,1% level. Our first task is to address the perturbation expansion of QCD and to
illustrate the successes and limitations thereof.

Much of the initial preparation has been done by the discussion of dimensional
regularization (Chapter 3) and of the renormalization group equations for QCD
(Chapter 5). From the latter discussion, we could arrive at a running coupling con-
stant αs(Q

2) with

αs

(
Q2) = 12π

(33 − 2Nf ) ln(Q2/�2)
(6.1)

by using just the one-loop formula for the renormalization group β-function, that
is, the first term of the series

β = −g3

48
π2(33 − 2Nf ) − g5

768π4
(306 − 38Nf ) + · · · (6.2)

We asserted in Chapter 5 that the scale � in Eq. (6.1) must be determined phe-
nomenologically. Actually, the evaluation of � is quite complicated and always in-
volves specification of the renormalization scheme, as we shall discuss; further,
the phenomenological evaluation of � necessitates theoretical computation up to
at least two loops in all cases—one-loop comparison carries sufficient ambiguity to
be meaningless.

Nevertheless, it makes good sense to write an “improved” perturbation expan-
sion [16, 17] for QCD where the expansion parameter is taken to be the running
coupling αs(Q

2) rather than an energy-independent constant. This is more impor-
tant in QCD than in QED because in the latter there is a natural choice (Q2 = 0) for
definition of the coupling constant. Also, α5 � α, so the loop corrections in QCD
are intrinsically much larger: only for large Q2 is αs(Q

2) � 1 and perturbation
theory reliable, but then we must use the Q2-dependent αs(Q

2).
The dependence of the expansion coefficients in the QCD improved perturba-

tion series on the choice of renormalization scheme creates a situation with no
well-defined answer because the series itself is not convergent. Nevertheless, one
criterion in choosing a scheme is that of fastest apparent convergence (i.e., the
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scheme where the first one or two coefficients appear most rapidly decreasing).
But let us illustrate some renormalization schemes explicitly for the case of the
e+e− annihilation, specifically for the ratio

R = σ(e+e− → hadrons)
σ (e+e− → µ+µ−)

(6.3)

The simplest renormalization scheme [18] is that of minimal subtraction (MS),
which employs dimensional regularization of Feynman integrals and simply sub-
tracts the divergence associated with a pole in the generic complex dimension
plane. For example, if dimensional regularization gives the gamma function
�(2 − n/2), where n is the generic dimension, we renormalize by subtracting the
pole

�

(
2 − n

2

)
− 2

4 − n
(6.4)

An alternative to this [19] (see also Ref. [20]) is modified minimal subtraction (MS),
which subtracts from the finite part certain transcendental constants which are
inevitably present in the dimensional regularization approach. Note that

�(z) = �(1 + z)

z
(6.5)

= 1

z
+ �′(1) + O(z) (6.6)

= 1

z
− γ + O(z) (6.7)

where γ is the Euler–Mascheroni constant γ = 0.5772, defined by

γ = lim
p→∞

(
1 + 1

2
+ 1

3
+ · · · 1

p
− ln p

)
(6.8)

Also, the procedure of writing∫
dnk

(2π)4
(6.9)

means that one is arriving at a factor

π2

(2π)4
= 1

(4π)2
(6.10)

which is really, in generic dimension, corrected by

(4π)(1/2)(n−4) = 1 + 1

2
(n − 4) ln 4π + · · · (6.11)
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and this means that a natural subtraction (MS) to replace Eq. (6.4) (MS) is

�

(
2 − n

2

)
− 2

4 − n
+ γ − ln 4π (6.12)

We shall see shortly how use of Eq. (6.12) (MS) rather than Eq. (6.4) (MS) affects
the apparent convergence of the QCD perturbation expansion of R in Eq. (6.3).
Changing from MS to MS also changes the value of the scale parameters �MS to
�MS in a way that we shall compute; this also changes the value of the coupling
constant αs(Q

2).
Before proceeding, let us note how dimensional regularization introduces an ar-

bitrary scale (µ) into the theory. When we cut off momentum integrals, this is
obvious; using dimensional regularization it is slightly more subtle and arises be-
cause the coupling constant g (which is dimensionless in n = 4) has dimension
M(4−n)/2, so we must redefine

g → gµ(4−n)/2 (6.13)

if g is to remain dimensionless. This is how the arbitrary mass scale µ enters in
dimensional regularization.

Let us now proceed to discuss the calculation of the electron–positron annihila-
tion cross-section. Consider e+(p1) + e−(p2) → X, where X has total momentum
q = (p1 + p2) and the squared center of mass energy is s = q2 (Fig. 6.1). The
relevant amplitude is

A
(
e+e− → X

) = 2πe2

s
v̄(p1, σ )γµu(p2, σ2)〈X|Jµ|0〉 (6.14)

where Jµ is the electromagnetic current for quarks,

Jµ

∑
f

Qf q̄f γµqf (6.15)

summed over the quark flavors. The e+e− cross section is given by

Figure 6.1 Electron–positron annihilation.
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σ =
∑
X

σ
(
e+e− → X

)
(6.16)

= 8π2α2

s3
lµν

∑
X

(2π)4δ4(p1 + p2 − q)〈X|J ν(0)|0〉 〈X|Jµ(0)|0〉∗ (6.17)

where the leptonic piece is

lµν = 1

4

∑
σ1,σ2

v̄(p1, σ1)γµu(p2, σ2)
[
v̄(p1, σ1)γνu(p2, σ2)

]∗ (6.18)

= 1

4
Tr(/p1γµ/p2γν) (6.19)

= 1

2

[
qµqν − q2gµν − (p1 − p2)µ(p1 − p2)ν

]
(6.20)

where we have neglected the electron mass. The quark part of Eq. (6.17) can be
related by unitarity to the imaginary part of the photon propagator; we may write

Qµν =
∑
X

(2π)4δ4(p1 + p2 − q)〈0|Jµ(0)|X〉 〈0|Jν(0)|X〉∗ (6.21)

=
∫

d4xeiq·x〈0|[Jµ(x), Jν(0)
]|0〉 (6.22)

= 2 Im πµν (6.23)

where


µν(q) = i

∫
d4xeiq·x〈0|T (

Jµ(x)Jν(0)
)|0〉 (6.24)

Conservation of Jµ dictates that


µν(q) = (−gµνq2 + qµqν
)

(q) (6.25)

In leading order (“zero loop”) we may compute 
0(q) from Fig. 6.2 and find that

Im 
(0)(q) = 1

12π
3

∑
f

Q2
f (6.26)

The cross section is therefore

σ = 4πα2

3s
3

∑
f

Q2
f (6.27)
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Figure 6.2 Vacuum polarization.

Figure 6.3 Radiative corrections.

The process e+e− → µ+µ− has cross section

σ
(
e+e− → µ+µ−) = 4πα2

3s
(6.28)

and hence

R = 3
∑
f

Q2
f

[
1 + a1

αs

π
+ a2

(
αs

π

)2

+ · · ·
]

(6.29)

At the next order we must calculate the diagrams of Fig. 6.3, and this gives [16, 17]

a1 = 1 (6.30)

by a calculation similar to that in QED [21]. The two-loop calculation is less trivial
and involves the diagrams of Fig. 6.4; here the dependence on renormalization
scheme becomes obvious. The result is [22, 23]

a2(MS) = a2(MS) + (ln 4π − γ )
33 − 2nf

12

= 7.35 − 0.44nf (6.31)

a2(MS) =
[

2

3
ζ(3) − 11

12

]
nf + 365

24
− 11ζ(3)

= 1.98 − 0.11nf (6.32)

where nf is the number of quark flavors. Setting nf = 4, for example, gives
a2(MS) = +5.6 and a2(MS) = +1.52, so that the MS scheme gives greater ap-
parent convergence in Eq. (6.29) that does the MS scheme.
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Figure 6.4 Two-loop corrections.

We can compute the corresponding changes in the scale � and the coupling
strength α. The renormalization group β function to two loops is

β = g3

48π3
(33 − 2nf ) − g5

384π4
(153 − 19nf ) (6.33)

and solving dg/d ln µ = −β gives a formula

α
(
Q2) = 12π

(33 − 2nf ) ln(q2/�2)

·
[

1 − 6
165 − 19nf

(33 − 2nf )2

ln ln(Q2/�2)

ln(Q2/�2)

]
(6.34)
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Since R in Eq. (6.29) is a physical quantity, it is obvious that �MS 	= αMS. In fact,
one finds immediately that

αMS = αMS − 12π(ln 4π − γ )

(33 − 2nf )[ln(q2/�2)]2
(6.35)

This change can be absorbed into the scale � by putting

�MS = �MSe(1/2)(ln 4π−γ ) (6.36)

Here the multiplicative factor is about 2.6, so the value of the QCD scale, like
αs(Q

2), depends significantly on the renormalization scheme. Also, it is clear that
a two-loop calculation is necessary to distinguish between schemes: At one-loop
order the different � and αs may be interchanged, the error being only of higher
order.

The experimental situation for R is shown in Fig. 6.5. The agreement with QCD
is impressive, although the experimental errors are too large to allow confirmation
of the higher-order corrections.

There is an infinite number of possible renormalization schemes, in addition
to MS and MS. A third example is the momentum subtraction scheme (MOM)
[24–27]. Here the three-gluon vertex is defined to be g when all three gluons satisfy
p2 = µ2. Working in Landau gauge gives in Eq. (6.29) [26]

a2(MOM) = 0.74nf − 4.64 (6.37)

which gives, for nf = 4, a2(MOM) = −1.68, so that the apparent convergence
is no better than for the MS scheme. The MOM scheme is more similar to the

Figure 6.5 Experimental data on
σ(e+e− → hadrons)/σ (e+e− → µ+µ−). [After Particle Data
Group, Rev. Mod. Phys. 56, S64 (1984).]
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procedure normally used in QED but is gauge dependent and hence somewhat
less convenient than MS.

Although we have chosen to focus on e+e− annihilation, the choice of renor-
malization scheme similarly affects the perturbation expansion for all physical
processes. (For a review, see, for example, Ref. [28].)

One may ask whether there is some principle to select an optimal renormaliza-
tion scheme? One suggestion [29] which has aroused interest [30–37] is that one
should choose a scheme which is least sensitive to the choice of scheme. The argu-
ment is that the sum of the perturbative series is independent of the scheme, and
hence the best approximations should also be.

This suggestion assumes (unjustifiably, see below) that the perturbation expan-
sion is summable. In QED, the radius of convergence of the perturbation expan-
sion of Green’s functions

G(α) =
∑
n

anα
n (6.38)

is known to be zero by Dyson’s argument [38], which points out that for all α < 0,
the vacuum would be unstable under electron–positron pair creation. This is be-
cause a virtual pair created with sufficiently small separation may become real by
separating to larger distance. Thus the radius of convergence of Eq. (6.38) vanishes.

In QCD we may not apply Dyson’s argument directly. Instead, we may usefully
construct

G(α) =
∑
n

an

n!
∫ ∞

0
e−t (αt)n dt (6.39)

=
∫ ∞

0
e−t f (tα) dt (6.40)

where, in Eq. (6.39), we used the integral representation of �(n + 1) = n!. In
Eq. (6.40), f (x) is the Borel transform with expansion

f (x) =
∑
n

an

n! x
n (6.41)

The radius of convergence of the series for G(α) in Eq. (6.38) is given by R:

1

R
= lim

n→∞ sup
(|an|1/n

)
(6.42)

while that for f (x) is R:

1

R′ = lim
n→∞ sup

∣∣∣∣an

n!
∣∣∣∣
1/n

(6.43)

From Eqs. (6.42) and (6.43) it follows that for R > 0 then R′ = ∞. Conversely, any
singularity in the Borel plane implies that R = 0 (see, e.g., Ref. [39]).
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In a quantum field theory, the Borel analysis can be related to the existence of
finite action solutions to the classical field equations, as shown first by Lipatov
[40] and expounded by others [41–45]. Consider a Green’s function [here φ(x) is a
generic field of arbitrary spin, etc.]

〈0|T (
φ(x1) · · · φ(xn)

)|0〉 =
∫ [Dφ]e−S[φ]φ(x1) · · ·φ(xn)∫ [Dφ]e−S[φ] (6.44)

We may scale out the coupling strength (α) and rewrite the numerator N(α) by
making use of

α

∫ ∞

0
dt δ

(
αt − S[φ]) = 1 (6.45)

in the form

N(α) = α

∫ ∞

0
dtF (αt)e−t (6.46)

where the Borel transform F(z) is

F(z) =
∫

[Dφ]δ(z − S[z])φ(x1) · · ·φ(xn) (6.47)

Where are the singularities, if any, of Eq. (6.47)? Consider the similar integral∫
dy1 dy2 · · · dynδ

(
z − f (y1, y2 · · · yn)

) =
∫

σ

dσ |∇f |−1 (6.48)

where the surface σ is where f (y) = z. The result diverges if anywhere on σ there
is a point at which

|∇f |2 =
∑

i

∣∣∣∣ ∂f

∂yi

∣∣∣∣
2

= 0 (6.49)

which implies that ∂f/∂yi = 0 for all i. Similarly Eq. (6.47) is singular if for some
S[φ] = z there is a point satisfying

∂S[φ]
∂φ(x)

= 0 (6.50)

for all x. But Eq. (6.50) is just the classical field equation in Euclidean space. Thus,
if there is a finite action classical solution, it renders the Borel transform singu-
lar and implies that the original perturbation expansion converges nowhere. QCD
possesses finite action classical solutions, and hence its perturbation expansion has
zero radius of convergence.

From this result it emerges that there is no unique way to choose a renormaliza-
tion scheme. One must be more pragmatic (as, e.g., Llewellyn Smith [28] is) and
check the apparent convergence physical process by physical process.
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Figure 6.6 Three-jet diagrams.

6.3
Jets in Electron–Positron Annihilation

We have already discussed the total electron–positron annihilation cross section,
and now we wish to examine the possible final states in more detail. For example,
to zeroth orders in QCD we may consider Fig. 6.6a, where a quark–antiquark pair
is produced. Assuming that these quarks somehow change to hadrons, we may
naively expect [46–48] from a parton model picture [49, 50] that the final state will
contain back-to-back two-jet structures. This was strikingly confirmed experimen-
tally at SLAC in 1975 [51] (see also Refs. [52] and [53]), with an angular distribution
(see below) confirming the spin- 1

2 nature of the quarks produced.
In a perturbation expansion we encounter at next order the diagrams depicted in

Fig. 6.6b through d. These diagrams exhibit two types of singular behavior: infrared
divergences associated with the masslessness of the gluon, and mass singularities
associated with the masslessness of the final-state quarks. Such singularities are fa-
miliar in quantum electrodynamics [54–57] and necessitate suitable averaging over
accessible states (see especially Kinoshita [56], and Lee and Nauenberg [57]). In the
present case we must take care in combining Fig. 6.6b with Fig. 6.6c and d because
when one of the three final particles is near the kinematic boundary—either with
very low energy or nearly collinear with one of the other two particles—the event is
really a two-jet, rather than a three-jet, configuration. The theory reflects this phys-
ical fact and yields sensible nonsingular answers only when a correct averaging is
made.

Three-jet events were first discussed by Ellis, Gaillard, and Ross [58] and by
DeGrand, Ng, and Tye [59]. The handling of mass singularities was explained in
the work of Sterman and Weinberg [60]; there are several further theoretical analy-
ses [61–66]. Three jet events were discovered experimentally (see below) at DESY
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in 1979 [67–70], and provided compelling evidence for the physical existence of the
gluon.

Our present discussion follows most closely that of Ref. [71], to which we refer
for further details. Let the four-momenta be defined by e−(q) + e+(q ′) → q(p) +
q̄(p′) + g(k). Let Qµ = (q + q ′)µ = (p + p′ + k)µ and s = Q2. The zeroth-order
process corresponding to Fig. 6.6a gives the squared matrix element

|m|2 = 1

s2
lµνHµν (6.51)

where for massless unpolarized leptons

lµν = 1

4

∑
S,S′

〈0|jµ|e+e−〉 〈0|jν |e+e−〉∗ (6.52)

= e2

4E2
(q, q ′)µν (6.53)

in which the shorthand notation is

(A,B)µν ≡ (AµBν + AνBµ − gµνA · B) (6.54)

This follows because

lµν = 1

4
Tr

(
γµ

/q

2E
γµ

/q ′

2E

)
(6.55)

Similarly,

Hµν = e2
f

E2
(p, p′)µν (6.56)

where ef is the electric charge for the quark flavor f . Using

(A,B)µν(C, D)µν = 2
[
(A · C)(B · D) + (A · D)(B · C)

]
(6.57)

gives

|m|2 = e2e2
f

4E4

(
1 + cos2 θ

)
(6.58)

where θ is the center-of-mass scattering angle. Hence

dσ = π
1

8π3

∫
d3p d3p′|m|2δ4(Q − p − p′) (6.59)

(
dσ

d�

)
0

= α2

4S

(
1 + cos2 θ

) ∑
f,c

(
ef

e

)2

(6.60)
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σ0 = 4πα2

3S

∑
f,c

(
ef

e

)2

(6.61)

These are the results for the zeroth-order cross sections.
Now consider Fig. 6.6c and d. We shall calculate the three-jet cross section at

lowest nontrivial order in αs , then obtain the two-jet cross section by subtraction
from the known total cross section; at order αs we may clearly not produce more
than three jets in the final state. Care will be necessary to separate those pieces of
Fig. 6.6c and d which are so near the kinematic boundary that they will appear as
two-jet events.

For these new diagrams, lµν is as in Eq. (6.53), but now we have

Hµν =
∑
s,t ′,t
c,f

〈qq̄g|Jµ|0〉 〈qq̄g|Jν |0〉∗ (6.62)

where tµ is the polarization vector of the gluon. The relevant color summation is
then

Tr
(
Aa

µλaAb
νλ

b
) = 1

2k0
tµtνδ

ab Tr
(
λaλb

)
(6.63)

= 8

k0
tµtν (6.64)

Using this, one finds for the sum of the two diagrams, the Dirac trace

Hµν = 1

8p0p
′
0k0

∑
f,t

e2
f g2 Tr

{
/p

[
/t

1

p · k
( /p + /k)γµ − γµ

1

p′ · k
( /p′ + /k)/t

]

·
[
γν

1

p · k
( /p + /k)/t − /t

1

p′ · k
( /p′ + /k)γν

]}
(6.65)

In the notation of Eq. (6.54), this becomes, using
∑

t tµtν = −gµν

Hµν = 2

p0p
′
0k0

∑
f

e2
f g2

{
p · p′

(p · k)(p′ · k)

[
2(p, p′)µν + (k, p + p′)µν

]

+ 1

p · k

[
(p′, p + k)µν − (p, p)µν

]

+ 1

p′ · k

[
(p, p′ + k)µν − (p′, p′)µν

]}
(6.66)
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The squared matrix element is given by

|m|2 =
(

1

4E2

)2

lµνHµν (6.67)

where Q2 = (2E)2 is the center-of-mass energy. Using Eq. (6.57) and identities
such as (Q · q) = (Q · q ′), one obtains

|m|2 = 1

16E6p0p
′
0k0

∑
f

(eef g)2
{

p · p′

(p · k)(p′ · k)

[
2(p · q)(p′ · q ′)

+ 2(p · q ′)(p′ · q) − 2(k · q)(k · q ′) + (Q · q)(Q · k)
]

+ 1

p · k

[
(Q · q)(Q · p′) − 2(p · q)(p · q ′) − 2(p′ · q)(p′ · q ′)

]

+ 1

p′ · k

[
(Q · q)(Q · p) − 2(p · q)(p · q ′) − 2(p′ · q)(p′ · q ′)

]}
(6.68)

Let us take again the center-of-mass system in which

q = (E, q); q ′ = (E,−q) (6.69)

p = (p0, p), p′ = (
p′

0, p′), k = (k0, k) (6.70)

and define the variables x, y, and z by

x = p0

E
, y = p′

0

E
, z = k0

E
(6.71)

satisfying

x + y + z = 2 (6.72)

The differential cross section for the process e−(q)+e+(q ′) → q(p)+ q̄(p′)+g(k)

is given by

dσ = π

(
1

8π3

)2 ∫
|m|2d3p d3p′ d3kδ4(p + p′ + k − Q) (6.73)

and it can be shown by straightforward manipulations that

dσ = 2

3E2
α2 g2

4π
dx dy

x2 + y2

(1 − x)(1 − y)

∑
f

(
ef

e

)2

(6.74)

When we consider a jet cross section, we must acknowledge that we shall not know
which of the jets arises from q, q̄, and g. Let the jets be numbered 1, 2, and 3 and
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let us define more symmetrically the variables

x1 = p10

E
, x2 = p20

E
, x3 = p30

E
(6.75)

where piµ is the momentum of the ith jet. Since x+x2 + x3 = 2, we may plot each
three-jet event (six times) within a triangular Dalitz plot: an equilateral triangle of
perpendicular height (Fig. 6.7) equal to 2. All points actually lie in the inscribed
triangle ABC. We may restrict attention to the region x1 � x2 � x3 which is the
triangle AOD, also shown in Fig. 6.7b. The three-jet cross section is now

dσ3jet = 4

3E3
α2 g2

4π
dx1 dx2

∑
f

(
ef

e

)

·
[

x2
1 + x2

2

(1 − x1)(1 − x2)
+ x2

2 + x2
3

(1 − x2)(1 − x3)
+ x2

3 + x2
1

(1 − x3)(1 − x1)

]

(6.76)

Figure 6.7 Dalitz plot.
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On the line AD, x3 = 1 and the second and third terms in Eq. (6.76) become
singular. Regions (i) and (ii) of Fig. 6.7b reflect these kinematic boundary regions
for two situations in which the event will appear as only two jets rather than three
jets. These are:

(i) Two of the final momenta are within small angle � 2δ.
(ii) One of the final particles has energy less than the small value 2εE, where

ε � 1, and the angle between the other two particles is between (π − δ) and π .

To obtain the three-jet cross section we must integrate Eq. (6.76) over the Dalitz
plot, excluding regions (i) and (ii). To establish these excluded regions, consider
the three three-momenta of the jets p1, p2, and p3 adding to zero in the center of
mass and width |p3| � |p2| � |p1|. The angles between their directions satisfy
θ12 + θ23 + θ31 = π . From the cosine rule

x2
3 = x2

1 + x2
2 + 2x1x2 cos θ12 (6.77)

and x1 + x2 + x3 = 2, one finds that

sin
θ12

2
=

√
1 − x3

x1x2
(6.78)

and cyclic permutations thereof.
In region (ii) we need to have x1 � 2ε and 0 � (π − θ23) � δ. Putting 1 − x3 =

ζ � 1 and assuming that 2ε < δ, this boundary corresponds to ζ(x1 − ζ ) � δ2/4.
In region (i) we require simply θ12 � 2δ, and since Eq. (6.76) gives

sin
1

2
θ12 �

√
ζ

x1(1 − x1)
(6.79)

this corresponds to ζ � x1(1 − x1)δ
2.

Integration of the differential cross-section equation (6.74) over the Dalitz plot
excluding these two-jet regions eventually gives

σ(3-jet) = 1

e2
α

g2

3π

[
(3 + 4 ln 2ε) ln δ + 4π2 − 21

12

] ∑
f

(
ef

e

)2

(6.80)

Now at this order O(g2), we know that

δ(total) = σ(2-jet) + σ(3-jet) (6.81)

In Section 6.2 we have seen that

σ(total) = πα2

E2

∑
f

(
ef

e

)2(
1 + g2

4π2
+ · · ·

)
(6.82)
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and hence by subtraction we arrive at the formula [60]

dσ

d�
(2-jet) =

(
dσ

d�

)
0

{
1 − g2

3π2

[
(3 + 4 ln ε) ln δ + 2π2 − 15

6

]}
(6.83)

with (dσ/d�)0 given by Eq. (6.60). Of course, the important theoretical point is
that the infrared singularities associated with the massless gluon, and the mass
singularities associated with massless quarks, have canceled in the final expres-
sions (6.80) and (6.83) because we have correctly averaged the final states.

From Eq. (6.83) we see that the angular distribution (1 + cos2 θ) of Eq. (6.60)
holds also for the two-jet events. The experimental verification of this at SLAC [51]
gave strong support for the spin-half nature of quarks. The jettiness of events was
measured by determining the sphericity S defined by [51, 58, 72]

S = 3(
∑

i p2⊥i )min

2
∑

i p2
i

(6.84)

where the sum is over final hadrons i with three momenta of magnitude PI . The
jet axis is varied so that the sum of transverse squared momenta, relative to the
chosen axis, is minimized. For an isotropic event, S = 1, whereas for perfect jets,
S = 0.

It turns out that, theoretically, S is infrared divergent and a more advantageous
criterion for jettiness is to use spherocity S′, defined by [73]

S′ =
(

4

π

)2(∑
i |p⊥i∑
i |pi |

)2

min
(6.85)

This has the same range of values 1 � S′ > 0 as S but is free of mass singularities.
Another possibility is the thrust T , defined by [74]

T = 2(
∑′

i p‖i )max∑
i |pi | (6.86)

where the numerator sum is over all particles in one hemisphere. This is simi-
larly suitable for perturbative calculations; it varies between T = 1

2 (isotropy) and
T = 1(perfect jets). Thrust is often employed by experimentalists: Fig. 6.8 displays
a typical three-jet result at PETRA. As already mentioned, the clear observation of
such three-jet final states supports the QCD analysis; the dashed line in Fig. 6.8 is
from the quark–antiquark–gluon model we have been discussing.

6.4
Instantons

We have already mentioned how the existence of finite action classical solutions
leads to zero radius of convergence of the QCD perturbation expansion.
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Figure 6.8 Examples of jet data compared to
theoretical QCD prediction (dashed line). [Af-
ter D.P. Barber et al., Phys. Rev. Lett. 43, 830
(1979).]

Here we consider the instanton classical solution [75] and discuss how it solves
one important problem, the U(1) problem, yet creates another serious difficulty,
the strong CP problem.

Let us first state the U(1) problem. The Lagrangian for QCD with nf flavors is

LQCD = −1

4
Fa

µνF
a
µν +

nf∑
k=1

qk(i/D − Mk)qk (6.87)

where k runs over k = u, d, s, . . . . Hadronic symmetries such as electric charge,
Heisenberg isospin, and flavor SU(3) act only on this flavor label since hadrons
are all color singlets. If we consider just two flavors, nf = 2 and k = u, d, then in
the limit of massless quarks LQCD possesses the chiral symmetry SU(2) × SU(2),
since regarding (u, d) as an SU(2) doublet we may make separate rotations of qkL

and qkR in

q̄k/Dqk ≡ q̄kL/DqkL + q̄kR/DqkR (6.88)

This SU(2) × SU(2) is close to being an exact symmetry of the strong interactions.
The diagonal SU(2) isospin subgroup is a symmetry broken by Mu 	= Md , but
since Mu, Md , (Md − Mu) � �QCD, it is manifest as an almost exact symmetry of
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Figure 6.9 Color triangle anomaly in ∂µJ 5
µ.

strong interactions. The remainder of the group is a Nambu–Goldstone symmetry
with three massless Goldstone bosons, the pseudoscalar pions π± and π0. The
smallness of the pion mass compared to all other hadron masses reveals how good
a symmetry SU(2)×SU(2) is. It underlies the success of current algebra and PCAC
computations in the 1960s.

The LQCD has two other global U(1) symmetries. One is the vectorial one asso-
ciated with conservation of

Jµ =
∑

k

q̄kγµqk (6.89)

which is simply the baryon number which is exactly conserved in QCD. The second
(problematic) one is associated with the current

J 5
µ

∑
k

q̄kγµγ5qk (6.90)

corresponding to the chiral transformation

qk → eiαγ5qk (6.91)

This U(1) symmetry must either be a manifest symmetry, in which case all mas-
sive hadrons should be parity-doubled—clearly not true in nature—or it is broken
spontaneously, leading to a fourth pseudoscalar Goldstone boson, η. Then, why is
the η at about 550 MeV when the pion is only 140 MeV? Weinberg [76] showed
that one would expect Mη <

√
3Mπ from standard estimates of Goldstone boson

masses. One can generalize to nf = 3 and SU(3) × SU(3) and make similar argu-
ments, but this larger symmetry is more badly broken and it is more perspicuous
to focus on the excellent SU(2) × SU(2) symmetry. The “U(1) problem,” then, is
that the η mass is too much larger than the π mass.

The first step to solution of the U(1) problem is to observe that there is a color
anomaly in ∂µJ 5

µ from the triangle diagram of Fig. 6.9. The standard calculation
(see Chapter 3) gives
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∂µJ 5
µ = nf g2

8π2
Tr(FµνFµν) (6.92)

where

Fµν = 1

2
εµναβFαβ (6.93)

But we may use

Tr(FµνFµν) = ∂µKµ (6.94)

Kµ = 2εµναβ Tr
(

Aν∂αAβ − 2

3
igAνAαAβ

)
(6.95)

[we are using matrix notation Fµν = Fa
µνT

a and Aµ = Aa
µT a , where Tr(T aT b) =

1
2 δab, e.g., T a = 1

2λa for Gell-Mann matrices] to define a gauge-dependent current

J 5
µ = J 5

µ − nf g2

8π2
Kµ (6.96)

which remains conserved. We may write

Q̇5 =
∫

d3x ∂0J
5
0 α

∫
S

K · dS (6.97)

and provided that K falls off sufficiently rapidly for the background fields, Q5 is
still conserved and the U(1) problem persists. The anomaly alone is insufficient.

The U(1) problem was first resolved by ’t Hooft [77, 78], who considered the
change in Q5 between the distant past and distant future according to

�Q5 =
∫

dx0Q̇
5 =

∫
d4x ∂µJ 5

µ (6.98)

= g2nf

8π2

∫
d4x Tr(FµνFµν) (6.99)

The key point is that there exist pure gauge configurations—instantons—such that
�Q5 is nonzero. Hence, Q5 is not a conserved charge and the extra Goldstone
state is eliminated; in other words, because of instantons, the η mass is not con-
strained by Goldstone boson mass formula to be less than

√
3 times the pion mass,

after all.
To exhibit the instanton configuration, it is sufficient to study a pure SU(2) Yang–

Mills theory. The reason is that the considerations of topological mappings for
SU(2) generalize with no essential change to the SU(3) of QCD. The instantons
are classical solutions in Euclidean space, but correspond to a quantum mechani-
cal tunneling phenomenon in Minkowski space.
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Topologically, as we shall explain, the group SU(2) is the three-sphere S3; that is,
a three-dimensional sphere where the surface of the Earth is a two-sphere S2. From
Eq. (6.97) we are interested in the mappings of the group on another three-sphere
S3 at infinity in Euclidean four-space. The relevant homotopy group is


3
(
SU(2)

) = Z (6.100)

where Z is the set of all integers. There is a topological charge, or Pontryagin in-
dex, ν, defined by

ν = g2

16π2

∫
Tr(FµνFµν) d4x (6.101)

so that in Eq. (6.97),

�Q5 = 2nf ν (6.102)

Why is SU(2) topologically the same as S3? The general SU(2) matrix may be
written

g = a + ib · σ (6.103)

with

a2 + |b|2 = 1 (6.104)

which defines an S3. At infinity we want Fµν to vanish asymptotically, so Aµ must
become a gauge transform of Aµ = 0, that is,

Aµ(x)
r→∞−−−→ − i

g
(∂µ�)�−1 (6.105)

For �(x) the simplest S3 → S3 map is

�(0)(x) = 1 (6.106)

More interesting is

�(1)(x) = x4 + ix · σ

r
(6.107)

belonging to the more general class

�(ν)(x) = (
�(1)(x)

)ν (6.108)

Substitution of Eq. (6.105) into Eq. (6.101) using Eqs. (6.94) and (6.95) gives

ν = 1

24π2
εµαβγ

∫
S1

d3Sµ Tr
(
∂α��−1∂β��−1∂γ ��−1) (6.109)
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integrated over S3.
Let us evaluate this for �(1)(x) of Eq. (6.107). Now

�(1)−1 = x4 − ix · σ

r
(6.110)

We may take a unit hypersphere and since by hyperspherical symmetry the inte-
grand in Eq. (6.109) is constant, we evaluate it at one point: x4 = 1, x = 0, where
the index µ = 4. Hence at this point

(∂i�)�−1 = −iσi (6.111)

Also,

εijk Tr
(
∂i��−1∂j��−1∂k��−1) = 6i Tr(σ1σ2σ3) = 12 (6.112)

The hyperspheric area is 2π2, so that Eq. (6.109) gives ν = 1 for the winding num-
ber. For combinations � = �1�2 the corresponding ν = ν1 + ν2 for the transfor-
mations of, for example, Eq. (6.108).

Let us be more explicit for the simplest ν = 1 instanton case. As r → ∞, we
need

Aµ → − i

g

(
∂µ�(1)

)
�(1)−1 (6.113)

and straightforward algebra gives

Aa
µ → 2

g

ηaµνxν

r2
(6.114)

where we use the symbol [78]

ηaµν =




εaij 1 � µ, ν � 3

−δaν µ = 4

+δaµ ν = 4

(6.115)

Now Eq. (6.114) is singular at r = 0 and is hence unacceptable as it stands. So we
try the hyperspherically symmetric ansatz

Aa
µ = 2

g

ηaµνxν

r2
f (r) (6.116)

where f (∞) = 1 and f (0) = 0.
For guidance in finding f (r), consider the fact that∫

d4x Tr(Fµν − Fµν)
2 � 0 (6.117)
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which means that the energy satisfies

E =
∫

d4x Tr(FµνFµν) � 8π2|π | (6.118)

This lower bound is saturated if the configuration is self-dual

Fµν = Fµν (6.119)

and for this case, the classical equations of motion are satisfied since the energy is
stationary. Substitution of the ansatz equation (6.116) in the self-duality condition,
Eq. (6.119), gives

rf ′ = 2f (1 − f ) (6.120)

with solution

f (r) = r2

r2 + ρ2
(6.121)

giving the one-instanton formula

Aa
µ = 2

g

ηaµνxν

r2 + ρ2
(6.122)

This really has five parameters: four for the position chosen here as xµ = 0 and
one for the size parameter ρ. For multi-instanton configurations, the number of
parameters becomes (8ν − 3) since each instanton has a position (4), size (1), and
gauge orientation (3), but the overall gauge choice (3), unlike the relative choices,
has no physical significance. Such more general configurations have been analyzed
extensively (e.g., Refs. [79–83]).

Having solved the U(1) problem by instantons, we now discuss the strong CP
problem created by instantons. We have a complicated vacuum structure with can-
didate vacua |ν〉, in all of which Fµν = 0. The gauge transformation �(1)(x) has a
corresponding unitary operator T , which takes

T |ν〉 = |ν + 1〉 (6.123)

Now T commutes with the Hamiltonian H since it is a gauge transformation. Since
T is unitary, its eigenvalues are e−iθ (0 � θ < 2π). The true vacuum eigenstates
are hence the θ -vacua [77, 84, 85]

|θ〉 =
∞∑

ν=−∞
eiνθ |ν〉 (6.124)

T |θ〉 = e−iθ |θ〉 (6.125)
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As we shall see, the parameter θ can have physical significance despite its absence
from the defining QCD Lagrangian.

In the θ -basis, the vacuum persistence amplitude is diagonal:

〈θ ′|e−iH t |θ〉 = δ(θ − θ ′)
∑
n,n′

ei(n−n′)〈n′|eiHt |n〉 (6.126)

We may write a path integral formulation in Euclidean space as

〈θ ′|e−iH t |θ〉 = δ(θ − θ ′)I (θ) (6.127)

where

I (θ) =
∑
ν

e−iνθ

∫
DAµ exp

(
−

∫
d4xL

)
(6.128)

=
∫

DAµ exp

[
−

∫
d4x(L + �L)

]
(6.129)

�L = iθ

16π2
Tr(FµνFµν) (6.130)

This promotes θ to a parameter in the Lagrangian; the fact that �L is a total deriv-
ative does not render it irrelevant because of the nontrivial instanton contribution
to surface terms.

Now, �L violates time reversal T and parity P invariances (the action of charge
conjugation C is trivial since gluons are self-conjugate). In particular, it breaks the
symmetry of CP. If the quarks (or at least one quark) had been massless, we could
have made a chiral rotation on the massless quarks(s),

qk → eiαγ5qk (6.131)

leading to a change in the action of

δS = −α

∫
d4x

(
∂µJ 5

µ

)
(6.132)

which means that

δS = 2nf α (6.133)

Thus we may arrange α such that δθ = −θ , which means that CP is conserved by
strong interactions.

But if all quarks are massive, we must consider

L = −1

4
Tr(FµνFµν) + q̄k/Dqk − q̄kMklql − iθ

16π2
Tr(FµνFµν) (6.134)
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Now any chiral rotation such as Eq. (6.131) will alter the mass matrix phase, but in
the diagonal basis,

−q̄k|mk|qk (6.135)

the mass matrix must be real. We may then define θ̄ by

θ̄ = θ − arg det M (6.136)

and are left with some θ̄ , which leads to strong CP violation. The most sensitive
limit is from the neutron electric dipole moment dn � 10−26 electron-cm which
requires that [86, 87]

θ < 10−10 (6.137)

This is the strong CP problem: Why is θ̄ is QCD so small?
One logical possibility is that mu = 0, but we have seen (Chapter 4) that one

seems to require mu � 4.5 MeV phenomenologically, zero being quite out of accord
with the analysis of pseudoscalar Goldstone boson masses.

What appears to be necessary is to arrange, as first suggested by Peccei and
Quinn [88, 89], that the combined QCD and electroweak theory possess a color-
anomalous global U(1)PQ axial symmetry, even for all quarks massive. This can
allow θ̄ = 0, restoring strong CP conservation. The simplest such model is to take
two Higgs doublets, which give masses separately to up and down quarks. In the
notation of Chapter 4, we write the Yukawa terms∑

m,n

(
�u

mnq̄mLφ1unR + �d
mnq̄mLφ2dnR

) + h.c. + V (φ1, φ2) (6.138)

and hence impose, including on V (φ1, φ2), the U(1)PQ symmetry

uR → e−2iαuR (6.139a)

dR → eiαdR (6.139b)

φ1 → e2iαφ1 (6.140)

φ2e
−iαφ2 (6.141)

This color-anomalous symmetry allows one to rotate θ̄ back to zero at an absolute
minimum of V [88, 89]. The φ1 and φ2 develop vacuum values

〈φ1〉 =
〈(

φ0
1

φ+
1

)〉
=

(
0

Vu/
√

2

)
(6.142)

〈φ2〉 =
〈(

φ+
2

φ0
1

)〉
=

(
0

Vd/
√

2

)
(6.143)
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such that V 2
u +V 2

d = V 2, with V = 2−1/4G−1/2 � 248 GeV, giving the normal W±
and Z0 masses.

There is a problem, however, with this simple model: the spontaneous breaking
of U(1)PQ implies the existence of a pseudo-Goldstone boson—the axion—with
a mass of a few 100 keV [90, 91] with prescribed couplings to fermions and to
photons; such an axion has been excluded experimentally.

Fortunately, there are several ways to alter the axion properties [92–96] while
solving the strong CP problem. In Ref. [95], for example, the Peccei–Quinn model
described above is extended to include one additional color and electroweak singlet
scalar φ, which does not couple to fermions but is introduced into V (φ1, φ2, φ)

such that there is symmetry as in Eqs. (139) through (6.141), together with

φ → e−2iαφ (6.144)

If it is arranged that 〈φ〉 = VH � V , the axion mass can be reduced by the ratio
(V/VH ) and, even more important, its coupling to ordinary matter can simulta-
neously be reduced by (V/VH ). This “invisible axion” is then hard to exclude ex-
perimentally, although its detection has been discussed [97, 98]. Present 2008 data
suggest that, if the axion exists, its mass lies between one microvolt (µeV) and one
millivolt (meV).

6.5
1/N Expansion

Because QCD is lacking in expansion parameters—the perturbative expansion in
the coupling constant is very limited in usefulness, as we have seen—it is desir-
able to introduce such a parameter from outside, ’t Hooft [99, 100] made a fruitful
suggestion of the use of the parameter 1/N , where N is the number of colors;
one should take the limit N → ∞ and expand in 1/N around that limit with the
assumption that N = 3 is not too different from N → ∞.

Here we shall discuss how the 1/N expansion enables us to understand qualita-
tively certain striking phenomenological features of strong interactions: in particu-
lar, the absence of exotic mesons with structure (qqq̄q̄) compared to the abundance
of (qq̄) meson bound states. Also, we can understand successfully the validity of
the Okubo–Zweig–Iizuka (OZI) rule [101–103], which suppresses couplings such
as φρπ and φNN (Fig. 6.10a and b) relative to, say, ρππ and πNN (Fig. 6.11a

and b) because the former diagrams, unlike the latter, involve the annihilation of
a quark–antiquark pair with the same meson (the φ meson), resulting in a quark
diagram that is divisible into two pieces unconnected by quark lines. For decay
of heavy charmonium or bottomium mesons, the OZI rule can be attributed to
asymptotic freedom giving small coupling, but for the lighter mesons, the 1/N

expansion provides the simplest explanation.
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Figure 6.10 Suppressed couplings.

Figure 6.11 Allowed couplings.

The QCD theory with N colors involves N Dirac fields ψa (1 � a � N) and
(N2 − 1) gluon fields Aµ

a
b with Aµ

a
b = 0. The field strength is

Fµν
a
b = ∂µAν

a
b − ∂νAµ

a
b + i

(
Aµ

a
cAν

c
b − Aν

a
cAµ

c
b

)
(6.145)

and the Lagrangian is written in the form

L = N

g2

[
−1

4
Fµν

a
bFµν

b
a + ψ̄a

(
i∂µAµ

a
b

)
γµψb − mψ̄aψ

a

]
(6.146)

For convenience the N/g2 has been scaled out. Putting A = A′(
√

N/g) and
ψ = ψ ′(

√
N/g) would reestablish the coupling parameter as g/

√
N , which turns

out to be the unique arrangement that makes the 1/N expansion useful. We shall
let N → ∞ with g2N fixed, with a fixed number (Nf ) of flavors. A slightly dif-
ferent limit N → ∞, Nf → ∞ with g2N and g2Nf fixed has been advocated by
Veneziano [104], but here we shall consider only the ’t Hooft limit.

It is useful to keep account of color indices in Feynman graphs by setting up
the double-line [105–107] representation; whereas a quark line has a single index
propagating according to

〈
ψa(x)ψ̄b(y)

〉 = δa
bS(x − y) (6.147)

The gluon propagator has two indices propagating as in

〈
Aµ

a
b(x)Aν

c
d(y)

〉 =
(

δa
d δc

b − 1

N
δa
bδc

d

)
Dµν(x − y) (6.148)
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Figure 6.12 Double-line formalism.

In leading order of the 1/N expansion, we may drop the trace term in Eq. (6.148)
and then, as far as the indices go, the gluon propagator is like a quark–antiquark
pair and hence may be represented by a double line. Some examples of the
double-line representation are given alongside the corresponding Feynman graph
in Fig. 6.12.

Consider first vacuum-persistence Feynman graphs with no external lines. Re-
gard each index loop as the border of a polygon; such polygons are fitted together
to cover a two-dimensional surface by identifying a double-line gluon propagator
with the edge of two polygons. The surface is oriented for SU(N) because of the
quark arrows, so we obtain only spheres with holes and handles, not Klein bot-
tles.

Suppose that this surface associated with a vacuum-persistence graph has V ver-
tices, E edges, and F faces. From the Lagrangian, Eq. (6.146), we see that each
vertex carries an N and each edge contains a 1/N . Each face carries an N because
of the sum over colors in the loop. The power of N is thus given by the Euler
characteristic (χ):

NF+V −E = Nχ (6.149)

If we regard the oriented surface as a sphere with H handles and B holes (bound-
aries), then χ is given by

χ = 2 − 2H − B (6.150)
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This is the standard topological characteristic. To derive these formulas, consider
first a sphere which can be obtained by gluing together two n-sided polygons at
their perimeters, giving E = V = n and two faces F = 2. This has χ = 2. Now cut
a hole that changes �F = −1 and �B = +1. To attach a handle, cut two holes in
both n-sided polygons and identify their perimeters; this makes �F = �V = −n

and �F = −2. This then confirms both Eqs. (6.149) and (6.150).
The leading vacuum-persistence graphs therefore are going like N2 and have the

“index surface” corresponding to a sphere. Any closed quark loop will generate a
hole in the surface and decrease χ ; hence the leading graphs contain only gluons,
and are proportional to N2. The leading graphs that involve quarks have one closed
quark loop and go like N , since B = 1.

What is also important is that these leading graphs are all planar; that is, the
Feynman graph can be drawn on a plane surface with no lines crossing. This is
clear because for the N2 gluon graphs we may remove an arbitrary face and project
the remainder of the sphere on a plane to produce a graph with a gluon around the
outside corresponding to the perimeter of the removed face. For the leading quark
graphs, proportional to N , one face is already absent, so we immediately write the
planar graph encircled by the single quark loop.

Let Bi be local gauge-invariant operators that have one ψ and one ψ̄ (i.e., are
bilinear in the quark fields) and consider a connected Green’s function for the
vacuum expectation of a string of m such bilinears. To maintain our 1/N analysis,
we add sources to the action by

S′ = S + N
∑

JiBi (6.151)

keeping an N in each vertex, including the bilinear insertions, and then the re-
quired Green’s function is obtained from Z(ji), the generating functional for con-
nected graphs by

〈B1 · · ·Bm〉 = 1

Nm

δm

δji
· · · δjm

z

∣∣∣∣
Ji=0

(6.152)

The leading diagrams are planar and are surrounded by a single quark loop on
which the bilinear insertions sit. From Eq. (6.152) each insertion gives 1/N , so we
have

〈B1 · · ·Bm〉 ∼ N1−m (6.153)

We may introduce gauge-invariant local operator Gi made solely from gluons
and deal with them similarly to find that

〈G1 · · · Gn〉 ∼ N2−n (6.154)

where the insertions are now anywhere in the planar graph. For a mixture of the
two types of operator, the leading term has one quark loop and goes as

〈B1B2 · · · BmG1G2 · · · Gn〉 ∼ N1−m−n (6.155)
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To proceed to phenomenology we assume that QCD confines color for arbitrarily
large N , not only for N = 3.

A meson is created by acting with a B on the vacuum. In fact, because the cou-
plings will be set by 1/

√
N , we must renormalize B ′

i = √
N ′Bi whereupon〈

B ′
1 · · ·B ′

m

〉 ∼ N1−(1/2)m (6.156)

The leading order hence behaves as if B ′
i were a fundamental field with funda-

mental coupling 1/
√

N and as if it were a Born approximation! One can now even
argue that the only singularities at leading order in 1/N are poles, also like a Born
approximation. To show this, consider〈

B ′
1B

′
2

〉
(6.157)

and prove that B ′
2 creates only single-meson states. For if B ′

2 created, say, two
mesons which are subsequently rescattered by two further bilinears and then an-
nihilated by a fourth bilinear—all of order O(1)—we would have a physical singu-
larity at O(1) in the connected Green’s function for four bilinears, in contradiction
to Eq. (6.153). For consistency, therefore, B ′

i creates only single-meson states and
the only singularities are poles like a Born amplitude.

Another point for N → ∞ is that asymptotic freedom is maintained (actually, it
becomes stronger for fixed Nf ). Thus the two-point function must behave logarith-
mically at spacelike high energy, and this is impossible unless there are an infinite
number of meson poles; any finite number of poles generates power behavior.

For all of these reasons—the treelike behavior in coupling (1/
√

N) and the mero-
morphy with an infinite number of meson poles—it is often speculated that a string
theory coincides with QCD in the extreme N → ∞ limit, and that the appropriate
duality we see for strong interactions is because N = 3 approximates N → ∞.

The OZI rule can by now be easily understood, at least for mesons. An OZI
forbidden process involves at least two closed quark loops and is hence suppressed
relative to an OZI-allowed process that has contributions from one closed quark
loop. For baryons, the 1/N expansion is more complicated [108, 109] and better
approached from chiral pion models, as we shall see.

Absence of exotic mesons (e.g., qqq̄q̄) can be seen by noticing that the only way to
make a quadrilinear in quark fields that is gauge invariant (color singlet) is to take
the product of two bilinears which are each color singlet; this is a simple property
of SU(N) for large N . Thus we may put

Q(x) = B ′
1(x)B ′

2(x) (6.158)

But now observe that in

〈
Q+(x)Q(y)

〉 = 〈
B ′ +

1 (x)B ′
1(y)

〉〈
B ′ +

2 (x)B ′
2(y)

〉
+ 〈

B ′ +
1 (x)B ′

2(y)
〉〈
B ′ +

2 (x)B ′
1(y)

〉
+ 〈

B ′ +
2 (x)B ′ +

1 (y)B ′
1(y)B ′

2(y)
〉

(6.159)
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the third term is suppressed by 1/N compared to the first two terms, which
physically mean independent propagation of two nonexotic mesons. Thus, exotic
mesons are suppressed by 1/N .

All of these attractive observations can be exhibited explicitly in QCD with N →
∞ for two space–time dimensions [99, 100] a theory that can be solved almost
completely.

To complete the picture, we discuss the effective chiral meson Lagrangian for
large N QCD and how baryons are solitons (Skyrmions) in this weakly coupled
meson theory.

The point is that while at zero temperature the SU(Nf )L ×SU(Nf )R chiral sym-
metry of QCD for Nf flavors is realized in the Nambu–Goldstone mode with mass-
less pseudoscalar bosons in an octet for Nf = 3, we expect at high temperature the
realization in the Wigner–Weyl mode, implying a “chiral” phase transition from
broken to unbroken phase of this symmetry. This may be studied by looking at
QCD from the viewpoint of the Landau theory, precisely analogous to the Landau–
Ginzburg effective theory of superconductivity, which is an effective theory gener-
ated by the BCS microscopic theory.

Of course, calculation of the parameters in the effective theory from the underly-
ing QCD theory is highly nontrivial.

The natural choice of order parameter is the 3 × 3 complex matrix

Mij (x) =
n∑

α=1

ψ̄a
i

1

2
(1 + γ5)ψ

α
j (x) (6.160)

The simplest Lagrangian for M(x) incorporating the relevant symmetries is

L = a Tr
(
∂µM∂µM+) + b Tr

(
M+M

) + c Tr
(
MM+MM+)

+ d Tr
(
MM+)2 + e ln det M (6.161)

The last term violates the axial U(1) symmetry as required by the anomaly

∂µJL,R
µ = ±g2

N

1

64π2
Tr(FµνFµν) (6.162)

and hence the coefficient e is O(1/N). It is the η′ mass term, and hence the η′
mass is of order 1/N relative to the pseudoscalar octet.

To make this clearer we may write M = HeiφU , where U is unitary and H is the
M vacuum expectation—determined by the coefficients b, c, and d in Eq. (6.161)—
in the Nambu–Goldstone phase. Now φ is the η′ field (φ = ln det M) and the πa

pion octet is contained in

U(x) = exp

[
2iπa(x)λa

Fπ

]
(6.163)

The massless bosons have Lagrangian
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L = 1

16
F 2

π∂µU∂µU+ (6.164)

= Tr(∂µπ∂µπ) + 1

F 2
π

Tr
(
∂µπ2∂µπ2) + · · · (6.165)

where we have exploited the crucial fact that F 2
π ∼ N . To see this, consider the

correlation function

G(x) = 〈
jf
µ (x)j5

µ(0)
〉

(6.166)

where j5
µ = ψ̄γµγ5ψ is the axial current. At large distances only the lightest meson

intermediate state survives, giving

G(x) ∼ ∣∣〈π |j5
µ(0)|0〉∣∣2

e−mπ x (6.167)

∼ N (6.168)

because the leading contribution has only one quark loop, as we have seen. Thus

F 2
π ∼ ∣∣〈π |j5

µ(0)|0〉∣∣2 ∼ N (6.169)

as required, and mπ in Eq. (6.167) is N independent. The chiral model of Eq. (6.165)
has been used successfully in strong interactions (e.g., Ref. [110]).

In the large N limit, baryon mass goes like N [108], as can be expected from the
one-gluon exchange energy behaving as 1

2N(N − 1) · (g2/N), since the coupling is
g/

√
N . This is suggestive of a nonperturbative soliton in the chiral theory whose

coupling is ∼ (1/N). However, keeping only the Lagrangian in Eq. (6.161) allows
no static soliton solutions, and one needs higher derivative terms. In 1961, Skyrme
[111] considered the model

L = F 2
π

16π2
Tr

(
∂µU∂µU+) − 1

32e2
Tr

[
∂µUU+, ∂νUU+]2 (6.170)

and showed that this contains topological entities (Skyrmions) which might be
identified with baryons. The value of U(x) tends to a constant for large x in the
broken symmetry phase where SU(3)L × SU(3)R → SU(3)L+R , so we are, at fixed
time, mapping S3 into SU(3) using π3(SU(3)) = Z, allowing a definition of baryon
number by

B = i

24π2

∫
dx Tr

(
εijk∂iUU+∂jUU+∂kUU+)

(6.171)

The Skyrmion solution with B = 1 has the form

U(x) = exp
[
ix̂ · σf (r)

]
(6.172)

with f (r) behaving as in Fig. 6.13, such that f (0) = π , f (∞) = 0.
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Figure 6.13 Behavior of f (r).

Further, more recent examination [112–116] has shown that the Skyrmions are
fermions only for N = odd (e.g., N = 3) [113] and has even given some qualitative
agreements [114] with the baryon spectrum observed.

6.6
Lattice Gauge Theories

Because of the peculiar feature of the color force that it is weak at short distance
and strong at large distance, we need a quite different approach to examine QCD
at low energy. Such an approach is fortunately provided by the lattice method of
regularization suggested in 1974 by Wilson [117]. One treats QCD on a discretized
Euclidean four-space–time, similarly to the statistical treatment of many-body sys-
tems. Confinement is automatic on the lattice, and numerical studies in 1979 by
Creutz [118–120] made very plausible that no phase transition interrupts the con-
nection from strong-coupled confinement to weak-coupled asymptotic freedom.
The numerical studies allow one to relate the QCD scale (�) to the string tension
between quarks, to the mass gap (or glueball mass), and even to hadron masses.
The limit is not now experimental accuracy (as it is for perturbative QCD and e+e−
annihilation), but the size and speed of electronic computers. Our treatment will
be a brief overview—detailed reviews are available (e.g., Refs. [121] and [122]).

The continuum formulation we wish to regularize is that in Euclidean space–
time (time t → it) with action S(φ) depending on fields φ and certain masses m

and couplings g. The quantum expectation value of observable O(φ) is

〈
O(φ)

〉 = Z−1
∫

DφO(φ)e−S(φ) (6.173)
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where

Z =
∫

Dφe−S(φ) (6.174)

is the vacuum-persistence amplitude, analogous to the partition function in the
statistical formulation of a thermodynamic system. At the end we may wish to
continue 〈O(φ)〉 back to Minkowski space–time.

Consider a hypercubic space–time lattice with sites labeled by n and basis vectors
µ (1 � µ � 4) of length a, the lattice spacing. Before discussing gauge fields, we
shall warm up with matter fields. The action for free scalars

S =
∫

d4x

[
1

2
(∂µφ)2 + 1

2

(
m2φ2)] (6.175)

becomes

S = a4
∑
n,µ

(
φn+µ − φ2

n

2a2
+ m2

2
φ2

n

)
(6.176)

The lattice sites n = a(n1, n2, n3, n4), where ni are integers satisfying −N/2 <

ni � +N/2 on an N4 lattice with the identification of ni with (ni + N) for periodic
boundary conditions. N provides an infrared cutoff just as the lattice spacing (a)

provides an ultraviolet cutoff.
The integral in Eq. (6.173) now becomes an ordinary multiple integral according

to

Dφ →
∏
n

dφn (6.177)

The partition function becomes

Z =
∫ ∏

n

dφne
−S =

(
det

M

2π

)−1/2

(6.178)

where M is defined by

S = φmMmnφn (6.179)

To gain familiarity, and to savor the resemblance to solid-state theory, we take the
lattice Fourier transform of any fn to be

fk =
∑
n

fne
2πikµnµ/N (6.180)

with inverse

fn = n−4
∑

k

fke
−2πikµnµ/N (6.181)
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Using relations such as

∑
n

f ∗
n+µgn = N−4

∑
k

f∗
k qke

2πikµ/N (6.182)

we may rewrite the kinetic energy term in Eq. (6.176) as

a4
∑
n,µ

(
φ∗

n+µφn+µ + φ∗
nφn − φ∗

n+µφn − φ∗
nφn+µ

)

= a2

2N4

∑
k,µ

(
2 − 2 cos

2πkµ

N

)
|φ̃k|2 (6.183)

and hence the full action is

S = a4N−4
∑

k

1

2
Mk|φ̃|2 (6.184)

Mk = m2 + 2a−2
∑
µ

(
1 − cos

2πkµ

N

)
(6.185)

Consider now the scalar propagator. It is given by

〈φmφn = (
M−1)

mn
= 1

a4N4

∑
k

M−1
k e2πik·(m−n)/N (6.186)

Taking the limit N → ∞ and setting

qµ = 2πkµ

aN
(6.187)

1

a4N4

∑
k

→
∫

d4q

(2π)4
(6.188)

xµ = −an(mµ − nµ) (6.189)

gives

〈φmφn〉 =
∫ +π/a

−π/a

d4q

(2π)4

e−iq·x

M2 + 2a−2
∑

µ(1 − cos qaµ)
(6.190)

If we take the lattice spacing to zero, then by expanding the cosine we regain the
continuum propagator from Eq. (6.190).

If we follow the parallel steps for a spin- 1
2 field, we encounter what is called

the “fermion-doubling” problem: In fact, on a four-dimensional hypercubic lattice,
a direct treatment leads to 16 replicas of the continuum fermion. Let us see how
this happens and how it has been handled.
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The action for free fermions

S = ψ̄(/∂ + m)ψ (6.191)

leads to

Mk = m + i

a

∑
µ

γµ sin
2πkµ

N
(6.192)

and to the propagator

〈ψmψ̄n〉 =
∫ +π/a

−π/a

d4q

(2π)4

e−iq·x

m + (i/a)
∑

µ γµ sin aqµ

(6.193)

Equation (6.193) for fermions has a problem not shared by Eq. (6.190) for scalars.
If we take the limit a → 0 in Eq. (6.193), there are contributions from the integral
end point. To proceed we put qµ = qµ − π/a and rewrite (for each dimension)

∫ +π/a

−π/a

dqµ =
∫ +π/2a

−π/2a

dqµ +
∫ +π/a

−π/a

dqµ (6.194)

Each piece of the integration region gives a free fermion propagator in the con-
tinuum limit, so we have 24 = 16 “flavors” of fermion. Clearly, this is intimately
related to the fact that the field equation is first order rather than second order. It
may also be understood in terms of the triangle anomaly—a single chiral fermion
gives an anomaly in the continuum theory which must be canceled in the lattice
version, where the ultraviolet divergence is regulated; the lattice achieves this by
generating pairs of fermions with opposite chirality [123]. Only one pair would be
necessary for this, however, and the large number 16 is due to the choice of a hy-
percubic lattice; a minimum of two flavors has also been deduced by Nielsen and
Ninomiya considering a general lattice [124].

To avoid this species doubling, the most common procedure is due to Wilson
[125], who modified the action to give

Mk = m + i

a

∑
µ

γµ sin aqµ + r

a

∑
µ

(1 − cos aqµ) (6.195)

Here r is a free parameter. For qµ near zero the extra term is of the order of the
lattice spacing and does not affect the continuum limit. For qµ near π/a the new
term leads to

i/q +
(

m + 2r

a

)
(6.196)

and so acts like a mass term (2r/a). This breaks chiral symmetry even when m = 0
and hence raises a problem in studying chiral properties of QCD. One may also try
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to remove the large qµ components by distributing different spinor components
on different lattice sites, making effectively smaller sublattices [126, 127].

Now consider a pure Yang–Mills theory with gauge group G. When we recall that
quantities such as

φ+(x + dx)eig
∫

aα
µτα dxµφ(x) (6.197)

are locally gauge invariant in the continuum theory, it is natural to think of gauge
transformations as transport operators and to associate independent matrices Uij

belonging to G with each link of the lattice between nearest-neighbor sites.
The link is oriented and we clearly need

Uji = U−1
ij (6.198)

Under a gauge transformation, the matter fields transform as

φi → Giφi (6.199)

while for the transport operators,

Uij → GiUijG
−1
j (6.200)

so that φ+
j Ujiφi is gauge invariant.

Now consider a path (γ ) through the lattice i1 → i2 → · → iN . The correspond-
ing transport operator

Uj = UiN iN−1UiN−1iN−2 · · · Ui2i1 (6.201)

transforms as

Uj → GiN UjG
−1
i1

(6.202)

In particular, consider a closed path (λ) with operator Uλ, which transforms as

Uλ → Gi1UλG
−1
i1

(6.203)

This means that the trace of Uλ is gauge invariant:

Wλ = Tr(Uλ) (6.204)

This is called a Wilson loop [117].
The field strength tensor Fα

µν of the continuum theory corresponds to a curl and
hence a line integral around a small closed contour. Thus consider the path around
an elementary square or plaquette (P ) of the hypercubic lattice

UP = Ui1i4Ui4i3Ui3i2Ui2i1 (6.205)
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For SU(N) we define the lattice action for a plaquette as

SP = 1

g2

[
1 − 1

2N
Tr(UP )

]
(6.206)

and the action for the full finite lattice is then

S =
∑
P

SP (6.207)

The continuum limit of the classical action is easily seen to be

S =
∫

d4x

(
−1

4
Fα

µνF
α
µν

)
(6.208)

For example, with SU(2), we may write

Uji = exp

(
igAα

µ

σα

2
a

)
(6.209)

= 1 cos θji + iσ · nij sin θji (6.210)

where

θji = 1

2
ga

∣∣Aα
µ

∣∣ (6.211)

Similarly for the plaquette

UP = exp

(
igaFα

µν

σα

2

)
(6.212)

= 1 cos θP + iσ · nP sin θP (6.213)

where

θP = 1

2
ga2

∣∣Fα
ν

∣∣ (6.214)

For the plaquette action we take

1

g2

(
1 − 1

2
cos θP

)
= 1

g2

[
1 − 1

4
Tr(UP )

]
(6.215)

and then in the sum of Eq. (6.207) replace

a4
∑

→
∫

d4x (6.216)

to obtain Eq. (6.208) as the continuum limit.
There are three remarks concerning the lattice S:
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Figure 6.14 Wilson loop.

1. The action regularized by the lattice is gauge invariant, and because it involves
a finite sum, no gauge fixing is necessary. On the lattice we can forget about, for
example, Faddeev–Popov ghosts.

2. Because the basic dynamical variables are finite group elements (Uij ), we may
equally consider discrete gauge groups. Indeed, the study of, for example,
ZN gauge groups has played a significant role in the history of this subject
[128, 129].

3. The choice of hypercubic lattice is only for convenience but is almost universally
used in applications. The idea of a lattice with random sites [130–132] has been
proposed with a view to retaining perhaps more of the rotational and Lorentz
symmetry properties which are exact in the continuum.

Our next topic is the strong-coupling expansions of the lattice gauge theory. Let
us consider SU(N) with matter fields (quarks) in the defining representation, and
consider the vacuum expectation of a Wilson loop, Wλ. We take the quarks as ex-
ternal sources ψ(x) and consider the quantity

〈
ψ̄(x)�ψ(x)ψ̄(0)�ψ(0)

〉
λ

(6.217)

corresponding to creation of a quark–antiquark pair later annihilating at x

(Fig. 6.14). When we quantize we make the weighted average of the Wilson loop
operator Wλ:

Wλ = exp

[
ig

∫
γ

Aµ(x) dSµ

]
(6.218)

which on the lattice is a sum of the form

exp

[∑
γ

(±)θij

]
(6.219)

This sign is (±) according to the direction of each link. Inserting in the discretized
version of Eq. (6.173) with the action S given by Eq. (6.207), we have

〈Wλ〉 = Z−1
∏
i,j

∫ +π

−π

dθij exp

[
i
∑
γ

(±θij ) + 1

g2

∑
P

(
1 − 1

2
cos θP

)]
(6.220)
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Figure 6.15 Tiling of Wilson loop.

Z =
∏
i,j

∫ +π

−π

dθij exp

[
1

g2

∑
P

(
1 − 1

2
cos θP

)]
(6.221)

Now expand [Z〈Wλ〉] in powers of (1/g2)

Z〈Wλ〉 =
∞∑

k=0

W
(k)
λ

(
G2)−k (6.222)

The zeroth-order term is

W
(0)
λ =

∏
i,j

∫ +π

−π

dθij exp

[
i
∑
γ

(±θij )

]
(6.223)

which vanishes since∫ +π

−π

dx exp(±ix) = 0 (6.224)

The next term (k = 1) will also vanish by periodicity unless λ is precisely a single
plaquette. It is clear that the first nonvanishing term will be where we may “tile” the
Wilson loop with elementary plaquettes (Fig. 6.15). This occurs when k = A/a2,
A being the minimal area enclosed by the path λ; all the interior links cancel in
this term because they each occur twice, once in each direction. This we find that

〈Wλ〉 ∼ exp

(
−A ln g2

a2

)
(6.225)

This area law is the signal for confinement due to a linear potential. Consider a
rectangular loop λ; then for a linear potential, we expect an action ∼ KRT, where
K is the string tension, parallel to that of string models (e.g., Ref. [133]).

Higher terms in 1/g2 correspond to different evolutions of the “string” for a
given path γ where the area of the “world sheet” is nonminimal. For large g2, there-
fore, we have a confining theory, and we may picture the field lines between quark
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and antiquark bunched together into a confining string rather than a Maxwellian
inverse-square distribution.

For the continuum limit of Eq. (6.225), we need to keep

ln g2

a2
= constant (6.226)

to avoid a singularity, but this requirement is inconsistent with the g2 � 1 as-
sumption already made. Thus we cannot take the continuum limit after making
the strong-coupling expansion.

This is actually very fortunate because the confining picture we have reached
in the strong-coupling expansion on the lattice holds for the Abelian case like
QED and we know that QED does not confine electrons! Thus, the whole issue
of whether QCD confines hinges on whether we can connect smoothly between
the strong-coupling regime and the scaling regime of weak coupling. There must
be no intervening phase transition. There must be one is QED. These were the
speculations of Wilson [114], who provided, however, no supporting evidence in
1974. Such evidence came later from Monte Carlo simulations, which attempt to
connect the strong-coupling regime to the scaling regime.

Let us discuss the continuum limit of the quantum theory. As a → 0, the cou-
pling must be renormalized in a very specific way. First and foremost, the limit
must correspond to a scaling critical point as follows. Let qi by physical observ-
ables with dimension (−di) in length. Then

q1 = a−d1f1(g) (6.227)

q2 = a−d2f2(g) (6.228)

and so on. For correlation lengths l1,

l1 = af1(g) (6.229)

a2 = af2(g) (6.230)

and so on. Putting a → 0 will not give a meaningful limit unless all fi(g) → ∞
(di > 0) or → 0 (di < 0). It is not obvious that this is possible; it requires g to
approach a critical point g = gcr as a → 0.

Introducing a mass scale �L associated with the lattice regularization, we may
set

a = 1

�
f (g) (6.231)

and f (g) must set, by universal scaling, all the fi(g) according to

fi(g) � ci

(
f (g)

)di (6.232)
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This can be seen from the fact that

a(g) � q
−1/di

i fi(g)1/d (6.233)

for all i, as g → gcr. Also,

qi = ci�
di (6.234)

The function f (g) follows from our knowledge that

−a
dg

da
= +β1g

3 + β2g
5 + O

(
g7) (6.235)

where β1 and β2 are the one- and two-loop β-function coefficients derived in Chap-
ter 5. For SU(3),

β1 = 11

16π2
(6.236)

β2 = 102

(16π2)2
(6.237)

To two loops the solution of Eq. (6.235) is easily seen to be

(�La) = f (g) = exp

(
− 1

2β1g2

)(
g2β1

)β2/2β1 (6.238)

The lattice scale �L can be related to the scale � evaluated phenomenologically in
deeply inelastic scattering [134, 135]. Note that the correct relation between g and
a is not at all as suggested by Eq. (6.226), where we interchanged strong-coupling
and continuum limits.

There remains the problem of connecting up the strong-coupling and scaling
regions. This cannot be done analytically. Also, it cannot be done exactly even for a
104 lattice, for example, because even with gauge group Z2, the number of links is
40,000 (number of links = d × number of sites in d dimensions), and the number
of terms in the partition function is

240,000 � 1.58 × 1012041 (6.239)

It will never be possible to add this number of terms exactly! Thus we must ap-
proximate by a stochastic procedure which selects a large sample of configurations
with probability distribution proportional to exp(−S); the exact quantum average
in Eq. (6.173) is approximated by averages taken over the large sample of configu-
rations. This is called a Monte Carlo simulation because it involves selection of a
random number in a fashion similar to that of a roulette wheel.

In a Monte Carlo simulation, one begins with some configuration C(1) and gen-
erates by some procedure configurations C(2), . . . , C(k) such that as k grows, the
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probability approaches exp[−S(C)]. If after n0 steps we are sufficiently near the
limit, a quantum average may be approximated by

〈0〉 = 1

n

n0+n∑
k=n0+1

O
(
C(k)

)
(6.240)

Let p(C → C′) be the transition probability matrix. Then the Boltzmann distri-
bution exp[−S(C)] must be an eigenvector of this matrix. A sufficient (but not
necessary) condition for this is detailed balance

p(C → C′)
p(C′ → C)

= e−S(C′)

eS(C)
(6.241)

If we use the stochastic property

∑
C′

p(C − C′) = 1 (6.242)

it follows from Eq. (6.241) that

∑
C

e−S(C)p(C → C′) = eS(C′) (6.243)

as required.
The detailed procedure most frequently used is that of Metropolis et al. [136].

One starts with some symmetric distribution

p0(C → C′) = p0(C
′ → C) (6.244)

and considers a change to C′ from C by it, with the corresponding change in action

�(S) = S(C′) − S(C) (6.245)

A random number (r) is chosen (roulette wheel) between 0 and 1. Then of r < e�S ,
the change in configuration is accepted; otherwise, it is rejected. That is, the new
configuration is accepted with conditional probability e−�S . If �S is negative, the
change is always accepted.

This algorithm satisfies the detailed balance condition since

p(C → C′)
p(C′ → C)

= p0(C → C′)
p0(C′ → C)

e−�S = e−S(C′)

e−S(C)
(6.246)

Using the Metropolis procedure, one systematically upgrades each link Uij through
the lattice (one “iteration”). It often saves time to upgrade each link several times
since the rejection rate is high; this is the improved Metropolis algorithm. An infi-
nite number of upgrades per link is the heat bath method, but this is usually too
slow. A large number of iterations is made until the relevant quantum average is
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stabilized. The simplest and perhaps most fundamental calculation is of the string
tension. Considering (R × T ) rectangular Wilson loops, one may calculate [120]

x = ln
W(R, T )W(R − 1, T − 1)

W(R − 1, T )W(R, T − 1)
(6.247)

which cancels all perimeters and constant pieces in the action, leaving only the
string tension x in the strong-coupled domain. More generally,

W(R, T ) → exp
[−E0(R)T

]
(6.248)

where T → ∞, where E0(R) is the minimum energy state, and hence

s = a2 dE0(R)

dR
(6.249)

gives the force between quarks for all R.
In this way, one can examine whether there is a phase transition between strong

and weak coupling. By successively heating up, starting from temperature zero (all
Uij = 1), then cooling down from infinite temperature (all Uij = random), the
appearance of hysteresis signals a phase transition. In 1979, Creutz [118] showed
convincingly that whereas SU(2) in d = 5 dimensions and SO(2) in d = 4 dimen-
sions did show hysteresis, SU(2) in d = 4 did not. Instead, the d = 4 SU(2) case
showed no structure except a rapid crossover from strong to weak coupling. These
results are shown in Fig. 6.16. The lattice size used there was an amazingly small
54 for d = 4 and 45 for d = 5.

A next step [119, 120] was to relate the string tension at strong coupling known
from Regge slopes to be about (400 MeV)2 [or (14 tons)2] to the scale �L and hence
[134, 135] to �MS. The result was �MS � 200 ± 35 MeV, in agreement with the
value derived from perturbative calculations of scaling in semihadronic processes.

Many efforts have been made (e.g., Refs. [137–141]) to establish the mass gap of
pure QCD (i.e., the lightest glueball mass). This involves studying the correlation
function

G(x) = 〈
O(x)O(0)

〉 − 〈
O(x)

〉〈
O(0)

〉
(6.250)

x
∼−→ ∞e−m|x| (6.251)

for appropriate local operators O(x), where m is the lightest glueball mass. Results
suggest that m is around 1.5 GeV.

Finally, and most significantly, since the experimental data are the best quality,
there are the hadron masses [141–146]. Again one studies correlation functions
such as Eq. (6.250) where the local operator is, for example, O(x) = ψ̄(x)γµψ(x)

for a vector meson. In such computations, virtual quark loops are difficult to handle
and often ignored. Nevertheless, the results for meson and baryon masses (with
quark masses as input) agree with experiment to within a few percent.
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Figure 6.16 (a) SU(2) in d = 5; (b) SU(2) in d = 4; (c) SO(2)

in d = 4. [After M. Creutz, Phys. Rev. Lett. 43, 554 (1979).]

6.7
Summary

There remains no doubt that QCD is the correct fundamental theory of strong
interactions up to energies of 100 GeV. The frustration is in finding a single pre-
diction that is reliable to better than 0,1% accuracy. To some extent we have been
spoiled by the spectacular success of QED, where (g − 2) agrees to 1 part in 1010.

Nature has nevertheless been generous to the theorist since the asymptotically
free regime of perturbative QCD sets in at very low scales Q2 � (2 GeV)2. Also,
lattice QCD with very small lattices having only 104 sites (or even less) works better
than one might reasonably expect.
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It may be some time before extremly high precision comparison of QCD to ex-
periment becomes commonplace. One needs more accurate and higher-energy ex-
perimental data and much larger and faster electronic computers to improve on
estimations of hadron masses and other static properties.

The area of “hadronic physics” is now a large research field. Although not ger-
mane to discovering new fundamental laws of physics, it is comparable to nuclear
physics. The role of protons and neutrons in the nuclei are replaced in it by the
next level: quarks and gluons as constituents of mesons and baryons.
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7
Model Building

7.1
Introduction

In the first edition, it seemed logical at that time (1986) to include a final chapter
on the subject of grand unification. That idea was first proposed in the 1970s and
became very popular in the first half of the 1980s. Since the principal prediction
of grand unification, proton decay, remains unconfirmed, I have decided to step
back in the final chapter of the second edition and look first at what puzzles are
presented by the standard model, then give examples of motivated and testable
models that address some of the issues. For this third edition, I have extended this
further to include an additional chapter, Chapter 8, on model building.

In Section 7.2 the questions posed by the theory are listed; this provides a work-
sheet for the model builder aiming to go beyond the established theory. We then
present four illustrative examples which may inspire the reader to try to make fur-
ther examples and perhaps find the correct high-energy theory. It should be obvious
that more data are needed at present (2008) to discriminate between possibilities
and the LHC will likely provide these. In Section 7.3 the left–right model is dis-
cussed based on the notion that parity may be restored as a symmetry at high
energy. In Section 7.4 we describe chiral color theory, where the strong interac-
tion QCD undergoes a spontaneous breaking analogous to that of the electroweak
theory. In Section 7.5 a possible explanation for the occurrence of three families
is offered by the 331-model. In Section 7.6 we use inspiration from the duality
between string theory and field theory to study the possibility that the strong and
electroweak interactions become conformal at TeV energies. This last topic is dis-
cussed more fully in Chapter 8.

7.2
Puzzles of the Standard Model

The standard strong/electroweak theory (SM) has successfully fit all reproducible
data. The model was built in the 1960s by Glashow [1] Salam [2], and Weinberg [3].



298 7 Model Building

It was shown to be renormalizable by ’t Hooft in 1971 [4]. Its experimental verifi-
cation was already in excellent shape by the time of the 1978 Tokyo Conference [5].
The W± and Z0 were discovered in 1983. From 1983 until the present there have
been various ambulances to chase, where data disagreed with the SM, but further
data analysis has so far always rescued the SM.

Nevertheless, the SM has its own shortcomings and incompleteness, which moti-
vate model-building “beyond the SM.” A good starting point is to examine critically
the large number of parameters that must be fit phenomenologically in the SM.

The gauge sector of the SM is based on the group

SU(3)C × SU(2)L × U(1)Y (7.1)

and includes 12 gauge bosons with 24 helicity states.
The fermions occur in the three families taking massless neutrinos

(
u

d

)
L

ūLd̄L

(
νe

e

)
L

ēL (7.2)

(
c

s

)
L

c̄Ls̄L

(
νµ

µ

)
L

µ̄L (7.3)

(
t

b

)
L

t̄Lb̄L

(
ντ

τ

)
L

τ̄L (7.4)

It requires 45 fields to describe these fermions. The scalars are in the complex
doublet(

�+

�0

)
(7.5)

with four fields. The total number of fields in the SM is therefore 73. Perturbatively,
the baryon and lepton numbers B and L are conserved and the neutrino masses
are vanishing M(νi) = 0.

As a model builders’ worksheet, we can list the 19 parameters of the SM:

6 Quark masses
3 Lepton masses
3 Mixing angles θi

1 Phase δ

1 QCD �̄

3 Coupling constants
2 Higgs sector

19 Total

The first 12 parameters may be addressed by horizontal symmetries, the next two
are associated with models of CP violation, and the three couplings can be related,
for example, in grand unification. The two Higgs parameters—the Higgs mass and
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the magnitude of its quartic self-coupling (which sets the size of the weak scale)—
need an even bigger theoretical framework.

There are other questions unanswered in the SM framework, such as:

1. Why are there three families?
2. Why use SU(3) × SU(2) × U(1)?
3. Why are there the particular fermion representations?
4. Is the Higgs boson elementary?

Model building beyond the SM is simultaneously:

1. Trivial mathematically in the sense that the rules for building renormalizable
gauge field theories have been well known since 1971.

2. Impossible physically since in the absence of experimental data departing from
the SM, how can one discriminate between models?

Supersymmetry. The most popular model beyond the SM in unquestionably su-
persymmetry. Its motivation is to ameliorate (not solve) the gauge hierarchy prob-

lem—that, assuming a desert up to ∼1016 GeV, nothing stabilizes the ratio
(MW /MGUT)2 ∼ 10−28. It is clearly testable by the prediction of a large number
of particles with masses below 1 TeV.

The models described here have their motivation outside supersymmetry. But
any renormalizable gauge theory can be promoted to an N = 1 globally supersym-
metric theory. The motivation for supersymmetry arises at present from mathe-
matical physics and not from phenomenology.

It does seem on aesthetic grounds that supersymmetry is likely to be used by
nature in its fundamental theory. The question is at what scale and how super-
symmetry is broken. It may, for example, be broken at the Planck scale, as in some
versions of supergravity and superstrings.

7.3
Left–Right Model

One of the simplest and most attractive extensions of the SM, also one of the oldest
[6–8], is the left–right model. It has two principal motivations: (1) to restore parity
at high energies and (2) to replace the assignment of weak hypercharge by the
assignment of the more familiar quantity (B − L), where B and L are baryon
number and lepton number.

The left–right model (sometimes called the Pati–Salam model) has definite testa-
bility. It predicts nonzero neutrino masses m(νi) �= 0. It predicts certain �B = 2
processes such as NN → pions. Also, there are �L �= 0 processes, such as neutri-
noless double beta decay (ββ)0ν .
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The fundamental theory is assumed to be parity symmetric. The electroweak
gauge group is promoted from

SU(2)L × U(1)Y (7.6)

to

SU(2)L × SU(2)R × U(1)B−L (7.7)

The usual relation between electric charge Q and SU(2)L,

Q = T3L + Y

2
(7.8)

becomes

Q = T3L + T3R + B − L

2
(7.9)

as can be seen easily by writing

(
u

d

)
R

1

2
Y =

( 2
3

− 1
3

)
=

(
T3R + B−L

2

T3R + B−L
2

)
(7.10)

Similarly,

(
N

e

)
R

1

2
Y =

(
0

−1

)
=

(
T3R + B−L

2

T3R + B−L
2

)
(7.11)

So we need to gauge the quantity (B − L) rather than the more perplexing weak
hypercharge Y .

The symmetry is broken in the stages

SU(2)L × SU(2)R × U(1)B−L × P (7.12)

MP−−→ SU(2)L × SU(2)R × U(1)B−L (7.13)

MWR−−−→ SU(2)L × U(1)Y (7.14)

MWL−−−→ U(1)Q (7.15)

It is often assumed that MP = MWR
. If there is a range where MP > µ > MWR

,
within it g2L �= g2R but WL and WR remain massless.

A minimal Higgs sector contains the scalars

�L(1, 0, +2) �R(0, 1,+2) �
( 1

2 , 1
2 , 0

)
(7.16)

For a range of parameters, this gives a P -violating minimum.
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For phenomenology, precision tests of the SM require that M(WR) and M(ZR)

be greater than 500 GeV. These lower bounds come from analysis of

p̄p → µ+µ− + X (7.17)

µ− → e−ν̄eνµ (7.18)

n → pe−ν̄e (7.19)

and so on.
(V − A) theory was prompted by m(ν) = 0 and γ5 invariance. The presence of

(V + A) is linked to m(ν) �= 0 by seesaw formulas such as

m(ν)e � m2
e

M(WR)
(7.20)

The NR state is necessary in the left–right model, just as in an SO(10) GUT.
It is natural to expect �L �= 0 Majorana masses and related processes such as

neutrinoless double beta decay (ββ)0ν , which has �L = 2, �B = 0.
Looking again at the formula

Q = T3L + T3R + B − L

2
(7.21)

and bearing in mind that for E � MWL
one has �I3L = 0 while always �Q = 0,

we see that the fact that �I3R is integer implies that |�(B − L)| is a multiple of 2.
Thus we expect not only processes with �L = 2 and �B = 0 as in the (ββ)0ν

already considered, but also processes with �L = 0 and �B = 2. To understand
these baryon-number violating processes, it is instructive to consider partial unifi-
cation to the group

SU(4)C × SU(2)L × SU(2)R (7.22)

[the Pati–Salam group, a subgroup of SO(10)]. Here the SU(4)C , where the lepton
number is the “fourth” color, is broken to SU(3)C × U(1)B−L. The B violating
processes are then seen to be, for example, NN̄ oscillations and processes such as
NN → n′s, induced by introducing a new scale of a few PeV. This multi-PeV scale
is consistent with nucleon stability because the relevant operator is dimension 10
rather than dimension 6 as in SU(5) GUTs.

In summary, the key features of the left–right model are:

1. Nonvanishing m(ν) might be interpreted as evidence for the L−R extension of
the SM.

2. �B = 2, �L = 0 processes are expected, as are (ββ)0ν , and so on.
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7.4
Chiral Color

There is a marked asymmetry in the SM between the strong color interactions,
which are described by an unbroken SU(3) gauge group, and the electroweak in-
teractions, described by a gauge group SU(2)×U(1) broken spontaneously at a few
hundred GeV (the weak scale) to the electromagnetic U(1).

Chiral color [9, 10] is a model where the strong interactions are more similar to
the electroweak interactions. The chiral color gauge group is SU(3)L × SU(3)R ,
broken at some scale (the simplest choice is the weak scale, although this is not
essential) to the diagonal subgroup color SU(3).

In this case quantum chromodynamics is a relic of a spontaneous breakdown
of a larger gauge group, and the breakdown leads to the existence of many new
fundamental particles, including especially the axigluon. The axigluon is a spin-1
massive particle which should weigh several hundred GeV and be visible as a jet–jet
resonance at hadron colliders. The fermion representation must be free of triangle
anomalies (see Chapter 3), and this requires the existence of additional fermions.
Aside from the familiar anomalies of the standard model there are potential new
anomalies of the form [SU(3)L]3 − [SU(3)R]3, and Q[SU(3)L]2 − Q[SU(3)R]2.
These anomalies can be avoided by a variety of tricks in which the SU(3) × SU(3)

assignments of quarks are juggled and in which fermions with exotic color quan-
tum number are introduced.

In Ref. [9] a list of anomaly-free fermion representations was presented and re-
produced here. The list of five cases was intended to be illustrative but not exhaus-
tive. The five models are very different from one another. However, there are three
common threads: the necessary existence of more than three families of quarks
and leptons, a massive octet of spin-1 hadrons (the axigluons) which are strongly
coupled to quarks, and a rich spectrum of scalar mesons required for symmetry
breaking.

Mark I. Here we simply let two of the four families transform under SU(3)L, the
other two under SU(3)R . Unlike the subsequent models, in Mark I the anomalies
are trivially canceled. Specifying the transformation behavior of left-handed chiral
fermions under [SU(3)L, SU(3)R, 0], we have four colored weak doublets:

2
[(

3, 1, 2
3

) + (
3, 1, − 1

3

)] + 2
[(

1, 3, 2
3

) + (
1, 3,− 1

3

)]
(7.23)

eight colored singlets which complete four quark families:

2
(
3̄, 1,− 2

3

) + 2
[(

3̄, 1, 1
3

) + 2
[(

1, 3̄, − 2
3

) + 2
(
1, 3̄, 1

3

)]]
(7.24)

and four charged leptons and their neutrinos.
This model is not chiral. The axigluon couples to

(ūγµu + c̄γµc + d̄γµd + s̄γµs) − (t̄γµt + h̄γµh + b̄γµb + l̄γµl) (7.25)
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where the fourth family includes a h(igh) and l(ow) quark. Mass mixing leads to
axigluon couplings to flavor-changing neutral currents. The angle φ connecting
the lighter two families to the heavier ones must be small. GIM violation in the ds

and cu systems is ∼ φ4, while in the bs and bd systems it is ∼ φ2.
A minimal set of scalar mesons includes φ(1, 1, 2), which can give mass to all

quarks and leptons, and φ(3, 3̄, 2), which breaks chiral color and provides mixing
between the heavier and lighter quark families.

Mark II. This model involves three conventional fermion families, an extra Q = 2
3

quark, and an SU(3) sextet fermion or quix. There are three colored weak doublets:

3
[(

3, 1, 2
3

) + (
3, 1, − 1

3

)]
(7.26)

eight colored weak singlets:

4
(
1, 3, − 2

3

) + 3
(
1, 3̄, + 1

3

) + (
3, 1, 2

3

)
(7.27)

a weak singlet quix:

(
6̄, 1, − 1

3

) + (
1, 6, 1

3

)
(7.28)

and three charged leptons and their neutrinos.
The quix plays an essential role for anomaly cancellation. The couplings of the

axigluon are flavor-diagonal. However, the high quark is primarily a weak singlet, so
that flavor violation in the uc sector can be mediated by the Z0. Such GIM violation
is suppressed by φ4, where φ measures the mass mixing of the high quark with the
u and c quarks. (Alternatively, GIM can be guaranteed by taking the quix to have
Q = − 2

3 and by assigning to the high quark the anomaly-canceling charge of − 13
3 .

This possibility may be too ugly to be taken seriously.)
In the scalar meson sector, two φ(3, 3̄, 2) are required, one with charges Q = 0, 1

and one with charges Q = 0,−1. In addition, there must be a φ(1, 1, 2) to provide
lepton masses and a φ(3, 3̄, 1) to give mass to the odd up quark. The quix can obtain
its mass from a neutral φ(6, 6̄) of scalar mesons, or through one-loop diagrams
involving VEVless φ(3, 1, 2) and φ(3, 1, 1) scalar mesons. The latter possibility is
more attractive since it presents a possible mechanism for quix decay.

Mark III. This is a four-family model with a quix involving four colored weak dou-
blets:

4
[(

3, 1, 2
3

) + (
3, 1, − 1

3

)]
(7.29)

eight colored weak singlets:

4
(
1, 3̄, − 2

3

) + 3
(
1, 3̄, + 1

3

) + (
3̄, 1, 1

3

)
(7.30)
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a weak singlet quix

(
6̄, 1, − 1

3

) + (
1, 6, 1

3

)
(7.31)

and four charged leptons and their neutrinos.
Couplings of the axigluon yield flavor-changing effects in the dsb sector since

one of the Q = − 1
3 quarks (presumably low) is treated differently from the others.

It is suppressed by φ4, where φ is a measure of the mass mixing of low with its
lighter cousins. The scalar mesons needed are the same as for Mark II except that
a φ(3, 3̄, 1) multiplet is not required.

Mark IV. This model involves fermions that transform under both SU(3) factors.
There are four colored weak doublets:

4
[(

3, 1, 2
3

) + (
3, 1, − 1

3

)]
(7.32)

eight colored weak singlets:

4
(
1, 3̄, 1

3

) + 2
(
1, 3̄, − 2

3

) + 2
(
3̄, 1, − 2

3

)
(7.33)

two dichromatic fermion multiplets:

2(3̄, 3, 0) (7.34)

and four charged leptons and their neutrinos.
The axigluon can produce flavor violation in the uc sector. The amplitude for

uc ↔ c̄u mixing is suppressed by φ4 where φ is a measure of mass mixing between
heavy and light Q = 2

3 quarks.
Two scalar φ(3, 3̄, 2) multiplets with different charges and a φ(1, 1, 2) suffice to

give mass to all ordinary quarks and leptons. A φ(3, 3̄, 1) which develops a VEV
will give masses to the exotic fermions. In particular, the color singlet in each (3, 3̄)

of fermions obtains just twice the mass as the corresponding color octet or quait.
Additional scalar multiplets [such as a φ(3, 1, 1)] will permit the eventual decay of
the quait, should this be necessary or desirable.

Mark V. This model is for the hard-core GIM addict. It involves five standard fam-
ilies and two species of exotic colored fermions. There are five colored weak dou-
blets:

5
[(

3, 1, 2
3

) + (
3, 1, − 1

3

)]
(7.35)

ten colored weak singlets;

5
(
1, 3̄,− 2

3

) + 5
(
1, 3̄, 1

3

)
(7.36)
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a quix:

(
6̄, 1, − 1

3

) + (
1, 6, 1

3

)
(7.37)

a dichromatic fermion multiplet:

(3̄, 3, 0) (7.38)

and five charged leptons and their neutrinos.
For this model, GIM is sacrosanct for all Yukawa couplings of the axigluons,

the Z0, and the scalar mesons of the Higgs sector, which must include just about
all the multiplets mentioned in Marks I through IV. It is possible [10] to make a
unified version of Mark V, using the group SU(4)6.

In chiral color many new particles are predicted. The axigluon affects the cal-
culations of upsilon decay [11] and the radiative corrections to e+e− annihilation
[12]. In particular, the axigluon should be visible in di-jet distributions at hadron
colliders as well as in a Jacobian peak for single jet cross sections [13]. At present
the lower bound [14, 15] on the axigluon mass is about 1 TeV. This implies that the
scale of breaking of chiral color must be higher than the weak scale.

7.5
Three Families and the 331 Model

The motivation for the 331 model lies in the explanation of three families. It testa-
bility arises from the prediction of new particles, particularly the bilepton.

In the SM each family separately cancels the triangle anomaly. A possible rea-
son for three families is that in an extension of the SM, the extended families are
anomalous but there is interfamily cancellation.

The three families must enter asymmetrically to set up the (+1 +1 −2) type of
anomaly cancellation. If we assume first that two families are treated symmetrically
(sequentially), then the −2 may be expected to arise from(

Q(u)

Q(d)

)
= −2 (7.39)

This is how it happens in the 331 model.
Take the gauge group

SU(3)C × SU(3)L × U(1)X (7.40)

and from it the standard SU(2)L is contained in SU(3)L while U(1)Y is contained
in both SU(3)L and U(1)X .
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The first family is assigned:
 u

d

D




L

ūLd̄LD̄L (7.41)

which involves a 3L of S(3)L with X = − 1
3 (in general, the X charge equals the

electric charge of the central component of any SU(3)L triplet) and three SU(3)L

singlets.
Similarly, the second family is assigned:

 c

s

S




L

c̄LsLSL (7.42)

where again the 3L has X = − 1
3 .

The third family is assigned differently from the first and second:
 T

t

b




L

T̄Lt̄Lb̄L (7.43)

Here the nontrivial SU(3)L representation is a 3̄L with X = + 2
3 .

In this 331 model, the leptons are treated more democratically, being assigned to
three 3̄L’s of SU(3)L, all with X = 0:

 e+
νe

e−





 µ+

νµ

µ−





 τ+

ντ

τ−


 (7.44)

In this arrangement of quarks and leptons, all anomalies cancel. Nontrivial inter-
family cancellations take place for (3L)3, (3L)2X, and X3. The number of families
must be a multiple of three, and indeed equal to three if one wishes to avoid the
“superfamily” problem, created by having a nontrivial multiple of the three fami-
lies.

The Higgs sector contains:

Triplets: φα(X = +1) φ′α(X = 0) φ′′ α(X = −1) (7.45)

Sextet: Sαβ(X = 0) (7.46)

The breaking of SU(3)L to SU(2)L gives rise to five massive gauge bosons by the
Higgs mechanism. One is a Z′ and the other four fall into two doublets under
SU(2)L, the bileptons (Y−−, Y−) and their charge conjugates (Y++, Y+).

The scale U at which the symmetry SU(3)L × U(1)X → SU(2)L × U(1)X

breaks has an upper bound for the following reason: The embedding needs
sin2 θW (MZ) < 1

4 . But sin2 θW (MZ) > 0.23 and increases through 0.25 at
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µ ∼ 3 TeV. So U must be appreciably below this to avoid a Landau pole gX → ∞.
This implies that M(Y−−, Y−), M(Q) < 1 TeV.

The heavy exotic quarks can be sought in the same way as top quarks were.
The bilepton can be seen in e+e− scattering in the backward direction and, most
strikingly, in the direct channel of e−e− scattering, where it appears as a sharp peak
in the cross section.

Bileptons were predicted earlier in an SU(15) grand unification scheme [16].
This unification has the motivation of avoiding proton decay and is testable by the
prediction of weak-scale leptoquarks. However, the 331 model has more elegance,
particularly with regard to anomaly cancellation.

The lower mass limit on the bilepton comes from polarized muon decay [17, 18]
and from muonium–antimuonium conversion searches. At the time of writing
(1999), the best limit comes from the latter experiment [19] and is M(Y−) >

850 GeV.

7.6
Conformality Constraints

The gauge hierarchy problem is a theory-generated problem of the very small ratio
M(W)/MGUT � 10−14, which typically arises in grand unified models. Of course,
if grand unification can be avoided, there is no hierarchy—the problem is nullified.
This is the situation in the conformality approach discussed in this section.

Until the late 1990s it was believed that a gauge theory in d = four space–time
dimensions could be conformal only in the presence of supersymmetry. For ex-
ample, N = 4 supersymmetric SU(N) Yang–Mills theory was shown in 1983 [20]
to be conformal for all finite N . The idea [21] that an N = 0 nonsupersymmetric
gauge theory could be conformal, and include the standard model, followed the
demonstration [22] of field-string duality. Although the field-string duality was de-
rived only for the N → ∞ limit, the fact that the conformality was already known
to survive to finite N in some (supersymmetric) cases led one to expect it to survive
to finite N in new examples, especially some without supersymmetry.

With such conformality as a guide to extending the standard model, the gauge
couplings cease to run above the conformality scale (here assumed to be a few
TeV) and there is no grand unification or gauge hierarchy problem. This is the
motivation for conformality, together with the aesthetic appeal of the absence of
infinite renormalization. The testability of conformality arises from the prediction
of many new particles, both fermions and scalars, at the TeV scale and producible
at the next generation of colliders.

Until 1997 there was no reason to believe that conformal fixed points exist in
gauge theories without supersymmetry in four space–time dimensions. Then it
was pointed out [22] that compactification of a 10-dimensional type IIB superstring
on a manifold (AdS)5 × S5 is of special interest in this regard; here (AdS)5 is five-
dimensional anti-DeSitter space and S5 is a five-sphere. On the four-dimensional
surface of (AdS)5 exists a gauge field theory with interesting properties. Its gauge
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group is SU(N) and arises from the coalescence of N D3-branes in the manifold.
The isotropy SO(6) ∼ SU(4) of the S5 becomes the R symmetry of N = 4 super-
symmetric Yang–Mills theory. The isometry SO(4, 2) of (AdS)5 is related to the con-
formal symmetry of the gauge theory in four dimensions. As already mentioned,
the conformal symmetry of N = 4 gauge theory was known for some time [20].

What is especially interesting is the ability to break supersymmetry by replacing
the manifold by an orbifold, in particular replacing S5 by S5/�, where � is a freely
acting discrete symmetry. The result, easy to derive, is that the breaking of the
N = 4 supersymmetries depends on the embedding of � in the SU(4) isotropy
of S5: If � ⊂ SU(2), there remains N = 2; if � ⊂ SU(3), it leaves N = 1;
and if � �⊂ SU(3), the gauge theory has N = 0. All such gauge theories, even
without supersymmetry, possess equality of numbers of fermions and bosons, and
this underlies their potential finiteness and, a stronger requirement, high-energy
conformality.

Now we can attempt to identify the content of chiral fermions and scalars in such
theories. Some details of the rules are presented in Refs. [21, 23–26].

The embedding of � is most simply illustrated for an abelian group Zp . The
action on the coordinates (X1, X2, X3) of the three-dimensional complex space C3

in which is the S5 can be written in terms of the three integers ai = (a1, a2, a3)

such that the action of Zp is

C3 : (X1, X2, X3)
Zp−−→ (

αa1X1, α
a2X2, α

a3X3
)

(7.47)

with

α = exp

(
2πi

p

)
(7.48)

The scalar multiplet is in the 6 of SU(4) R symmetry and is transformed by the
Zp transformation:

diag
(
αa1 , αa2 , αa3 , α−a1 , α−a2 , α−a3

)
(7.49)

together with the gauge transformation

diag
(
α0, α1, α2, α3, α4, α5) × αi (7.50)

for the different SU(N)i of the gauge group SU(N)p .
What will be relevant are states invariant under a combination of these two trans-

formations. If a1 + a2 + a3 = 0 (mod p), the matrix
 a1

a2

a3


 (7.51)

is in SU(3) and hence N � 1 is unbroken and this condition must therefore be
avoided if we want N = 0.
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If we examine the 4 of SU(4), we find that matter which is invariant under the
combination of the Zp and an SU(N)p gauge transformation can be deduced sim-
ilarly. It is worth defining the spinor 4 explicitly by Aq = (A1, A2, A3, A4), with
the Aq , like the ai , defined only mod p. Explicitly, we may define a1 = A1 + A2,
a2 = A2 + A3, a3 = A3 + A1, and A4 = −(A1 + A2 + A3). In other words,
A1 = 1

2 (a1 − a2 + a3), A2 = 1
2 (a1 + a2 − a3), A3 = 1

2 (−a1 + a2 + a3), and
A4 = − 1

2 (a1 + a2 + a3). To leave no unbroken supersymmetry we must obviously
require that all Aq are nonvanishing. In terms of the ai the condition that we shall
impose is

i=3∑
i=1

±(ai) �= 0 (mod p) (7.52)

The Zp group identifies p points in C3. The N converging D-branes approach all
p such points giving a gauge group with p factors:

SU(N) × SU(N) × SU(N) × · · · × SU(N) (7.53)

The matter that survives is invariant under a product of a gauge transformation
and a Zp transformation.

For the covering gauge group SU(pN), the transformation is

(
1, 1, . . . , 1; α, α, . . . , α; α2, α2, . . . , α2; . . . ;αp−1, αp−1, . . . , αp−1) (7.54)

with each entry occurring N times.
Under the Zp transformation for the scalar fields, the 6 of SU(4), the transfor-

mation is

∼ X ⇒ (
αa1 , αa2 , αa3

)
(7.55)

The result can conveniently by summarized by a quiver diagram [27]. One draws
p points and for each ak one draws a nondirected arrow between all modes i and
i + ak . Each arrow denotes a bifundamental representation such that the resultant
scalar representation is

k=3∑
k=1

i=p∑
i=1

(Ni, N̄i±ak
) (7.56)

If ak = 0, the bifundamental is to be reinterpreted as an adjoint representation
plus a singlet representation.

For the chiral fermions one must construct the spinor 4 of SU(4). The compo-
nents are the Aq given above. The resultant fermion representation follows from
a different quiver diagram. One draws p points and connects with a directed arrow
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the node i to the node i + Aq . The fermion representation is then

q=4∑
q=1

i=p∑
i=1

(Ni, N̄i+Aq ) (7.57)

Since all Aq �= 0, there are no adjoint representations for fermions. This completes
the matter representation of SU(N)p .

The conformality approach is that the gauge particles and the quarks and lep-
tons, together with some yet unseen degrees of freedom, may combine to give a
quantum field theory with nontrivial realization of conformal invariance. In such a
scenario the fact that there are no large mass corrections follows by the condition of
conformal invariance. In other words, ’t Hooft’s naturalness condition is satisfied:
namely, in the absence of masses there is an enhanced symmetry that is conformal
invariance. We thus imagine the actual theory to be given by an action

S = S0 +
∫

d4x αiOi (7.58)

where S0 is the Lagrangian for the conformal field theory in question and the Oi

are certain operators of dimension less than four, breaking conformal invariance
softly. The αi represent the mass parameters. Their mass dimension is 4 − �i ,
where �i is the dimension of the field Oi at the conformal point. Note that the
breaking should be soft, in order for the idea of conformal invariance to be relevant
for solving the hierarchy problem and the cosmological constant problem. With
conformal invariance the vacuum energy can have only one value, zero, and suffi-
ciently soft breaking should preserve this value. This requires that the operators Oi

have dimension less than four.
Let M denote the mass scale determined by the parameters αi . This is the scale

at which the conformal invariance is broken. In other words, for energies E � M

the coupling will not run while they start running for E < M . We will assume that
M is sufficiently near the TeV scale to solve the hierarchy problem using conformal
invariance.

The details of the conformal symmetry breaking are important to study further
because (1) the prediction of dimensionless ratios in the standard model, such as
mass ratios and mixing angles, are predicted before conformal breaking by purely
group theoretical reasoning, since there is no flexibility in the Yukawa and quartic
Higgs couplings, but then depend on the specific pattern assumed for conformal
symmetry breaking, and (2) the cosmological constant is vanishing before con-
formal symmetry breaking and may remain so if the symmetry breaking is suffi-
ciently mild.

We would like to discuss how the SU(3) × SU(2) × U(1) standard model can be
embedded in the conformal theories under discussion. In other words, we consider
some embedding

SU(3) × SU(2) × U(1) ⊂
⊗

i

SU(Ndi) (7.59)
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in the set of conformal theories discussed in Section 7.3. Each gauge group of the
standard model may lie in a single SU(Ndi) group or in some diagonal subgroup
of a number of SU(Ndi) gauge groups in the conformal theory. The first fact to
note, independent of the embeddings, is that the matter representations we will
get in this way are severely restricted. This is because in the conformal theories we
have only bifundamental fields (including adjoint fields), and thus any embedding
of the standard model in the conformal theories under discussion will result in
matter in bifundamentals (including adjoints), and no other representation. For
example, we cannot have a matter field transforming according to representation
of the form (8,2) of SU(3) × SU(2). That we can have only fundamental fields or
bifundamental fields is a strong restriction on the matter content of the standard
model, which in fact is satisfied, and we take it as a check (or evidence!) for the
conformal approach to phenomenology. The rigidity of conformal theory in this
regard can be compared to other approaches, where typically we can have various
kinds of representations.

Another fact to note is that there are no U(1) factors in the conformal theories
[having charged U(1) fields is in conflict with conformality], and in particular the
existence of quantization of hypercharge is automatic in our setup, as the U(1) has
to be embedded in some product of SU groups. This is the conformal version of
the analogous statement in the standard scenarios to unification, such as SU(5)

GUT.
This approach is examined in more detail in Chapter 8.

7.7
Summary

The standard model, although exceptionally successful in comparison with all
high-energy data up to energies of 100 GeV, leaves several very fundamental ques-
tions unanswered. We have illustrated model building beyond the standard model
by examples that are motivated by explanation of certain of these puzzling features.

The left–right model leads to the restoration of parity symmetry at high energy.
It also leads to the gauging of the difference (B − L) rather than the more obscure
weak hypercharge. Tests of the left–right model include neutrino masses and the
occurrence of various B and L violating processes.

In chiral color theory, the manner in which the color and electroweak interactions
are treated so differently in the standard model is addressed. In this theory the color
interaction, like the electromagnetic interaction, arises from spontaneous breaking
of a large gauge group; this leads to the prediction of an octet of massive axigluons.

One of the most striking unexplained features of the standard model is surely
the replication, three times, of the fermion families. In the 331 model, this arises
from the cancellation of chiral anomalies between the families. One prediction of
this model is the existence of bileptonic gauge bosons.

Finally, in the conformality approach, which is well motivated by the duality be-
tween string theory and gauge field theory, the standard model is assumed to sim-
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plify and become conformally invariant at multi-TeV energy. This leads to the pre-
diction of new particles in that energy region, as will be discussed in Chapter 8.

Of course, these are only illustrative examples and the real world may be some-
thing not in the list above. Nevertheless, it is a valuable exercise to make attempts
at such model building because the next generation of high-energy colliders will
bring data that may or may not be surprising, depending on how many ideas for
model building have already been explored.
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8
Conformality

8.1
Introduction

By now we have seen that the standard model of particle phenomenology is a gauge
field theory based on the gauge group SUC(3) × SUL(2) × UY (1) and with three
families of quarks and leptons. The electroweak symmetry SUL(2)×UY (1) is spon-
taneously broken by a Higgs mechanism to the electromagnetic symmetry UEM(1),
leaving one Higgs boson. This model has successfully explained all experimental
data (with the exception of neutrino masses which can be accommodated by exten-
sion). At higher energy than yet explored, the proliferation of parameters (19 with-
out neutrino mass, 28 with) strongly suggests new physics beyond the standard
model.

In this chapter, we discuss such an extension based on four-dimensional confor-
mal invariance at high energy and inspired initially by the duality between gauge
theory and superstring theory.

Such conformality model building is a less explored but equally motivated alter-
native to other directions of model building such as extra dimensions or supersym-
metry.

Particle phenomenology is in an especially exciting time, mainly because of the
anticipated data in a new energy regime expected from the large hadron collider
(LHC), to be commissioned at the CERN Laboratory in 2007. This new data is long
overdue. The superconducting supercollider (SSC) would have provided such data
long ago were it not for its political demise in 1993.

Except for the remarkable experimental data concerning neutrino masses and
mixings which has been obtained since 1998, particle physics has been data starved
for the last 30 years. The standard model invented in the 1960s and 1970s has been
confirmed and reconfirmed. Consequently, theory has ventured into speculative
areas such as string theory, extra dimensions, and supersymmetry. While these
ideas are of great interest and theoretically consistent there is no direct evidence
from experiment for them. Here we describe a more recent, post 1998, direction
known as conformality. First, to set the stage, we shall discuss why the conformality
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approach which is, in our opinion, competitive with the other three approaches,
remained unstudied for the past 20 years up to 1998.

A principal motivation underlying model building, beyond the standard model,
over the last 30 years has been the hierarchy problem, which is a special case of
naturalness. This idea stems from Wilson [1] in the late 1960s. The definition of
naturalness is that a theory should not contain any unexplained very large (or very
small in the inverse) dimensionless numbers. The adjustment needed to achieve
such naturalness violating numbers is called fine tuning. The naturalness situation
can be especially acute in gauge field theories because even after fine tuning at
tree level, i.e., the classical Lagrangian, the fine tuning may need to be repeated
an infinite number of times order-by-order in the loop expansion during the renor-
malization process. While such a theory can be internally consistent it violates nat-
uralness. Thus naturalness is not only an aesthetic criterion but one which the vast
majority of the community feel must be imposed on any acceptable extension of
the standard model; ironically, one exception is Wilson himself [2].

When the standard model of Glashow [3] was rendered renormalizable by ap-
pending the Higgs mechanism [4, 5] it was soon realized that it fell into trou-
ble with naturalness, specifically through the hierarchy problem. In particular, the
scalar propagator has quadratically divergent radiative corrections which imply that
a bare Higgs mass m2

H will be corrected by an amount �2/m2
H , where � is the cut

off scale corresponding to new physics. Unlike logarithmic divergences, which can
be absorbed in the usual renormalization process, the quadratic divergences create
an unacceptable fine tuning: for example, if the cut off is at the conventional grand
unification scale � ∼ 1016 GeV and mH ∼ 100 GeV, we are confronted with a
preposterous degree of fine tuning to one part in 1028.

As already noted, this hierarchy problem was stated most forcefully by Wilson
who said, in private discussions, that scalar fields are forbidden in gauge field the-
ories. Between the late 1960s and 1974, it was widely recognized that the scalar
fields of the standard model created this serious hierarchy problem but no one
knew what to do about it.

The next big progress to the hierarchy problem came in 1974 with the inven-
tion [6] of supersymmetry. This led to the minimally supersymmetric standard
model (MSSM) which elegantly answered Wilson’s objection since quadratic di-
vergences are cancelled between bosons and fermions, with only logarithmic di-
vergences surviving. Further it was proved [7, 8] that the MSSM and straightfor-
ward generalizations were the unique way to proceed. Not surprisingly, the MSSM
immediately became overwhelmingly popular. It has been estimated [9] that there
are 35,000 papers existing on supersymmetry, more than an average of 1000 pa-
pers per year since its inception. This approach continued to seem “unique” until
1998. Since the MSSM has over 100 free parameters, many possibilities needed to
be investigated and exclusion plots constructed. During this period, two properties
beyond naturalness rendered the MSSM even more appealing: an improvement in
unification properties and a candidate for cosmological dark matter.

Before jumping to 1998, it is necessary to mention an unconnected develop-
ment in 1983 which was the study of Yang–Mills theory with extended N = 4
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supersymmetry (the MSSM has N = 1 supersymmetry). This remarkable theory,
though phenomenologically quite unrealistic as it allows no chiral fermions and all
matter fields are in adjoint representations, is finite [10–12] to all orders of pertur-
bation theory and conformally invariant. Between 1983 and 1997, the relationship
between the N = 4 gauge theory and either string theory, also believed to be finite,
or the standard model remained unclear.

The perspective changed in 1997–1998 initially through the insight of Malda-
cena [13], who showed a duality between N = 4 gauge theory and the superstring
in ten space–time dimensions. Further the N = 4 supersymmetry can be broken
by orbifolding down to N = 0 models with no supersymmetry at all. It was conjec-
tured [14] by one of the authors in 1998 that such nonsupersymmetric orbifolded
models can be finite and conformally invariant, hence the name conformality.

Conformality models have been investigated far less completely than supersym-
metric ones but it is already clear that supersymmetry is “not as unique” as previ-
ously believed. No-go theorems can have not only explicit assumptions which need
to be violated to avoid the theorem but unconscious implicit assumptions which
require further progress even to appreciate: in 1975 the implicit assumption was
that the gauge group is simple, or if semisimple may be regarded as a product of
theories each with a simple gauge group. Naturalness, by cancellation of quadratic
divergences, accurate unification, and a dark matter candidate exist in conformal-
ity.

It becomes therefore a concern that the design of the LHC has been influenced by
the requirement of testing the MSSM. The LHC merits an investment of theoretical
work to check if the LHC is adequately designed to test conformality which now
seems equally as likely as supersymmetry, although we fully expect the detectors
ATLAS and CMS to be sufficiently all purpose to capture any physics beyond the
standard model at the TeV scale.

8.2
Quiver Gauge Theories

Quiver gauge theories possess a gauge group which is generically a product of
U(Ni) factors with matter fields in bifundamental representations. They have been
studied in the physics literature since the 1980s where they were used in compos-
ite model building. They have attracted much renewed attention because of their
natural appearance in the duality between superstrings and gauge theories.

The best known such duality gives rise to a highly supersymmetric (N = 4)
gauge theory with a single SU(N) gauge group with matter in adjoint represen-
tations. In this case one can drop with impunity the U(1) of U(N) because the
matter fields are uncharged under it. In the quiver theories with less supersymme-
try (N � 2) it is usually necessary to keep such U(1)s.

Quiver gauge theories are tailor-made for particle physics model building. While
an SU(N) gauge theory is typically anomalous in for arbitrary choice of fermions,
choosing the fermions to lie in a quiver insures anomaly cancellation. Further-
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more, the fermions in a quiver arrange themselves in bifundamental representa-
tions of the product gauge group. This nicely coincides with the fact that all known
fundamental fermions are in bifundamental, fundamental, or singlet representa-
tions of the gauge group. The study of quiver gauge theories goes back to the ear-
liest days of gauge theories and the standard model. Other notable early examples
are the Pati–Salam model and the trinification model. A vast literature exists on this
subject, but we will concentrate on post AdS/CFT conjecture quiver gauge theory
work.

Starting from AdS5 × S5 we only have an SU(N) N = 4 supersymmetric gauge
theory. In order to break SUSY and generate a quiver gauge theory there are sev-
eral options open to us. Orbifolds [15–18], conifolds [19–23], and orientifolds [24–
29] have all played a part in building quiver gauge theories. Since our focus is
quiver gauge theories in general, but via orbifolding of AdS5 × M5 in particular,
we will not discuss the other options in detail but should point out that orbifold-
ing from the eleven-dimensional M theory point of view has also an active area of
research [30–35]. Furthermore, we are interested in orbifolds where the manifold
M5 is the five sphere S5. There are other possible choices for M5 of relevance to
model building [36, 37] but we will not explore these here either. In building mod-
els from orbifolded AdS5 × S5, it is often convenient to break the quiver gauge
group to the trinification [38] group SU(3)3 or to the Pati–Salam [39–41] group
SU(4) × SU(2) × SU(2), but there are again other possibilities, including more
complicated intermediate groups like the quartification [42–47] symmetry SU(3)4

that treats quarks and leptons on an equal footing.
It is important to note that although the duality with superstrings is a signifi-

cant guide to such model building, and it is desirable to have a string dual to give
more confidence in consistency, we shall focus on the gauge theory description in
the approach to particle phenomenology, as there are perfectly good quiver gauge
theories that have yet to be derived from string duality.

The simplest superstring-gauge duality arises from the compactification of a
type-IIB superstring on the cleverly chosen manifold

AdS5 × S5

which yields an N = 4 supersymmetry which is an especially interesting gauge
theory that has been intensively studied and possesses remarkable properties of
finiteness and conformal invariance for all values of N in its SU(N) gauge group.
By “conformality,” we shall mean conformal invariance at high energy, also for
finite N .

For phenomenological purposes, N = 4 is too much supersymmetry. Fortu-
nately, it is possible to break supersymmetries and hence approach more nearly
the real world, with less or no supersymmetry in a conformality theory.

By factoring out a discrete (either Abelian or non-Abelian) group and composing
an orbifold

S5/�
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one may break N = 4 supersymmetry to N = 2, 1, or 0. Of special interest is the
N = 0 case.

We may take an Abelian � = Zp (non-Abelian cases will also be considered in
this review) which identifies p points in a complex three-dimensional space C3.

The rules for breaking the N = 4 supersymmetry are:

– If � can be embedded in an SU(2) of the original SU(4) R-symmetry, then

� ⊂ SU(2) ⇒ N = 2

– If � can be embedded in an SU(3) but not an SU(2) of the original SU(4)

R-symmetry, then

� ⊂ SU(3) ⇒ N = 1

– If � can be embedded in the SU(4) but not an SU(3) of the original SU(4)

R-symmetry, then

� ⊂ SU(4) ⇒ N = 0

In fact to specify the embedding of � = Zp we need to identify three integers
(a1, a2, a3):

C3 : (X1, X2, X3)
Zp−−→ (

αa1X1, α
a2X2, α

a3X3
)

with

α = exp

(
2πi

p

)

The Zp discrete group identifies p points in C3. The N converging D3-branes meet
on all p copies, giving a gauge group: U(N) × U(N) × · · · × U(N), p times. The
matter (spin-1/2 and spin-0) which survives is invariant under a product of a gauge
transformation and a Zp transformation.

There is a convenient diagrammatic way to find the result from a “quiver.” One
draws p points and arrows for a1, a2, a3.

An example for Z5 and ai = (1, 3, 0) as shown in Fig. 8.1.

For a general case, the scalar representation contains the bifundamental scalars

3∑
k=1

p∑
i=1

(Ni, Ni±ak
)

Note that by definition a bifundamental representation transforms as a fundamen-
tal (Ni ) under U(N)i and simultaneously as an antifundamental (Ni±ak

) under
U(N)i±ak

.
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Figure 8.1 Fermion quiver diagram.

Figure 8.2 Scalar quiver diagram.

For fermions, one must first construct the 4 of R-parity SU(4), isomorphic to the
isometry SO(6) of the S5. From the ak = (a1, a2, a3) one constructs the 4-spinor
Aµ = (A1, A2, A3, A4):

A1 = 1

2
(a1 + a2 + a3)

A2 = 1

2
(a1 − a2 − a3)

A3 = 1

2
(−a1 + a2 − a3)

A4 = 1

2
(−a1 − a2 + a3)

These transform as exp( 2πi
p

Aµ) and the invariants may again be derived (by a dif-
ferent diagram). An example of a fermion quiver with p = 5 is shown above in
Fig. 8.2.
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Note that these lines are oriented, as is necessary to accommodate chiral fermi-
ons. Specifying the four Aµ is equivalent (there is a constraint that the four add to
zero, mod p) to fixing the three ak and group theoretically is more fundamental.

In general, the fermion representation contains the bifundamentals

4∑
µ=1

p∑
i=1

(Ni, Ni+Aµ)

When one of the Aµs is zero, it signifies a degenerate case of a bifundamental
comprised of adjoint and singlet representations of one U(N).

To summarize the orbifold construction, first we select a discrete subgroup � of
the SO(6) ∼ SU(4) isometry of S5 with which to form the orbifold AdS5 × S5/�.
As discussed above, the replacement of S5 by S5/� reduces the supersymmetry to
N = 0, 1, or 2 from the initial N = 4, depending on how � is embedded in the
isometry of S5. The cases of interest here are N = 0 and N = 1 SUSY, where �

embeds irreducibly in the SU(4) isometry or in an SU(3) subgroup of the SU(4)

isometry, respectively. It means to achieve N = 0 we embed rep(�) → 4 of SU(4)

as 4 = (r), where r is a nontrivial four-dimensional representation of �; for N = 1
we embed rep(�) → 4 of SU(4) as 4 = (1, r), where 1 is the trivial irreducible
representation (irrep) of � and r is a nontrivial three-dimensional representation
of �.

8.3
Conformality Phenomenology

In attempting to go beyond the standard model, one outstanding issue is the hier-
archy between GUT scale and weak scale which is 14 orders of magnitude. Why do
these two very different scales exist? Also, how is this hierarchy of scales stabilized
under quantum corrections? Supersymmetry answers the second question but not
the first.

The idea is to approach hierarchy problem by conformality at a TeV scale. We will
show how this is possible including explicit examples containing standard model
states.

In some sense conformality provides more rigid constraints than supersymme-
try. It can predict additional states at TeV scale, while there can be far fewer initial
parameters in conformality models than in SUSY models. Conformality also pro-
vides a new approach to gauge coupling unification. It confronts naturalness and
provides cancellation of quadratic divergences. The requirements of anomaly can-
cellations can lead to conformality of U(1) couplings.

There is a viable dark matter candidate, and proton decay can be consistent with
experiment.

What is the physical intuition and picture underlying conformality? Consider
going to an energy scale higher than the weak scale, for example at the TeV scale.
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Quark and lepton masses, QCD and weak scales small compared to TeV scale.
They may be approximated by zero. The theory is then classically conformally in-
variant though not at the quantum level because the standard model has nonvan-
ishing renormalization group beta functions and anomalous dimensions. So this
suggests that we add degrees of freedom to yield a gauge field theory with con-
formal invariance. There will be ’t Hooft’s naturalness since the zero mass limit
increases symmetry to conformal symmetry.

We have no full understanding of how four-dimensional conformal symmetry
can be broken spontaneously so breaking softly by relevant operators is a first step.
The theory is assumed to be given by the action

S = S0 +
∫

d4xαiOi (8.1)

where S0 is the action for the conformal theory and the Oi are operators with di-
mension below four (i.e., relevant) which break conformal invariance softly.

The mass parameters αi have mass dimension 4−�i , where �i is the dimension
of Oi at the conformal point.

Let M be the scale set by the parameters αi and hence the scale at which confor-
mal invariance is broken. Then for E � M the couplings will not run while they
start running for E < M . To solve the hierarchy problem we assume M is near the
TeV scale.

Consider embedding the standard model gauge group according to

SU(3) × SU(2) × U(1) ⊂
⊗

i

U(Ndi)

Each gauge group of the SM can lie entirely in a SU(Ndi) or in a diagonal sub-
group of a number thereof.

Only bifundamentals (including adjoints) are possible. This implies no (8, 2),
(3, 3), etc. A conformality restriction which is new and satisfied in Nature! The fact
that the standard model has matter fields all of which can be accommodated as
bifundamentals is experimental evidence for conformality.

No U(1) factor can be conformal in perturbation theory and so hypercharge is
quantized through its incorporation in a non-Abelian gauge group. This is the “con-
formality” equivalent to the GUT charge quantization condition in, e.g., SU(5). It
can explain the neutrality of the hydrogen atom. While these are postdictions, the
predictions of the theory are new particles, perhaps at a low mass scale, filling out
bifundamental representations of the gauge group that restore conformal invari-
ance. The next section will begin our study of known quiver gauge theories from
orbifolded AdS5 × S5.
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Table 8.1 All Abelian quiver theories with N = 0 from Z2 to Z7

p Am ai scal bfds scal adjs chir frms SM

1 2 (1111) (000) 0 6 No No

2 3 (1122) (001) 2 4 No No

3 4 (2222) (000) 0 6 No No
4 4 (1133) (002) 2 4 No No
5 4 (1223) (011) 4 2 No No
6 4 (1111) (222) 6 0 Yes No

7 5 (1144) (002) 2 4 No No
8 5 (2233) (001) 2 4 No No
9 5 (1234) (012) 4 2 No No

10 5 (1112) (222) 6 0 Yes No
11 5 (2224) (111) 6 0 Yes No

12 6 (3333) (000) 0 6 No No
13 6 (2244) (002) 2 4 No No
14 6 (1155) (002) 2 4 No No
15 6 (1245) (013) 4 2 No No
16 6 (2334) (011) 4 2 No No
17 6 (1113) (222) 6 0 Yes No
18 6 (2235) (112) 6 0 Yes No
19 6 (1122) (233) 6 0 Yes No

20 7 (1166) (002) 2 4 No No
21 7 (3344) (001) 2 4 No No
22 7 (1256) (013) 4 2 No No
23 7 (1346) (023) 4 2 No No
24 7 (1355) (113) 6 0 No No
25 7 (1114) (222) 6 0 Yes No
26 7 (1222) (333) 6 0 Yes No
27 7 (2444) (111) 6 0 Yes No
28 7 (1123) (223) 6 0 Yes Yes
29 7 (1355) (113) 6 0 Yes Yes
30 7 (1445) (113) 6 0 Yes Yes

8.4
Tabulation of the Simplest Abelian Quivers

We consider the compactification of the type-IIB superstring on the orbifold
AdS5 × S5/�, where � is an Abelian group � = Zp of the order p with elements
exp(2πiA/p), 0 � A � (p − 1). Results for p � 7 are in Table 8.1.
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The resultant quiver gauge theory has N residual supersymmetries with N =
2, 1, 0 depending on the details of the embedding of � in the SU(4) group which
is the isotropy of the S5. This embedding is specified by the four integers Am,
1 � m � 4 with∑

m

Am = 0 mod p

which characterize the transformation of the components of the defining repre-
sentation of SU(4). We are here interested in the nonsupersymmetric case N = 0
which occurs if and only if all four Am are nonvanishing.

8.5
Chiral Fermions

The gauge group is U(N)p . The fermions are all in the bifundamental representa-
tions

m=4∑
m=1

j=p∑
j=1

(Nj , Nj+Am) (8.2)

which are manifestly nonsupersymmetric because no fermions are in adjoint rep-
resentations of the gauge group. Scalars appear in representations

i=3∑
i=1

i=p∑
j=1

(Nj , Nj±ai
) (8.3)

in which the six integers (ai, −ai) characterize the transformation of the anti-
symmetric second-rank tensor representation of SU(4). The ai are given by a1 =
(A2 + A3), a2 = (A3 + A1), and a3 = (A1 + A2).

It is possible for one or more of the ai to vanish in which case the correspond-
ing scalar representation in the summation in Eq. (8.3) is to be interpreted as an
adjoint representation of one particular U(N)j . One may therefore have zero, two,
four, or all six of the scalar representations, in Eq. (8.3), in such adjoints. One pur-
pose of the present article is to investigate how the renormalization properties and
occurrence of quadratic divergences depend on the distribution of scalars into bi-
fundamental and adjoint representations.

Note that there is one model with all scalars in adjoints for each even value of p.
For general even p the embedding is Am = (

p
2 ,

p
2 ,

p
2 ,

p
2 ). This series by itself forms

the complete list of N = 0 Abelian quivers with all scalars in adjoints.
To be of more phenomenological interest the model should contain chiral fermi-

ons. This requires that the embedding be complex: Am �≡ −Am (mod p). It will
now be shown that for the presence of chiral fermions all scalars must be in bifun-
damentals.
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The proof of this assertion follows by assuming the contrary that there is at least
one adjoint arising from, say, a1 = 0. Therefore A3 = −A2 (mod p). But then it
follows from Eq. (8.2) that A1 = −A4 (mod p). The fundamental representation of
SU(4) is thus real and fermions are nonchiral.1)

The converse also holds: If all ai �= 0 then there are chiral fermions. This follows
since by assumption A1 �= −A2, A1 �= −A3, A1 �= −A4. Therefore reality of the
fundamental representation would require A1 ≡ −A1 hence, since A1 �= 0, p is
even and A1 ≡ p

2 ; but then the other Am cannot combine to give only vector-like
fermions.

It follows that

In an N = 0 quiver gauge theory, chiral fermions are possible if and only if all scalars

are in bifundamental representations.

We can prove a Mathematical Theorem:

A pseudoreal 4 of SU(4) cannot yield chiral fermions.

In [48] it was proved that if the embedding in SU(4) is such that the 4 is real:
4 = 4∗, then the resultant fermions are always nonchiral. It was implied there
that the converse holds, that if 4 is complex, 4 = 4∗, then the resulting fermions
are necessarily chiral. Actually for � ⊂ SU(2) one encounters the intermediate
possibility that the 4 is pseudoreal. In the present section we shall show that if 4
is pseudoreal then the resultant fermions are necessarily nonchiral. The converse
now holds: if the 4 is neither real nor pseudoreal then the resultant fermions are
chiral.

For � ⊂ SU(2) it is important that the embedding be contained within the chain
� ⊂ SU(2) ⊂ SU(4) otherwise the embedding is not a consistent one. One way
to see the inconsistency is to check the reality of the 6 = (4 ⊗ 4)antisymmetric. If
6 �= 6∗ then the embedding is clearly improper. To avoid this inconsistency it is
sufficient to include in the 4 of SU(4) only complete irreducible representations of
SU(2).

An explicit example will best illustrate this propriety constraint on embeddings.
Let us consider � = Q6, the dicyclic group of order g = 12. This group has six
inequivalent irreducible representations: 1, 1′, 1′′, 1′′′, 21, 22. The 1, 1′, 21 are real.
The 1′′ and 1′′′ are a complex conjugate pair. The 22 is pseudoreal. To embed � =
Q6 ⊂ SU(4) we must choose from the special combinations which are complete
irreducible representations of SU(2) namely 1, 2 = 22, 3 = 1′ + 21 and 4 =
1′′ + 1′′′ + 22. In this way the embedding either makes the 4 of SU(4) real, e.g.,
4 = 1 + 1′ + 21 and the theorem of [48] applies, and nonchirality results, or the 4
is pseudoreal, e.g., 4 = 22 + 22. In this case one can check that the embedding is
consistent because (4 ⊗ 4)antisymmetric is real. But it is equally easy to check that the
product of this pseudoreal 4 with the complete set of irreducible representations of
Q6 is again real and that the resultant fermions are nonchiral.

1) This is almost obvious but for a complete justification, see [48].
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The lesson is:

To obtain chiral fermions from compactification on AdS5 × S5/�, the embedding of

� in SU(4) must be such that the 4 of SU(4) is neither real nor pseudoreal.

8.6
Model Building

The next step is to examine how the framework of quiver gauge theories can ac-
commodate, as a sub theory, the standard model. This requires that the standard
model gauge group and the three families of quarks and leptons with their correct
quantum numbers be accommodated.

In such model building a stringent requirement is that the scalar sector, pre-
scribed by the quiver construction, can by acquiring vacuum expection, values
break the symmetry spontaneously to the desired sub theory. This is unlike most
other model building where one chooses the representations for the scalars to ac-
complish this goal. Here the representations for the scalars are dictated by the
orbifold construction.

One useful guideline in the symmetry breaking is that to break a semisimple
SU(N)n gauge group to its SU(N) diagonal subgroup requires at least (n − 1)

bifundamental scalars, connected to one another such that each of the n SU(N)

factors is linked to all of the others: it is insufficient if the bifundamental scalars
fragment into disconnected subsets.

We shall describe Abelian orbifolds [14, 49–52]. As will become clear Abelian
orbifolds lead to accommodation of the standard model in unified groups SU(3)n

while non-Abelian orbifolds can lead naturally [53–56] to incorporation of the stan-
dard model in gauge groups such as SU(4) × SU(2) × SU(2) and generalizations.

We will now classify compactifications of the type-IIB superstring on AdS5 ×
S5/�, where � is an Abelian group of order n � 7. Appropriate embedding of �

in the isometry of S5 yields non-SUSY chiral models that can contain the standard
model.

The first three-family AdS5 × S5/� model of this type had N = 1 SUSY and
was based on a � = Z3 orbifold [57], see also [58]. However, since then some of
the most studied examples have been models without supersymmetry based on
both Abelian [14, 49–52] and non-Abelian [53–56] orbifolds of AdS5 × S5. Recently,
non-SUSY three family Z12 orbifold models [59–61] have been shown to unify at a
low scale (∼4 TeV) and to have the promise of testability. One motivation for study-
ing the non-SUSY case is that the need for supersymmetry is less clear as: (1) the
hierarchy problem is absent or ameliorated, (2) the difficulties involved in break-
ing the remaining N = 1 SUSY can be avoided if the orbifolding already results
in completely broken SUSY, and (3) many of the effects of SUSY are still present
in the theory, just hidden. For example, the Bose–Fermi state count matches, RG
equations preserve vanishing β functions to some number of loops, etc. Here we
concentrate on Abelian orbifolds with and without supersymmetry, where the orb-
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ifolding group � has the order n = o(�) � 12. We systematically study those cases
with chiral matter. We find all chiral models for n � 7. Several of these contain the
standard model (SM) with three families.

For N = 0 the fermions are given by
∑

i 4 ⊗ Ri and the scalars by
∑

i 6 ⊗ Ri ,
where the set {Ri} runs over all the irreps of �. For � Abelian, the irreps are all
one-dimensional and as a consequence of the choice of N in the 1/N expansion,
the gauge group [62] is SU(N)n. Chiral models require the 4 to be complex (4 �= 4∗)
while a proper embedding requires 6 = 6∗, where 6 = (4 ⊗ 4)antisymmetric. (Mathe-
matical consistency requires 6 = 6∗, see [48].)

We choose N = 3 throughout. This means that most of our models will proceed
to the SM through trinification. It is also possible to start with larger N , say N = 4
and proceed to the SM or MSSM via Pati–Salam models. The analysis is similar,
so the N = 3 case is sufficient to gain an understanding of the techniques needed
for model building, what choice of N leads to the optimal model is still an open
question.

If SUL(2) and UY (1) are embedded in diagonal subgroups SUp(3) and SUq(3),
respectively, of the initial SUn(3), the ratio α2

αY
is p

q
, leading to a calculable ini-

tial value of θW with, sin2 θW = 3
3+5(

p
q
)
. The more standard approach is to break

the initial SUn(3) to SUC(3) ⊗ SUL(3) ⊗ SUR(3), where SUL(3) and SUR(3) are
embedded in diagonal subgroups SUp(3) and SUq(3) of the initial SUn(3). We
then embed all of SUL(2) in SUL(3) but 1

3 of UY (1) in SUL(3) and the other 2
3

in SUR(3). This modifies the sin2 θW formula to: sin2 θW = 3
3+5(

α2
αY

)
= 3

3+5(
3p

p+2q
)
,

which coincides with the previous result when p = q. One should use the second
(standard) embedding when calculating sin2 θW for any of the models obtained
below. Note, if � = Zn the initial N = 0 orbifold model (before any symmetry
breaking) is completely fixed (recall we always are taking N = 3) by the choice of
n and the embedding 4 = (αi, αj , αk, αl), so we define these models by Mn

ijkl . The
conjugate models Mn

n−i,n−j,n−k,n−l contain the same information, so we need not
study them separately.

To get a feel for the constructions, we begin this section by studying the first few
N = 0 chiral Zn models. First, when N = 0, the only allowed � = Z2 orbifold
where 4 = (α, α, α, α) and Z3 orbifold where 4 = (α, α, α2, α2) have only real
representations and therefore will not yield chiral models. Next, for � = Z4 the
choice 4 = (α, α, α, α) with N = 3 where α = e

πi
2 (in what follows we will write

α = e
2πi
n for the roots of unity that generate Zn), yields an SU(3)4 chiral model. In

the scalar content of this model a VEV for say a (3, 1, 3̄, 1) breaks the symmetry to
SUD(3) × SU2(3) × SU4(3) but renders the model vector-like, and hence uninter-
esting, so we consider it no further. (We consider only VEVs that cause symmetry
breaking of the type SU(N) × SU(N) → SUD(N). Other symmetry breaking pat-
terns are possible, but for the sake of simplicity they will not be studied here. It
is clear from this and previous remarks that there are many phenomenological av-
enues involving quiver gauge theories yet to be explored.) The only other choice of
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embedding is a nonpartition model with � = Z4 is 4 = (α, α, α, α3) but it leads to
the same scalars with half the chiral fermions so we move on to Z5.

There is one chiral model for � = Z5 and it is fixed by choosing 4 = (α, α, α, α2),
leading to 6 = (α2, α2, α2, α3, α3, α3) with real scalars. It is straightforward to
write down the particle content of this M5

1112 model. The best one can do toward
the construction of the standard model is to give a VEV to a (3, 1, 3̄, 1, 1) to break
the SU5(3) symmetry to SUD(3) × SU2(3) × SU4(3) × SU5(3). Now a VEV for
(1, 3, 3̄, 1) completes the breaking to SU3(3), but the only remaining chiral fermi-
ons are 2[(3, 3̄, 1) + (1, 3, 3̄) + (3̄, 1, 3)] which contains only two families.

Moving on to � = Z6 we find two models where, as with the previous Z5 model,
the 4 is arranged so that 4 = (αi, αj , αk, αl) with i + j + k + l = n. These have
4 = (α, α, α, α3) and 4 = (α, α, α2, α2) and were defined as partition models in
[58] when i was equal to zero. Here we generalize and call all models satisfying
i + j + k + l = n partition models.

A new class of models appears; these are the double partition models. They have
i + j + k + l = 2n and none are equivalent to single partition models (if we require
that i, j , k, and l are all positive integers) with i + j + k + l = n. The N = 1
nonpartition models have been classified [56], and we find 11 N = 0 examples in
Table 4. While they have a self-conjugate 6, this is only a necessary condition that
may be insufficient to insure the construction of viable string theory based models
[61]. However, the N = 0 nonpartition models may still be interesting phenomeno-
logically and as a testing ground for models with the potential of broken conformal
invariance.

Now let us return to � = Z6 where the partition models of interest are:
(1) 4 = (α, α, α2, α2) where one easily sees that VEVs for (3, 1, 3̄, 1, 1, 1) and
then (1, 3, 3̄, 1, 1) lead to at most two families, while other SSB routes lead to
equal or less chirality; and (2) 4 = (α, α, α, α3) where VEVs for (3, 1, 3̄, 1, 1, 1)

followed by a VEV for (1, 3, 3̄, 1, 1) leads to an SU(3)4 model containing fermions
2[(3, 3̄, 1, 1) + (1, 3, 3̄, 1) + (1, 1, 3, 3̄) + (3̄, 1, 1, 3)]. However, there are insuffi-
cient scalars to complete the symmetry breaking to the standard model. In fact,
one cannot even achieve the trinification spectrum.

We move on to Z7, where there are three partition models: (1) for 4 =
(α, α2, α2, α2), we find no SSB pathway to the SM. There are paths to an SM
with less than three families, e.g., VEVs for (3, 1, 1, 3̄, 1, 1, 1), (1, 3, 1, 3̄, 1, 1),
(3, 3̄, 1, 1, 1), and (1, 3, 3̄, 1) lead to one family at the SU3(3) level; (2) for
4 = (α, α, α, α4), again we find only paths to family-deficient standard mod-
els. An example is where we have VEVs for (3, 1, 3̄, 1, 1, 1, 1), (1, 3, 3̄, 1, 1, 1),
(3, 1, 3̄, 1, 1), and (1, 3, 3̄, 1), which lead to a two-family SU3(3) model; (3) finally,
4 = (α, α, α2, α3) is the model discovered in [51], where VEVs to (1, 3, 1, 3̄, 1, 1, 1),
(1, 1, 3, 3̄, 1, 1), (1, 1, 3, 3̄, 1) and (1, 1, 3, 3̄) lead to a three-family model with the
correct Weinberg angle at the Z-pole, sin2 θW = 3/13.
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8.7
Summary

It has been established that conformality can provide (i) naturalness without one-
loop quadratic divergence for the scalar mass [66] and anomaly cancellation [67];
(ii) precise unification of the coupling constants [59, 60], and (iii) a viable dark
matter candidate [65]. It remains for experiment to check that quiver gauge theories
with gauge group U(3)3 or U(3)n with n � 4 are actually employed by Nature.

For completeness, we should note that possible problems with N = 0 orbifolds
have been pointed out both in one-loop calculations in field theory [63] and from
studies of tachyonic instability in the ancestral string theory [64].

One technical point worth to be mention is that while the U(1) anomalies are
cancelled in string theory, in the gauge theory there is a different description [67] of
such cancellation which has the advantage of suggesting how U(1) gauge couplings
may be conformally invariant at high energies. This is important because in string
theory, except for special linear combinations, all such U(1) factors acquire mass
by the Stückelberg mechanism while in the gauge field theory the cancellation of
quadratic divergences and solution of the hierarchy problem for N = 0 require
they be instead at the teravolt scale.

We have described how phenomenology of conformality has striking resonances
with the standard model, as we have described optimistically as experimental evi-
dence in its favor. It has been shown elsewhere [59] how 4 TeV unification predicts
three families and new particles around 4 TeV accessible to experiment (LHC).

It is encouraging that the scalar propagator in these theories has no quadratic
divergence if and only if there are chiral fermions. Anomaly cancellation in the
effective Lagrangian has been tied to the conformality of U(1) gauge couplings.

A dark matter candidate (LCP = lightest conformality particle) [65] may be pro-
duced at the large hadron collider (LHC), then directly detected from the cosmos.
Study of proton decay [68] leads to the conclusion that quark and lepton masses
arise not from the Yukawa couplings of the standard model but from operators
induced in breaking of the four-dimensional conformal invariance. This implies
that the Higgs couplings differ from those usually assumed in the unadorned stan-
dard model. This is yet another prediction from conformality to be tested when the
Higgs scalar couplings and decay products are examined at the LHC in the near
future.
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Index

a
Abelian orbifold, 321, 324
Abelian quivers, 321
Action, gauge invariant

and background field, 241
Adler–Bardeen theorem, 126
Annihilation cross-section

electron–positron, 252
Anomalous dimension, 231

gamma γF (diagram), 235
for nonsinglet moments, 235

Anomalous dimension functions
(beta and gamma) and scaling

violations, 229
Anomalous moment

theoretical and experimental values, 121
Anomaly

Adler–Bardeen theorem, 126
triangle, 126
triangle, square and pentagon diagrams,

126
Anomaly free condition

for quantum flavor dynamics, 136
Anticommutation relations in closed loop

Feynman rules for Yang–Mills theory, 72
Antineutrino

creation in Dirac field, 174
Arnowitt–Fickler gauge

and Faddeev–Popov determinant, 72
Aspon model, 193
Asymptotic freedom and infrared fixed

point, 200
Asymptotic freedom and strong interactions,

200
Asymptotic freedom and ultraviolet fixed

point, 200
Auxiliary operators

finiteness, 143

Axial gauge
and Faddeev–Popov determinant, 71

Axigluon, 302
Axion, invisible, 274
Axion, mass of, 274

b
Background field method, 238

and explicit gauge invariance, 238
and grand unification, 238
and gravity, 238
and supergravity, 238

Background gauge, 240
Bardeen procedure for dimensional

regularization, 154
Baryon conservation, 167
Baryons

and topological entities, 279
and weakly coupled meson theory, 280

Baryons, decuplet, 171
Baryons, octet, 171
Becchi–Rouet–Stora–Tyutin identities, 137
Becchi–Rouet–Stora–Tyutin transformation,

137
renormalized, 140

Behaviour of f (r) and 1/N expansion
(diagram), 281

Beta decay, 173
Beta function

from background field method, 245
pure Yang–Mills theory and asymptotic

freedom, 215
Bethe–Salpeter equation, 44

(diagram), 45
Big bang cosmology and neutrino mass, 166
Bilepton, 305
Bogoliubov–Parasiuk–Hepp–Zimmerman

renormalization, 142
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Boost parameter and Lorentz
transformation, 175

Boost transformation, 5
Borel analysis

in quantum field theory, 258
Born approximation

and 1/N expansion, 278
calculation, 46

Born diagrams, 161
electron exchange and with neutral

current boson, 160
Born term

and renormalization, 120
Bose symmetrization, 80
Bose symmetry, 121
Bose symmetry and triangle anomaly, 128
Bosons

charged vector, 92
Nambu–Goldstone pseudoscalar, 267
intermediate vector, masses of, 92
intermediate vector, propagator for, 178
intermediate vector, compared to

photon, 178
massless gauge vector and Nambu–

Goldstone conjecture, 17
Nambu–Goldstone, 267
neutral intermediate vector, 91
pseudo-Nambu–Goldstone massless, in

tree approximation, 26
superheavy gauge, 219

Bottom quark, 187
Bottomonium, 187
Boundary conditions for propagation

forward in time, 53
Bubble formation analogy to lifetime of

metastable vacuum, 96

c
Cabibbo charged current

non-invariant under parity, 176
Callan–Gross relation

for spin-1/2 quarks, 224
Callan–Symanzik beta function, 201
Charge renormalization

order alpha contributions, 118
Charm, 181

experimental verification, 187
and renormalizable weak interactions,

181
Charmed quark mass

value, 186
Charmonium system, 187

Chiral color, 302
Chiral fermions, 125, 322
Chiral matter superfield, 215
Chiral symmetry

breaking and lattice gauge, 279
and massless quarks, 259
and temperature, 274

Classical action S and time evolution of
quantum mechanical state, 38

Color confinement
and low energy coupling, 220

Color force, 281
Color triangle anomaly (diagram), 267
Color-anomalous symmetry, 267
Colored quarks and pion function, 134
Commutation relations and determinant for

non-Abelian Feynman rules, 72
Complex adjoint representation of scalar

fields, 72
Compton scattering, virtual, 230
Conformality, 315
Conformal fixed points, 307
Conformality constraints, 307
Conservation of charge in quantum

electrodynamics, 173
Conservation of flavor in quantum

electrodynamics, 173
Conservation of parity in quantum

electrodynamics, 173
Cooper pairs Bardeen–Cooper–Schrieffer

theory, 30
Cosmological constant, 310
Coulomb gauge and Faddeev–Popov

determinant, 70
Coulomb potential used to calculate

Rutherford cross-section, 46
Coupling constant, running and

renormalization schemes, 250
Covariant gauge, 71
CP invariance and electroweak forces, 191

and instantons, 272
CP violation, quark flavor mixing, 191
Cross-section and partial-wave unitarity, 177
Current, gauge dependent, 268

d
Dalitz plot (diagram), 263
Dalitz plot, triangular and three-jet event,

263
Deep-inelastic electroproduction and scaling

violations, 221
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Deep-inelastic scattering electron–nucleon
and scaling behavior, 182

lepton–hadron, and scaling violation,
221

Definition for generating functional,
Faddeev and Popov ansatz, 59

Degrees of divergence and symmetric
Yang–Mills theory, 76

Degrees of freedom and relativistic field
theory, 48

Dimensional regularization, 99
examples, 106
and mu scale, 252
for quantum electrodynamics vertex

correction example, 115
and renormalization group, 201
ultraviolet divergence, 99
for vacuum polarization example, 107

Dimensional renormalization for electron
self-mass example, 112

Dimensional transmutation, 84
Dirac 4-component fermions, 213
Dirac equation, 114

in vertex correction example, 115
Dirac field and 1/N expansion, 275

4-component, 174
Dirac matrices, 174
Dirac spinor, 176
Dirac trace, 107, 110, 273
Direct CP violation, 194
Divergences on addition of fermions in

regularization scheme, 147
Double W±-exchange diagrams, 186
Double-line formalism (diagram), 276
Doublets left-handed quarks and leptons,

182
Dual resonance model, 278
Dyson’s argument, 257

e
Effective action computation and

background field method, 238
Electromagnetic interactions described by

quantum electrodynamics, 172
Electron self-mass, 112
Electron–positron annihilation (diagram),

252
and scaling violation, 221

Electroweak mixing angle and grand
unification, 219

Electroweak theory and renormalizability,
179

Elementarily of Higgs boson, 194
Energy density

surface for four-dimensional
hypersphere, 96

volume for four-dimensional
hypersphere, 96

Euler B function, 103
Euler–Lagrange equations of motion, 60
Euler–Maschoroni constant and

renormalization schemes, 251
Evolution operator quantum mechanical, 40
Exact symmetry, 18
Exotic quarks, 307
Expansion, 1/N , 274
Experimental values for R (graph), 256
External derivative and finite vertices

scalar-vector coupling, 147

f
Faddeev and Popov, 69

determinant, 70
ghost and lattice, 287
ghost and non-Abelian Feynman rules,

72
Fermi interaction

invariance under CP, 176
and weak interaction, 173

Fermi’s constant, 91
Fermion doubling problem in lattice gauge

theory, 283
Fermion loop

(diagram), 212
triangle, 127

Fermion mass,
from spontaneous symmetry breaking,

182
Fermion number conservation and mass,

174
Fermions

Becchi–Rouet–Stora transformation,
and renormalization, 150

free and matter field, 17
and regularization, 147

Ferromagnet, infinite
example of symmetry breaking, 19

Feynman diagrams used to compute
anomalous dimension of operator, 232

Feynman diagrams to compute one-loop
beta-function in background gauge,
244

Feynman gauge, 74
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and ’t Hooft gauge, 158
and scaling violations, 219

Feynman graphs
vacuum persistence, 276

Feynman parameter formula, 100, 110, 114,
116

general case, 101
and scalar example of regularization,

122
Feynman propagator, 55
Feynman rules, 121

a nonrelativistic, single particle case, 38
from canonical formalism, 56
conflict with perturbative unitarity, 37
for non-Abelian theories, 72
noncovariant non-Abelian gauge field

theories, 59
for nonrelativistic particles, 45
and one-loop corrections, 80, 85
from path integrals, 55

Feynman rules (diagram)
in background field gauge, 242
for insertion of Feynman operator, 232
for Yang–Mills theory, Landau gauge, 75
for Yang–Mills theory, 75

Field renormalization constant for triple
gluon coupling diagram, 212

Flavor
charm and neutral current, 183
of leptons, 165
of quarks, 166

Flavor group, 17
Fock spaces, 20
Force and distance for color, 288
Four-fermion interaction, 173, 178
Four-momentum density, 3
Free-energy and loop corrections, 78
Free wave function

time development of, 43

g
Gauge couplings and Yukawa couplings,

Jones computation, 215
Gauge dependence of Feynman rules for

non-Abelian theories, 71
Gauge dependent current, 268
Gauge field renormalization constant

(diagrams), 212
Gauge fields, neutral and tree

approximation, 92
Gauge freedom, 32

Gauge function related to ghost field, 138
Gauge group

for Glashow–Salam–
Weinberg model, 88

global, infinitesimal generators of, 6
low-energy phenomenological, 216
as a product of subgroups, 11
SU(2) and Higgs model, 32

Gauge groups, discrete, 287
Gauge hierarchy, 307
Gauge invariance

of action regularized by lattice, 281
and dimensional regularization, 99
and gauge field renormalization

constant, 207
local, 7

Gauge theory
Abelian, and addition of mass term, 154
non-Abelian, and gauge-invariant

current, 155
SU(2) × U(1), 179
unique renormalizable models, 162

Gauge transformation, global, infinitesimal
form, 5

Gauge transformations as transport
operators, 285

Gauge, background, 240
Gauge-fixing

for ’t Hooft gauge, 159
condition, 68
term, Lagrangian, 138
terms, and non-Abelian Feynman rules,

72
Gell-Mann and Ne’eman and quark flavor

symmetry, 166
Gell-Mann and Zweig quarks as physical

entities, 167
Gell-Mann matrices, 167
Generating functional

covariant form for Feynman rules, 64
noncovariant form for Feynman rules,

63
Generating functions and local gauge

invariance, 67
Georgi, Quinn and Weinberg unified strong

and electroweak couplings, 200
Ghost equation of motion, 148
Ghost fields and anticommuting scalar, 137
Ghost loops, 72
Ghost propagator, 75
Ghost-vector vertex, 75
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Ghost–antighost Green’s function, 142
Ghost–gluon coupling renormalization

(diagram), 206
Ghost–gluon vertex and QCD asymptotic

freedom, 206
Ghosts and general relativity, 75
Gilbert proof for Nambu–Goldstone

phenomena, 26
GIM mechanism, 304
Glashow and standard electroweak theory,

179
Glashow, Iliopoulos and Maiani contribution

to Weinberg–Salam theory, 179
Glashow, Iliopoulos and Maiani mechanism

generalized to any number of flavors,
184

Glashow–Salam–Weinberg model
and ’t Hooft gauge, 159
and chiral fermions, 125
example of loop corrections, 88

Gluon
3 gluon and 4 gluon vertices and

finiteness, 146, 147
and asymptotic freedom calculation, 204
existence of, and three jet events, 259
polarization vector, 261
and proton momentum in nucleus, 222

Gluon fields and 1/N expansion, 276
Gluon propagator

finiteness of, 146
and renormalizability, 146

Grand unification, 216
Graphs

one-particle irreducible, 27
Green’s functions

Abelian Coulomb, 66
connected, 52
connected, and 1/N expansion, 277
and Feynman rules from path integral,

55
finiteness, 144
four finite (diagram), 151
global invariance and Becchi–Rouet–

Stora, 138
and Jona–Lasinio proof, 27
K , for the Schrödinger operator, 40
large external momenta and

renormalization group equations, 200
in Minkowski space, 51
proper and renormalization group, 201

Ward identities and renormalization,
125

Gross–Llewellyn Smith sum rule, 225
Ground state

loop corrections, 77
for O(N) model, 87
stability and quantum field theory, 79

Gyromagnetic ratio, 120

h
Hadron–hadron scattering and scaling

violation, 221
Hadronic contribution to anomalous

moment, 120
Han–Nambu integer charges, 225
Handbag diagram, 223
Heavy quarks, 187
Heisenberg equations of motion, 57
Helmholtz free energy analog in quantum

field theory, 78
Hidden symmetry, 18
Hierarchy, 194
Higgs boson, 190
Higgs boson mass, 190
Higgs mass

and instanton bubble, 96
in tree approximation, 90

Higgs mechanism, 30
and scalar electrodynamics, 80

Higgs model invariance, 31
Higgs scalar doublet SU(2) × U(1) gauge

theory, 180
Higgs scalar mass and Weinberg

computation, 94
Higgs scalars and Glashow–Salam–

Weinberg model, 90
Hyperon decay, 174
Hypersphere, 269
Hypersphere, four-dimensional and vacuum

stability, 96
Hyperspherically symmetric ansatz, 269

i
Impulse approximation and naive

quark–parton model, 223
Independent renormalization constants, 118
Index surface of leading vacuum persistence

graphs, 276
Infrared divergence, 77

and three-jet singular behavior, 259
Infrared fixed point and scaling violations,

220
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Instanton bubble and metastable vacua, 96
Instanton configurations

number of parameters, 271
and topological charge, 269

Instantons, 265
and CP invariance, 271
and mass of Nambu–Goldstone bosons,

268
nonperturbative effects, 167

Isosinglets right-handed quarks and leptons,
179

j
Jet data compared to theoretical QCD

prediction (diagram), 265
Jets in electron–positron annihilation, 259
Jettiness of events measurement discussed,

265
Jona–Lasinio proof for Nambu–Goldstone

phenomenon, 27
Jovian magnetosphere, 173

k
K calculated in perturbation theory, 41
Kaon decay constant and charmed quark

mass, 186
Kibble counting, 34
Kinetic term for fermions SU(2) × U(1)

gauge theory, 180
Klein–Gordon operators, 55

l
Lagrangian

effective, 137
effective chiral meson, 279
for linear sigma model, 28
for QCD with nf flavors, 266
renormalized, 99
for simple field theory, 20

Lagrangian density
and gauge transformation, 6
invariance and local gauge

transformations, 8
and Noether’s theorem, 1

Lamb shift and quantum electrodynamics
renormalization, 112

Lamb shifts, 112
Lambda scale and glueball mass, 281
Lambda scale and hadron mass, 281
Lambda scale and string tension for quarks,

281

Lambda scale, lattice and deep-inelastic
scattering, 281

Landau gauge, 71
and ’t Hooft gauge, 158
and Faddeev–Popov determinant, 71
propagator, 74

Landau–Ginzburg effective theory of
conductivity, 279

Lattice gauge theories, 281
and fermion doubling problem, 284
and infrared cut-off, 282
strong-coupling expansion, 287
and ultraviolet cut-off, 282

Lattice, hypercubic space–time, 283
Left–Right Model, 299
Legendre transform of connected Green’s

functions, 27
Lepton and quark masses, 165
Lepton–hadron scattering, 222
Lepton–quark analogy, 181
Leptons

charged current coupling and tree
approximation, 90

flavors and masses of, 165
and quarks, anomaly cancellation, 137

Light-like gauge and Faddeev–Popov
determinant, 72

Linear sigma model and pion as
Nambu–Goldstone boson, 28

Links for strong-coupling and scaling
regions, 290

Local gauge invariance
and photon mass, 8
violation of, 17

Logarithmic Q2 dependence of structure
function moments (graph), 236

Loop corrections
effects of, 77
gamma-phi plot (diagram), 77
J-Phi plot, 78

Loop diagram for K1K2 mass difference,
186

Loop expansion and gauge invariance, 100
Lorentz gauge, see Landau gauge, 71
Lorentz generator densities, 5
Lorentz group, 176
Lorentz invariance

and dimensional regularization, 100
and finite vertices, scalar-vector

coupling, 151



Index 337

Gilbert proof of Nambu–Goldstone
phenomenon, 26

and Lagrangian density, 2
and QCD asymptotic freedom, 206
and triangle anomaly, 132
under parity, 176

Lorentz transformation
infinitesimal, 4

m
Majorana mass term, 175
Mass gap of pure quantum

chromodynamics, 289
Mass singularities and three-jet behavior,

259
Massive vectors

non-Abelian, 158
non-Abelian and Higgs scalars, 160

Matter fields in representation of gauge
group, examples, 16

Meson decay, heavy bottomonium, 278
Meson decay, heavy charmonium, 278
Meson masses and quark mass ratios, 170
Meson masses and virtual photons, 169
Mesons

exotic, 274
and explicit charm, 187
pseudoscalar Nambu–Goldstone

bosons, 168
tau, 187
tensor, 171
vector, 171

Metropolis procedure and lattice iterative
link upgrade, 291

Minkowski space, 51
Momentum in nucleus carried by quarks

and antiquarks, 222
Momentum subtraction scheme example for

renormalization, 256
Monte Carlo simulation and strong-coupling

expansion, 290
Mu decay, 173
Multiplicative renormalization constant, 119
Muon, 120

n
Nambu–Goldstone bosons

massless pseudoscalar, 168
number of, 25
pseudo, 26
and spontaneous breaking of

continuous symmetry, 25

would-be and Higgs model, 32
would-be, number of, 34

Nambu–Goldstone conjecture, 17
and gauge theories, 28
general proofs, 26

Nambu–Goldstone modes
occurrence in nonrelativistic cases, 30

Nambu–Goldstone phase, 279
Nambu–Goldstone symmetry, 267
Neutral currents, 173
Neutrino

annihilation in Dirac field, 174
mass, bounds on, 166
two-component theory, 174

Neutrinoless double beta decay, 301
Neutron electric dipole moment, 194
Noether current, Becchi–Rouet–Stora

construction, 141
Noether’s theorem

and conserved currents, local gauge
invariance, 12

statement of, 2
and symmetry breaking, 19

Nonperturbative effects, dominance in
QCD, 67

Nonperturbative effects of zero modes, 67

o
Okubo–Zweig–Iizuki rule, 187

and strong interactions, 275
One-loop corrections

scalar electrodynamics example, 80
scalar model O(N), 84

One-loop graphs
for Glashow–Salam–Weinberg model

(diagram), 93
for O(N) model (diagram) 86
for scalar electrodynamics (diagram), 81

Operator product expansion, Wilson and
renormalization group equations, 200

Operators
auxiliary, and renormalization, 143
divergent, 150

Order alpha contributions
charge renormalization (diagram), 115

p
P –V isotherm, 79
Parameters of the standard model, 298
Parity conservation and triangle anomaly,

132
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Parton distribution function and scaling
violations, 226

Parton model and two-jet structures, 265
Parton splitting functions, 238
Path integrals, 37

quantization of gauge field theories, 37
Pati–Salam group, 301
Pauli matrices, 175
Pauli–Villars method, 100

and electron self-mass example, 112
fictitious heavy electrons, 108
and renormalization group, 201
and vacuum polarization angle, 107

Peccei–Quinn model, 273
Perkins plot, anomalous dimensions, 237
Perturbation expansion of quantum

chromodynamics and renormalization
schemes, 251

Perturbation theory rules and non-Abelian
Feynman rules, 72

Perturbative renormalizability and
spontaneous breaking, 76

Phase transition between strong and weak
coupling, 292

Photon
limit of mass of, 173
massless vector particle and local gauge

invariance, 17
Photon propagator, 107
Pion

as approximate Nambu–Goldstone
boson, 30

pseudoscalar, 267
Pion decay, constant for, 168
Pion decay rate

theoretical and experimental, 134
and triangle anomaly, 134

Plaquette of hypercubic lattice, 288
Poincare group generators and Noether’s

theorem, 5
Pomeron exchange, 225
Pontryagin index, nu, 269
Potential function (diagram), 20, 21
Precision data at the Z pole, 189
Primitively divergent diagrams for

Yang–Mills theory, 144
Proof of renormalizability for electroweak

dynamics, 141
Propagator

and Feynman rules for Yang–Mills
theory, 74

for general alpha, 74
ghost, 75
and matter fields, 106

Pseudoreality, 323
Pseudotensors and triangle anomaly, 133
Puzzles of the standard model, 297

q
Quantum chromodynamic asymptotic

freedom, 204
Quantum chromodynamics corrections to

parton model (diagram), 227
and grand unified theories, 200
historic context, 250
and matter field in gauge group,

non-Abelian example, 8
renormalizability, 150

Quantum electrodynamics
and Abelian U(1) gauge theory, 172
and global gauge invariance, 7
invariance of, 7
and local gauge invariance, 7
and matter field in gauge group, Abelian

example, 16
Quantum electrodynamics renormalization

discussion, 111
Quantum field theory

analogy with statistical
thermodynamics, 79

Quantum flavor dynamics anomaly free
condition for, 137

Quantum mechanical tunneling and
instantons, 268

Quark
charge of, 166
charmed, 167
colored, and pion function, 137
colors of, 167
discovery of b quark, 187
existence of, 167
existence of t quark, 187
flavor of, 166
and lepton anomaly cancellation, 137
mass from nonperturbative effects, 172
mass ratios and meson masses, 169, 170
mass ratios, values for, 170
massless and chiral symmetry, 266
and matter field, 17
and renormalized current masses, 172
scalar and Callan–Gross relation, 224

Quark confinement, 167
Quark constituent masses, 167
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Quark current masses, 167
Quark distribution functions, 224
Quark flavor mixing, 191

Cabibbo angle and two family model,
173

Quark sea
and Pomeron exchange, 225

Quark–antiquark–gluon model and jet data,
266

Quark–gluon vertex corrections (diagram),
201

Quark-line rule, 187
Quarkonium systems decay of heavy, 221
Quiver diagram, 309
Quiver gauge theories, 315

r
Radiative corrections

electron–positron annihilation, 254
Regge pole interpretation of x dependences

(diagram), 226
Regularization formula, 107
Renormalizability

and local gauge invariance, 8
and symmetric Yang–Mills theory, 76

Renormalizable theory
for strong interactions, 162
for unified weak and electromagnetic

interactions, 162
Renormalization

of sigma model, 142
of single Z0 exchange (diagram), 185

Renormalization and background field
method, 240

Renormalization constant
for ghost field (diagram), 205
independent in quantum

electrodynamics, 118
multiplicative and electron self-mass,

112
universal, 170
and Ward–Takahashi identity, 117

Renormalization constants definitions, 150
Renormalization group

equations, 199, 202
ultraviolet fixed point, 211

Renormalization scheme, 250
Bogoliubov–Parasiuk–Hepp–

Zimmerman, 142
for electron–positron annihilation,

example, 252

optimal, 257
Renormalized charge, 111
Rotation parameter and Lorentz

transformation, 175
Rutherford cross-section, 46
Rutherford cross-sectional formula, 38
Rutherford formula, 48

s
Sakata model, 182
Scalar fields and renormalizability, 152
Scalar loop diagrams, 214
Scalar mass and scalar electrodynamics

examples, 83
Scalar model O(N) and effects of loop

corrections, 84
Scalar-vector coupling and divergence, 154
Scale

dependence of value of renormalization
scheme, 256

lambda, 281
lambda, and quantum electrodynamics,

219
lambda, and renormalization, 252
mu, 252

Scaling
approximate, in deep-inelastic

scattering, 200
behavior and existence of quarks, 182
Bjorken, 222
precocious, 226
in semi-hadronic processes, 292
and transformation of Green’s

functions, 201
violation, quantum chromodynamic

confirmation of, 235
violations, 219
violations, calculation of, 226

Schroedinger equation, one-dimensional, 38
Second-order Feynman diagrams, 56
Singularity and jets in electron–positron

annihilation, 265
Singularity of operator Qab , 61

resolved, 65
Soft breaking of conformal symmetry, 310
Solitons

and weakly-coupled meson theory, 278
Some possible behaviors of Beta(g)

(diagram), 220
Space–time lattice, hypercubic, 282
Sphericity and jettiness, 265
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Spin 1/2 fermions, 147
Spinors, 120
Spontaneous breaking

of chiral symmetry and quark mass, 167
and Feynman rules, 76
Nambu–Goldstone boson associated

with, 22
of O(N) model, 85

Squared matrix element for lepton–nucleon
scattering diagram, 222

Statistical thermodynamics
analogy with quantum field theory, 79

Strangeness, 171
Strangeness-changing decay rates, 174
String model

approach to QCD in limit, 278
String tension and strong coupling, 288
Strong and weak coupling phase transitions

(diagrams), 293
Strong-coupling expansion, 287
Strong CP problem, 193
Superconductivity

Landau–Ginzburg effective theory, 279
Superfield and Yang–Mills supersymmetric

theory, 215
Superpotential, vanishing

Yukawa coupling, 215
Supersymmetric theory Yang–Mills, 215
Supersymmetry, 299, 308
Suppressed couplings (diagram), 275
Sutherland paradox, 126
Sutherland–Veltman theorem, 131
Symmetries and conservation laws, 1
Symmetry breaking

explicit, 18
explicit, and linear sigma model, 28
infinite ferromagnet example, 19
spontaneous, 18
spontaneous, and linear sigma model,

30
spontaneous, and Glashow–Salam–

Weinberg model, 88
Symmetry, O(n)

and Nambu–Goldstone conjecture, 23
and number of Nambu–Goldstone

bosons, 23

t
’t Hooft and Yang–Mills theory, 141
’t Hooft gauge and Abelian Higgs model, 156

’t Hooft gauge and non-Abelian Higgs
model, 160

’t Hooft gauges, 154
’t Hooft limit, 274
Tachyon and convexity, quantum field

theory, 78
Taylor–Slavnov identity, 140, 204
Theta-vacua and vacuum eigenstates, 271
Three-jet

diagrams, 259
event and triangular Dalitz plot, 263
events and gluon, 259
singular behavior, 259

Three neutrinos, 188
Thrust and jets in electron–positron

annihilation, 265
Tiling of Wilson loop, 288

(diagram), 288
Top quark, 187
Top quark mass, 187
Topological charge and instanton

configurations, 269
Topological entities and baryons, 278
Transformation of Green’s functions and

scaling, 203
Transport operator and lattice gauge, 285
Tree approximation of Glashow–Weinberg–

Salam model, 89
Tree unitarity

and preservation by Higgs models, 160
uniqueness of gauges and non-Abelian

Higgs models, 160
Triangle anomaly, 125

(graphs), 127
different momentum labelings

(diagram), 127
and divergent integral, 128
and Feynman graph, 127
and lattice gauge, 297
and Sutherland paradox, 126

Twist definition, 228
Two-loop corrections (diagram) and

renormalization schemes, 255

u
Uehlingterm, 112
Ultra-violet divergences and

renormalization, 76
Ultraviolet convergent behavior, 100
Ultraviolet fixed point

and renormalization group, 211
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and scaling violations, 219
Unification mass, 217
Unified strong and weak couplings and the

renormalization group, 200
Uniqueness and non-Abelian Higgs models,

160
Unitarity and Glashow–Salam–Weinberg

model, 160
Unitary gauge, 33
Unitary gauge and ’t Hooft gauge, 155
Unitary gauge transformation operator, 68
Unitary multiplets, 168
Unitarity triangle, 192
Utiyama procedure, 11

v
Vacuum persistence amplitude and

statistical thermodynamic partition
function, 282

Vacuum persistence Feynman graphs, 276
Vacuum polarization

(diagram), 254
in quantum electrodynamics, 107

Vacua, lifetime of metastable in quantum
field theory, 96

Vector mass and Higgs mechanism, 84
Vector propagator and ’t Hooft model, 159
Vertex correction, quantum electrodynamics

regularization example, 115
Vertices in Feynman rules and ’t Hooft

gauge, 158
Virtual photons and meson masses, 177

w
Ward identity

anomaly, 131
axial-vector, 128
and dimensional regularization, 100
and quantum electrodynamics vertex

correction, 117
violation of, in triangle diagrams, 128

Ward–Takahashi identity, 117
and renormalization group, 213

Weak couplings and tree approximation, 92
Weak interactions and conservation

violations, 173
Weak interactions of quarks and leptons, 172
Weinberg–Salam conjecture, 179
Weinberg–Salam model

for weak interactions, 11
Weyl fermions, 214
Weyl spinors two component, 175
Weyl–Wigner mode, and temperature, 279
Wick’s algebraic theorem, 58
Wick’s theorem, 55
Wilson coefficients and Wilson operators,

226
Wilson loop

(diagram), 287
and lattice gauge, 285

Winding number, 270
World-sheet and strong coupling expansion,

288

x
X–t plot

typical path (diagram), 39

y
Yang–Mills Lagrangian, 11
Yang–Mills non-Abelian gauge theory
Yang–Mills theory

in Coulomb gauge, 59
field theory, 8, 37
and matter fields, 16

Yukawa piece in classical Lagrangian, 181
Yukawa terms and color anomalous global

axial symmetry, 273

z
Zero mode term and nonperturbative 1/g

contribution Green’s function, 67
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About the Second Edition: The second edition of the successful textbook Gauge

Field Theories by Paul Frampton has been updated from the original 1986 edition.
The introductory material on gauge invariance and renormalization has been reor-
ganized in a more logical manner. The fourth chapter on electroweak interactions
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the discovery of the top quark. After the treatment of the renormalization group
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